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Trajectory Planning of Tracked 
Vehicles 
This paper presents a method for computing the track forces and track speeds of 
planar tracked vehicles, required to follow a given path at specified speeds on hori
zontal and inclined planes. It is shown that the motions of a planar tracked vehicle 
are constrained by a velocity dependent nonholonomic constraint, derived from the 
force equation perpendicular to the tracks. This reduces the trajectory planning 
problem to determining the slip angle between the vehicle and the path tangent that 
satisfies the nonholonomic constraint along the entire path. Once the slip angle has 
been determined, the track forces are computed from the remaining equations of 
motion. Computing the slip angle is shown to be an initial boundary-value problem, 
formulated as a parameter optimization. This computational scheme is demonstrated 
numerically for a planar vehicle moving along circular paths on horizontal and 
inclined planes. 

1 Introduction 

Tracked vehicles have high mobility and high payload capac
ity on rugged terrain and soft soil, which makes them most 
suitable for military and nuclear applications, such as clearing 
mine fields and excavating contaminated soil in decommissi
oned nuclear sites. However, the hazardous environments in 
these applications pose great risk to the onboard human opera
tor. Thus, the need arises to automate tracked vehicles so as to 
avoid exposing humans to such risks. Automating tracked vehi
cles will benefit also civil applications, such as moving earth 
in construction sites, and preparing agricultural fields, which 
are tedious and prone to accidents due to human errors caused 
by fatigue and boredom. 

Tracked vehicles are difficult to control because of their steer
ing method, skid steering, in which turning is accomplished by 
overcoming the moment created by the ground friction force. 
Once sliding has been initiated, vehicle motions depend on the 
lateral friction force, which in turn depends on the vehicle's 
linear and angular speeds. This gives rise to a nonholonomic 
dynamic constraint, which couples trajectory planning with path 
planning, i.e., it is impossible to plan a path without first speci
fying vehicle's speeds along the path. In contrast, wheeled 
vehicles are constrained by a nonholonomic kinematic con
straint (assuming no slip), which determines its incremental 
motions as a function of the steering angle, regardless of vehi
cle's speeds [6] . 

Tracked vehicles have been used for almost a century. How
ever, systematic studies of their dynamic behavior are relatively 
recent, focusing on steady-state [2, 3] and high-speed [1] mo
tions. To date, little has been done to automatically control 
tracked vehicles, except for the QFT-based speed controller, 
developed for the M i l 3 armored personnel carrier [7] . This 
work, however, assumed a given speed profile, which does not 
necessarily guarantee accurate following of a specified path. 

In this paper, we focus on computing the track forces and 
speeds required to follow a given path at a specified velocity 
profile. We first derive the equations of motion (EOM) of a 
planar vehicle model in the body frame. Assuming Coulomb 
friction between the tracks and ground, we then show that the 
EOM perpendicular to the tracks is a non-integrable differential 
equality constraint. This constraint depends explicitly on vehicle 
speeds and is, therefore, referred to as a nonholonomic dynamic 
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constraint. The trajectory planning problem then amounts to 
determining the orientations of the vehicle that satisfy the non
holonomic constraint and vehicle dynamics at the given velocity 
profile. Once vehicle orientations have been determined, the 
track forces that would steer the vehicle along the specified path 
are computed from the remaining EOM. The computation of the 
vehicle's orientation is formulated as a parameter optimization 
problem. 

Examples of a planar vehicle moving along circular paths show 
that motions at variable speeds differ significantly from the steady-
state solutions. It is also demonstrated that the solutions obtained 
for horizontal planes are invalid for inclined planes. In fact, the 
inclined plane problem is shown not to have steady-state motions, 
even for constant speeds along circular paths. 

2 Dynamic Model 
We first consider a rigid planar vehicle moving on a hori

zontal plane. A coordinate frame, [JC, y ] , is attached at the mass 
center (located at the geometric center) parallel to the vehicle 
major axes, as shown in Fig. 1. The position of the vehicle is 
specified by the vector x to the mass center and by the rotation 
9 of the vehicle relative to the inertial frame {X,Y]. The vehicle 
is moving at some velocity v^, measured at the mass center, 
and rotating at some angular speed uj = dBldt relative to the 
inertial frame. The angle a between v^ and the body x axis is 
the slip angle. The direction of the velocity vector, v^, in the 
inertial frame is specified by the angle /?. Here, fi is known, 
since the path is specified, whereas a or S are unknown. 

The external forces acting on the vehicle include the gravity 
force, mg, the normal force, A'̂  = mg, the lateral friction force, 
F, and the longitudinal thrust, Q, which is the sum of the 
longitudinal thrust forces developed by the right and left tracks: 

Q = QR + QL (1) 

Steering is accomplished by controlling the moment MQ applied 
by the track forces 

MQ = (G« - QCb = Ag^ (2) 

where b is the distance between the tracks. The equations of motion 
of the vehicle, expressed in the body fixed frame, are [5] 

Q = mUx 

F - ma. 

MQ- Mf = le Ylf 

(3) 

(4) 

(5) 
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Fig. 1 A planar tracked vehicle moving along a specified path 

where Mf is the moment due to the lateral ground friction forces, 
m is the vehicle mass, / is the vehicle moment of inertia around the 
mass center, and a^ and a, are the components of the acceleration, 
{;c, j;'}, of the mass center, expressed in the body frame as 

â  = X cos (0) + y sin (d) 

Uy = ~x sin (0) + y cos {0) (6) 

Equations (3) to (5) represent the force equilibrium in each of 
the vehicle's three-degrees-of-freedom. The longitudinal (3) 
and the rotational (5) motions are independently controlled by 
Q and /\Q, whereas the lateral motion (4) is constrained by 
the state dependent friction force F, as will be shown next. 

To compute F and Mj, we define the normal pressure, w = 
mgllL, per unit length under each track, where L is the track 
length, and mg is the gravity force. For simplicity, we model 
the shear force between the track and ground by Coulomb 
friction. This force model is quite accurate for hard grounds, 
such as asphalt or concrete, but is a great simplification for soft 
soils [8] . 

We distinguish between the longitudinal and lateral friction 
forces, since tracks are usually designed to produce large for
ward traction and low lateral resistance to turning. The lateral 
friction force due to skidding is proportional to the normal 
pressure, w, and to the lateral coefficient of friction, /x,: 

/ = ji,w (7) 

Equation (7) represents the magnitude of the lateral friction 
force per unit track length. Its sign at every point along the 
track is determined by the direction of sliding at that point. The 
forward coefficient of friction is assumed to be sufficiently large 
so as to ensure no longitudinal sliding. 

Figure 2 shows the distribution of the lateral friction force, 
/ , acting on both tracks during a counter clockwise turn. The 
direction of the lateral friction force at each point is opposite 
to the direction of its lateral velocity component. The direction 
of sliding changes on each track at some distance D from the 
geometric center, where the track velocity, Vo, has a zero lateral 
component. The instantaneous center is located on the line pass
ing through that point perpendicular to the tracks, as shown in 
Fig. 2. The angle between the velocity, Vc, of the mass center 
and the x body axis is the slip angle a (shown negative in Fig. 
2) . Note that both D and a are zero for straight line motions 
since then v^ coincides with the vehicle x axis. Since following 
straight line motions in the plane is trivial, we henceforth focus 
on motions along curved paths. 

We compute D for transient motions by solving for the point, 
r^, in the body frame, at which the lateral velocity component, 

= V, + wr. (8) 

vanishes. In (8) , v, represents the y component of Vc = {x, 
yY, expressed in the body frame as 

Vy = -X sin {0) + y cos {0) = ||Vc|| sin ( a ) , 

where || • || denotes the Euclidean norm. 
Equating (8) to zero and solving for r, yields 

D 
sin ( a ) 

D < 

(9) 

(10) 

From (10), D increases with vehicle speed and path curvature. 
Note that (10) does not apply to straight line motions for which 
W = Dy = 0. 

Having computed D, we can now solve for the total lateral 
friction force due to skidding. Integrating the friction force over 
the length of both tracks, assuming D < L/2, and takng into 
account the direction of the lateral friction force, yields 

F = 2fx, (sign (w) wdx - sign (w) wdx] 
J-LI2 Jfi 

= sign (w) 4ij,,wD (11) 

where sign( •) is the signum function. A nonzero D, thus, yields 
a nonzero net lateral friction force. 

Substituting (10) into (11) and using sign {LO)ILJ = l/|t<;|, 
we obtain the net lateral friction force in terms of vehicle speeds 

F = -4M,W - ^ 
\uj\ 

-4jli,w||Ve 
sin (a ) 

(12) 

Clearly, the direction of the net lateral friction force depends 
only on the sign of a, and is independent of the direction of 
rotation. 

Similarly, the friction moment in terms of vehicle speeds is 
given by [5] 

Mf - 2 sign {uj) (j.,w { — - ||v, 
sin^ ( a ) 

for w * 0 

(13) 

The friction moment, Mf, is always opposite to the direction of 
turning. 

Using (12) and (13), we can now rewrite the equations of 
motion, (3) to (5) , explicitly in terms of vehicle speeds and 
the slip angle, a: 

a^ = — Q 
m 

uj = -sign (w) 

a, = -2/x,g|K 

IL 
- WSc 

sin {a) 

J sin^ ( a ) 

(14) 

(15) 

+ - A e (16) 

Equations (15) and (16) are both singular at w = 0. This does 
not pose a problem for straight line motions since then both 

Fig. 2 Lateral friction forces during a counter clockwise turn 
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equations are identically zero (u; = a = Oy = 0). For transient 
motions, passing through a; = 0 implies that a = 0, as will be 
argued later in Section 5. 

Using (6) and (9), we can rewrite (15) as a state dependent 
equality constraint of the form 

-sin (61) cos (61) 0 

+ 2ix, • 
sin (9) cos (9) 

0 (17) 

By Corollary 1 in [4] (pp 417), it is easy to show that (17) is 
nonintegrable to a constraint of the form/(q, q) = 0, nor is it 
integrable to a constraint of the form ^(q) = 0, where q = {x, 
y, 6]^. The constraint (17) is therefore nonholonomic. We 
call it a nonholonomic dynamic constraint since the coefficients 
multiplying the velocity vector depend explicitly on vehicle 
speed. Planning vehicle motions along a specified path, thus, 
amounts to determining 9{t) that satisfies the nonholonomic 
constraint (17). Once 6{t) has been determined, we can either 
compute the track forces, Q and A g , using (14) and (16), or 
compute the track speeds using vehicle kinematics. Since 9{t) 
implicitly specifies vehicle speeds, it is convenient to eliminate 
the time variable from the problem by specifying the velocity 
profile along the path, s, then solving for ^ as a function of the 
path arc length, s. Computing 9{s) along the specified path for 
given speeds is the objective of the trajectory planning problem 
treated in this paper. 

3 Trajectory Planning 

Parameterizing the path in terms of i , and differentiating with 
respect to time, we express vehicle's velocity and acceleration 
in terms of its speed s and acceleration s along the path: 

x{t) = [x{t),y{t)]'' = x{s{t)) (18) 

x = x,.s (19) 

X = X.,.? + x.„,j^ (20) 

where x = {x,yy represents the position of the center of mass 
in the inertial frame, x,, is a unit vector tangent to the path, and 
X,., is a vector normal to x, and of magnitude equal to path 
curvature K = l/p, p representing the radius of curvature. Path 
curvature is defined positive for a counter clockwise turn and 
negative for a clockwise turn. 

Similarly 

w = f = a,s (21) 

where the subscript .$ denotes derivatives with respect to s. 
Noting that ||vj| = s\ we rewrite (15) in terms of s and s: 

s sin ( a ) + KS^ cos (a) = 
L\9As 

s sin ( a ) (22) 

To eliminate the absolute sign in (22), we assume, without 
loss of generality, that 9,, > 0 (« > 0 for forward motion), 
corresponding to a counter clockwise turn with a monotonously 
increasing 9. Recalling that 6̂  = ^ - a (see Fig. 1), it follows 
that 

Ps a,, (23) 

Substituting (23) into (22), and rearranging, we obtain a first 
order differential equation for a 

D ) 

Vc . 

\ ^Vx" 

/K.aV» 
R/x^ 

\e \ 
^a 

^ I .C. 

Fig. 3 Steady-state motion aiong a circular path 

2M(i' sin (a(s)) 

as(s) 
s'is) sin (ais)) + K(S)S (s) cos (a(s)) 

'2p,g sin (a(s)) 

aAs) = 
s{s) sin (a(j')) + K(S)S (s) cos ia{s)) 

+ PAs) 

for 61, > 0 

+ PAs) 

for 9, < 0 (24) 

Any trajectory a(s) computed by integrating (24) obeys the 
nonholonomic constraint (22). Since P{s) and K{S) are known, 
determining a(s) determines 9(s), and since s is specified, it 
determines also ui and ui along the path. 

Solving (24) for a is an initial boundary-value problem, since 
we need to select a(0) so as to ensure that (24) does not become 
singular anywhere along the trajectory, and that a,(s) is of the 
appropriate sign, consistent with path curvature. The existence 
of a solution to (24) depends on path geometry, the specified 
velocity profile, ^{s), and the lateral coefficient of friction. To 
gain insights into the problem, it is useful to first investigate 
vehicle motions during a steady-state turn on a horizontal plane. 

4 Steady-State Motions 

Steady-state motions are defined as motions during which the 
linear and angular velocities are constant. By definition, they 
consist of motions at constant speeds along circular paths. Fig
ure 3 shows a tracked vehicle during a steady-state turn along 
a circular path of radius R, moving at constant s and w. We 
wish to compute the offset D, and the slip angle a, as functions 
of s and R. 

From (21), it follows that 

R 
(25) 

implying that the rate of change of 9 with respect to the path 
length is constant for steady-state turns. Rewriting (22), and 
noting that for steady-state motions s = 0, yields 

.(*)l = - ^ t a n ( a ) (26) 

Equating (25) with (26), we solve for a in terms of s and path 
curvature 

tan (a ) = - K I ^ I s^ 
2p,g 

(27) 

From (27), it is obvious that for a steady-state turn, a is constant 
and increasing with vehicle speed and path curvature; a is posi
tive for a clockwise turn (/c < 0) , negative for a counter clock
wise turn (K > 0) , and zero for straight line motions {K = 0). 
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Fig. 4 The track speeds 

From Fig. 3, we can solve for D along a steady-state clock
wise turn in terms of a. Since D is always positive in forward 
motions, we obtain 

D = RUm {a)\ (28) 

Thus, D is constant during a steady-state turn, and increasing 
with vehicle speed and path curvature. 

Given a, we can now compute the steady-state tracls forces, 
using (14) and (16). Alternatively, we can compute the traclc 
speeds for a clockwise turn. Referring to Fig. 4, 

VR = w(i?cos ( a ) - - j = i (cos (a ) - — 

VL uj[ R cos (a ) + - 1 = s ( cos(a) -I-
2R 

(29) 

(30) 

Note that the track speeds are smaller than the speeds resulting 
from setting a = 0. Assuming a = 0 would, therefore, result 
in significant tracking errors at high speeds, as is demonstrated 
later in the examples. 

5 Transient Motions 
Transient motions are defined as motions during which D 

and a are not necessarily constant. In transient motions, the 
instantaneous turning center of the vehicle is determined by D 
and a, and is generally not coincident with the center of path 
curvature. The slip angle, a, is determined from (17), consider
ing path geometry, vehicle dynamics, and ground mobility. 

We observe that, similarly to steady-state motions, a < 0 for 
K: > 0 (counter clockwise), a < 0 for K < 0 (clockwise), and 
a = 0 for K = 0 (straight line) in forward motion, regardless 
of vehicle speeds. This can be explained by considering the 
direction of the net lateral friction force, F,(12). From (4), f 
points in the same direction as, Uy, the y component of the 
absolute acceleration in the body frame. It is easy to show that 
for a not exceeding some critical value, which is discussed 
later, a, < 0 for a counter clockwise turn, and â  > 0 for a 
clockwise turn, as is F . But from (12), a positive F implies a 
< 0, whereas a negative F implies a > 0, which supports our 
observation. It follows that during forward motions, Vy is oppo
site in sign to a;, D > 0, and v̂  points towards the outer track. 

Since a is opposite in sign to a^, it follows that a might 
switch sign only at inflection points, at which F = Oy = K = 0. 
It also follows that at inflection points, a = 0, since a is continu
ous due to the continuity of d and the assumed continuity of p. 
Consequently, (24) is undefined at such points since then the 
denominator vanishes. Thus, inflection points, or points where 
path curvature vanishes, represent singularities for this motion 
planning problem. For general paths, it is therefore necessary 
to subdivide the path into smaller nonsingular segments, along 
which a does not change sign, then solve for each segment 
separately, while ensuring continuity of a and a,, at the junction 
points. 

Fig. 5 A planar tracked vehicle on an inclined plane 

Numerically integrating a is impractical since (24) is inher
ently unstable and is, therefore, highly sensitive to the initial 
conditions. In particular, (24) is singular at some critical, a*, 
satisfying 

tan (a*) 
KS . 
— , for 

s 
s> 0, (31) 

at which the denominator of (24) vanishes. This singularity 
represents a mathematical difficulty which should be avoided 
by keeping a small, and below its critical value, a*. 

A more practical approach to solve for a than direct integra
tion of (24) is to assume a structure for the solution, such as a 
polynomial in s, then select the coefficients of the polynomial 
to best satisfy the nonholonomic constraint (17). This can be 
done by formulating the trajectory planning problem as the 
following parameter optimization. 

We first write (24) in the form 

g(a, a,, s) = 0 

and represent a{s) as a polynomial in .s: 

a(s) = do + ais + ais^ + . . . + a„s" 

(32) 

(33) 

To compute a(s), we then solve the following constrained opti
mization problem 

min J = I g(a, a „ , i^ds 

subject to 

—, a{so) unspecified 
ds 

(34) 

(35) 

ais) > 0 for K < 0, a(s) < 0 for K > 0 (36) 

where the optimization parameters are a = [ao, ai, fl2, • • •, 
a„]^. The two conditions in (36) assume a nonsingular path 
segment for .$ G [io, •$/], along which a(s) attains either positive 
or negative values, depending on the direction of turning. This 
problem can be transformed to an unconstrained optimization by 
using penalty functions to account for the inequality constraints 
(36). Then, any standard gradient method can be used to obtain 
local optimal solutions for a given initial guess. The initial guess 
can be found from the steady-state a values at every point along 
the path. 

To consider general paths with inflection points, we represent 
each path segment by a separate polynomial, and use the final 
a and a, of one segment as the initial condition for the next 
segment to ensure continuity at the junction points. We found 
this solution procedure to be computationally practical, ob
taining close approximations to the exact trajectory. These solu
tions were verified in dynamic simulations for motions along 
specified paths, as demonstrated in the examples. 

Table 1 Vehicle parameters 

m 
1,000 kg 

L 
4m 

b 
3 m 

I 
15,000 
ke-m^ 

Ht 
0.8 
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6 Extension to Inclined Planes 
The motions of tracked vehicles on inclined planes deviate 

significantly from those on horizontal planes. On an inclined 
plane, some component of the gravity force acts in the plane 
of the track forces, as shown in Fig. 5. This transforms the 
equations of motion in the body frame to 

Ox = — fi - ^ sin (7) sin (0) 
m 

(37) 

sin (a^ 
-2ii,g cos (7) | |v, | | - r ~ r - S sin ( 7 ) cos (9) (38) 

-sign (uj) 

\w\L 

ti,mg cos (7) / L ^ 2 sin^(a) 

IL 

+ -AQ (39) 

The nonholonomic constraint (17) is modified to 

-sin (6*) cos (9) 0 

-sin (61) cos (9) 
+ 2//, I cos (7 ) 

+ g sin (7) cos (6) = 0 (40) 

and the differential equation for a(s), (24), becomes 

« , ( i ) = 

-cos (7) sin (a(s)) 

s(s)sm(a(s)) + K{S)S (s)co&{a(s)) + gsin (y)cos (6{s)) 

+ fiAs) for e, > 0 (41) 

The procedure for computing a is similar to that for the horizontal 
plane, except that (24) is replaced with (41). 

Note that the effect of the gravity force in (41) changes as 
a function of vehicle's orientation. This suggests that motions 
along circular paths at constant speeds may require variations 
in the slip angle a, unlike the constant a on a horizontal plane. 
Thus, we expect no steady-state motions on inclined planes. In 
fact, steady-state solutions computed for horizontal planes result 
in spiral motions when used on inclined planes, as is demon
strated in the examples. 

7 Examples 
The method was implemented for a planar vehicle, moving 

on horizontal and inclined planes. The vehicle parameters are 
given in Table 1. For a specified path and a velocity profile. 

0 5 10 

Time (sec) 

Fig. 7 The slip angle a[t) 

the slip angle, a(s), was computed by solving the optimization 
problem (34). The track forces, Q, and A g , were then deter
mined from the equations of motion, (14), (16) for horizontal 
planes, and (37), (39) for the inclined plane. In addition, the 
velocity profile was verified to be consistent with vehicle param
eters, namely D < L/2, at every point along the path. The track 
forces were then used as open loop control inputs to drive the 
vehicle in a dynamic simulation. 

7.1 Transient Motions on a Horizontal Plane. The ob
jective of the first example is to follow a circular path of radius 
5 m at a constant acceleration of 0.5 m/s^. To avoid singulari
ties, the velocity profile starts at 0.2 m/s instead of zero. The slip 
angle, a(s), was approximated with a fourth order polynomial. 
Figure 6 shows the vehicle at constant time intervals along the 
trajectory computed by the dynamic simulation. The nominal 
and simulated slip angle are shown in Fig. 7. As is evident from 
Fig. 6, the vehicle follows the desired path quite closely. Some 
error is expected since the computed a is not the exact solution 
to the problem. Additional errors are due to the numerical inte
gration. Driving the vehicle by controlling its track speeds, 
assuming a = 0, resulted in the "naive" trajectory, also shown 
in Fig. 6. Driving the vehicle at the naive speeds does eventually 
converge to some circular path, but not the one specified. 

7.2 Motions on an Inclined Plane. Figure 8 shows the 
motions of the vehicle along a circular path of radius 5 m at a 
constant speed of 5 m/s on a plane, inclined at 7 = 5 deg from 
the horizontal. Also shown in Fig. 8 is a trajectory obtained by 
using the steady-state solution for a horizontal plane for the 
same path and speed. The steady-state trajectory tends to shift 
downward due to the unmodeled gravity force. Figure 9 shows 
the correct slip angle, a, for the inclined plane, and the steady-
state value for the horizontal plane. Clearly, a varies signifi
cantly from the steady state solution, demonstrating that what 
is steady-state on a horizontal plane is not steady-state on the 
inclined plane. The track forces (not shown) for the inclined 
plane also vary significantly from their constant values for the 
corresponding steady-state turn on the horizontal plane. 

Flat Plane Solution 
Simulated 
Nominal 

Fig. 6 The vehicle following a circular path at a ramped velocity profile 
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« 
1> 

tU) 

« - 1 5 

< 

-
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ig. 9 The slip 

inclined Plane 
Flat Plane 

2 4 6 

Time (sec) 

angle for the inclined plane motions 

8 Conclusions 
A method for planning nominal trajectories of planar tracked 

vehicles that move along specified paths on horizontal and in-
cUned planes, has been presented. We show that the force equa
tion perpendicular to the tracks is a nonintegrable constraint 
that depends explicitly on vehicle speeds. This nonholonomic 
dynamic constraint dictates that vehicle speeds be specified be
fore solving for its orientation (and slip angle) along the path. 
It was shown that the slip angle vanishes at inflection points 
due to the change in sign of path curvature. It is, therefore, 
necessary to subdivide general paths into curved and straight 
line segments, treating each separately, while ensuring continu
ity of the slip angle at the junction points. The computation of 
the slip angle is formulated as a parameter optimization by 
minimizing the violation of the nonholonomic constraint. Once 
the vehicle's orientations have been determined, the track forces 
are computed from the remaining EOM. The computed track 
forces, used as the open-loop control inputs, are shown in sev
eral examples to drive the vehicle accurately along the specified 
path o n both horizontal and inc l ined planes . In this paper, w e 

assumed a specified path and a given velocity profile; both can 
be approximated using the method presented in [6]. 

Driving tracked vehicles is quite difficult, as was demon
strated in this paper. It must also be difficult for human drivers 
to accurately follow curved paths at high speeds. This might 
explain why tank drivers tend to move in straight lines and stop 
before each turn. In the context of this paper, they simplify the 
problem by sectioning the path into piecewise linear segments, 
for which the trajectory planning problem is trivial. Turning at 
a zero speed is also very simple. Thus, automatically computing 
the track forces and speeds for specified trajectories may assist 
human drivers to move faster and more accurately than they 
currently do, in addition to providing an essential step toward 
fully automating the driving task. 
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