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Emergency Lane-Change 
Maneuvers of Autonomous 
Vehicles 
This paper addresses the issue of collision avoidance using lane-change maneuvers. 
Of particular interest is to determine the minimum distance beyond which an obstacle 
cannot be avoided at a given initial speed. Using a planar bicycle model, we first 
compute the sharpest dynamically feasible maneuver by minimizing the longitudinal 
distance of a lane transition, assuming given initial and free final speeds. The mini
mum distance to an obstacle is then determined from the path traced by the optimal 
maneuver. Plotting the minimum distance in the phase plane establishes the clearance 
curve, a valuable tool for planning emergency maneuvers. For the bicycle model, 
the clearance curve is shown to closely correlate with the straight line produced by 
a point mass model. Examples demonstrate the use of the clearance curve for planning 
safe avoidance maneuvers. 

1 Introduction 
Collision avoidance represents a central safety issue for auto

mated vehicles. It concerns the avoidance of static obstacles, 
such as disabled vehicles, and large objects blocking the forward 
path. Collision can be avoided either by decelerating to a full 
stop without hitting the obstacle, or by executing a timely lane-
change maneuver. A lane-change maneuver is generally more 
desirable since it least disturbs the traffic flow. However, exe
cuting a lane-change maneuver may depend on the traffic in the 
neighboring lanes, vehicle speed, and its distance to the obsta
cle. This can be demonstrated with the following scenario. An 
obstacle is detected in the forward path. If the traffic in the 
neighboring lane allows a lane change, then the vehicle may 
execute a comfortable lane transition, using for example the 
method presented in Chee and Tomizuka (1994). However, if 
the traffic in the neighboring lane does not allow a lane change, 
and the distance and speed are insufficient for a full stop, then 
the vehicle may slow down in the current lane, hoping for a 
space to open in the neighboring lanes. At some point, as the 
vehicle approaches the obstacle, a lane change may no longer 
be feasible. This is the point beyond which any lane change 
maneuver would result in an off-center collision. Determining 
the states (position and speed) beyond which a lane change 
maneuver is infeasible as a function of vehicle dynamics is the 
main focus of this paper. 

To determine the last point for a lane transition, we solve 
the inverse problem: first compute the optimal maneuver that 
minimizes the longitudinal displacement of the lane transition, 
assuming given initial and free final speeds, then determine the 
distance to the closest obstacle avoidable by this maneuver. The 
optimal maneuver is the sharpest feasible at given speed, vehicle 
dynamics, and road conditions. We call it an emergency maneu
ver since it minimizes the reaction time and the reaction distance 
while reaching the vehicle's performance limits. 

Plotting the minimum distance in the phase plane (speed 
versus distance from obstacle) produces what we call the clear
ance curve, which divides the phase plane into two regions: 
states right of the curve are avoidable (an obstacle is avoidable 
by some lane-change maneuver from these states), whereas 
states left of the curve would result in collision. States along 
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the curve are avoidable by the optimal maneuvers only. The 
clearance curve thus provides a valuable decision tool for plan
ning safe avoidance maneuvers, as is demonstrated in this paper. 
Clearly, the farther the initial state to the right of the clearance 
curve, the more comfortable the maneuver. The computation of 
"comfortable" maneuvers (satisfying "comfort" related crite
ria such as acceleration and jerk constraints) has been treated 
elsewhere (Chee and Tomizuka, 1994) and is out of the scope 
of this paper. 

We resort to simple vehicle models (the simpler the better) 
to allow fast on-line computation, consistent with emergency 
situations. We first use a front steering planar bicycle model, 
with the steering angle and the rear tractive force as the two 
control variables. The computation of the optimal maneuvers 
is formulated as a parameter optimization over parameters rep
resenting the vehicle's trajectory. This formulation requires 
solving the inverse dynamics problem, which for the bicycle 
model and the tire model used is computationally feasible. 
Higher-order vehicle dynamics and a more detailed tire model 
would have made this optimization computationally very diffi
cult. Optimizing instead over the control inputs (using the Pon-
tryagin Maximum Principle) is generally more difficult due to 
the additional co-states (Lagrange multipliers). 

The clearance curve is determined from optimal trajectories 
computed for various initial speeds. For on-line generation of 
the clearance curve, we propose to approximate the optimal 
maneuvers using a simple point mass model. Despite its simplic
ity, the point mass model is shown to produce optimal paths 
that closely correlate with the optimal paths computed for the 
planar vehicle model. The clearance curves produced by both 
models are therefore almost identical. 

This should not imply that the linear point mass model is a 
substitute for the more accurate nonlinear bicycle model in 
computing emergency maneuvers. It is not. While the paths 
generated by both models are very similar, their velocity profiles 
are not. Nevertheless, the point mass model is useful for on
line approximations of the clearance curve, and with proper 
selection of the model parameters, for on-line generation of 
conservative emergency lane-change maneuvers. 

The problem of emergency maneuvers has been little ad
dressed in the literature to date. Smith and Starkey (1994) 
generated emergency maneuvers at 110 km/h over a 60 m lane 
transition by optimizing the gains of a linear controller over the 
step response of the nonlinear vehicle model. Their assumption 
of constant speeds (lateral control only) resulted in maneuvers 
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longer than necessary. Obstacle avoidance has been addressed 
experimentally in Fujita et al. (1994). Their results are remark
ably similar to ours, as is discussed later in this paper. 

Related work, but not directly addressing emergency maneu
vers, is by Nerandran and Hedrick (1993) who developed a 
nonlinear controller for lane change maneuvers of a combined 
lateral and longitudinal vehicle model. However, this controller 
was tested in numerical simulations at moderate speeds only. 
In Chee and Tomizuka (1994), lane-change maneuvers at high 
speeds (110 km/h) were generated, using a lateral controller 
and assuming a constant longitudinal speed. The assumption of 
constant speed and constraints on the acceleration and jerk re
sulted in rather long maneuvers, lasting 6 s over 180 m, com
pared to less than 2.5 s (regardless of speed) and 80 m (for the 
same speed) for the maneuvers presented in this paper. An on
line method for planning maneuvers to account for traffic in the 
neighboring lanes was presented in Fiorini and Shiller (1998). 

In this paper, we first present in Section 2 the planar bicycle 
model. Section 3 presents the tire model and the friction ellipse. 
Section 4 presents the problem formulation and computation of 
optimal lane-change maneuvers. In Section 3, these maneuvers 
are used to produce the clearance curve. Section 6 addresses 
the issue of on-line computation of emergency maneuver and 
the clearance curve. Section 7 presents examples of optimal and 
approximated maneuvers for the planar bicycle model. 

2 Vehicle Model 
The vehicle is modeled as the planar bicycle shown in Fig. 

1. The absolute orientation of the vehicle in the inertial frame 
is ip\ the angle of the linear velocity of its mass center is 6\ and 
the steering angle of the front wheel is (3. The orientation of 
the rear wheel is fixed relative to the vehicle. 

The angles between the linear velocities of the rear and front 
wheels and their major axes are the rear and front slip angles, 
Ur and af, respectively. Both can be derived as functions of the 
vehicle's states (Shiller and Sundar, 1995): 

Ur = tan 

Uf = tan" 

-dfip + y cos if — X %ivnp 

X cos if + y sin tp 

dfip + y cos ip — X sin if 

X cos ip + y sin if 

(1) 

/3 (2) 

where x and y represent the velocity of the mass center in the 
inertial frame, and d^ and df are the length of the vehicle between 
the mass center and the centers of the rear and front wheels, 
respectively. 

The external forces acting on the vehicle consist of a side 
force, Fr, and a longitudinal force, F,, generated by the rear 
tire, and a side force, Ff, generated by the front tire. The force 
F,, due to the engine torque or brakes, is one of the two control 
inputs, and is called the tractive force. 

The equations of motion in the inertial frame are: 

F, cos (/p — F, sin 1/3 — F/ sin ((^ + /?) = mx (3) 

F, sin if + Fr cos <p + F/Cos ((p + /3) — my (4) 

-drFr + dfFf cos 13 = lip (5) 

where m is the vehicle mass, and / is its moment of inertia 
around the mass center. 

Clearly, Cp, cannot be arbitrarily specified, since F^ and Ff are 
state dependent. The moment equation (5) is, therefore, an 
equality constraint that eliminates one of the vehicle's three 
degrees-of-freedom. 

3 Ti re Model 

The forces generated between the tire and ground are typi
cally represented in the tire coordinate frame by a longitudinal 
and a lateral force, as was shown for the rear tire in Fig. I. We 
have studied several tire models, including those developed by 
Dugoff (1970) and Sakai (1981). The Dugoff model is empiri
cal, providing analytical relations for the longitudinal and lateral 
forces as functions of the slip angle and slip ratio. It accounts for 
the coupling between the side and longitudinal forces, known as 
the friction ellipse. 

The Sakai model is theoretical, based on modeling of the 
tire/road interaction (Sakai, 1981). The longitudinal and side 
forces computed by this model are coupled by elliptical curves 
which better approximate the experimental data than the Dugoff 
model (Maalej et al , 1989). However, the Dugoff model is 
simpler, and its friction ellipse easier to compute. In addition, 
the Dugoff model underestimates the actual tire forces (Maalej 
et al , 1989), which might be suitable for computing safe (con
servative) emergency maneuvers. 

The empirical Dugoff model for a typical tire is (Dugoff et 
al., 1970): 

F, = 
CsS 

/ (^) 

Ca tan a 
Fy= /(X.) 

1 - .s 

(6) 

(7) 

where 

Instantaneous 
Center 

^xW{\ - ev^s^ + tan' a)(l - s) 

2VcJi' + Cl tan^ a 

\ ( 2 - X) for \ < 1 
/(X) = 

1 for \ > 1 

(8) 

(9) 

Fig. 1 The bicycle modei 

Fj is the longitudinal force, Fy is the side force, s is the longitu
dinal slip, a is the tire slip angle, C, is the longitudinal stiffness, 
Ca is the cornering stiffens, W is the vertical load, v is the 
vehicle speed, /i is the coefficient of road adhesion, and e is 
the adhesion reduction coefficient. Note that the vertical load, 
W, is constant due to the assumption of a planar bicycle model. 
In the bicycle model, Ff corresponds to Fy of the front wheel, 
Fr to Fy of the real wheel, and F, to F^ of the rear wheel. F^ of 
the front wheel is zero as wheel dynamics are ignored. 
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The coupling between the side and longitudinal forces is a 
function of the slip angle, as shown in Fig. 2 for fixed tire 
parameters. The curves shown in Fig. 2 can be approximated 
by ellipses, with major axes dependent on the slip angle: 

F. 

^ x m a x l " J x(a) 
= 1 

Fornax is computed by setting the slip ratio s = 0 in (7): 

F, = -C„ tan af{\) 

where 

\ = 
liW (1 — ei) tan a) 

2C„ tan a 

and Fjmax is computed by: 

C > W ( j _ j - _ £ U v T T l a n ^ 

Vc? + d tan' a 

(10) 

(11) 

(12) 

(13) 

Using this tire model would severely couple the equations of 
motion, making the optimization problem difficult to solve. For 
simplicity, we consider only the linear portion of the lateral tire 
force (see Gim and Nikravesh, 1991, for experimental data), 
modeling it by the linear function 

F„ = —Caa, < a* (14) 

where a* corresponds to the upper limit of the linear range 
(typically between 5 to 10 deg). Note that the side force varies 
little from 5 to 10 deg, as shown in Fig. 2. It is therefore 
safer to select a* = 5 deg, with only a small degredation in 
performance. 

The friction ellipse (10) is relevant for the rear wheel only 
since the front wheel is assumed to spin freely, and thus generate 
only a side force according to (7). For the rear wheel, we treat 
F,, the tractive force, as the control input, independent of the 
rear slip angle (the slip should be whatever is necessary to 
generate the specified force). Both F, and Fr (the side force of 
the real wheel) are determined by inverse dynamics for a given 
trajectory. To account for the coupling between F, and F^, we 
bound the vector sum of the tractive and the side forces by the 
friction ellipse: 

F, 
/ 7 * 
' ^max 

(15) 

where F̂ max is computed using (13), and F̂ max is computed 
using (11) by setting a = a*. This constraint serves later as a 
state dependent control constraint on F, (F^ is a state dependent 
force). 

Properly choosing a* would ensure that F,, F/ < F),,„ax- How
ever, this is not essential as the state and control constraints 

S 2000 

-3500-2500-1500 -500 500 1500 2500 3500 
Fx[N] 

Fig. 2 The Dugoff model 

introduced later ensure that the side forces of both wheels stay 
b e l o w Fjmax. 

Limiting a to the range [ -a* , a*] does not utilize the full 
range of the tire forces, which in turn may result in conservative 
maneuvers that do not fully exploit the vehicle's dynamic per
formance. This may be necessary to ensure safety since op
erating near tire saturation is dangerous due to the high uncer
tainty of the tire/road parameters. The trajectories computed 
using this tire model might therefore represent the performance 
of the average driver, rather than of the expert driver. Such 
trajectories can, however, be used as reference inputs to on-Une 
feedback controllers (lateral and longitudinal), or to provide 
insights into the general shape of limiting lane-change maneu
vers. They do not by any means indicate the true performance 
limit of the vehicle. To compute such limiting trajectories would 
require to further study tire performance near saturation, and to 
experimentally tune the parameters of the tire model, both out 
of the scope of this paper. 

4 Emergency Lane-Change Maneuver 
A typical emergency lane-change maneuver is shown in Fig. 

3, where a vehicle, moving at some initial speed, jCo, avoids an 
obstacle that is blocking its forward path. In the context of this 
paper, the optimal maneuver for collision avoidance is one that 
avoids the obstacle from the closest distance, or, equivalently, 
that rninimizes the distance traveled in the current lane. This 
maneuver is computed by minimizing the longitudinal displace
ment of the entire lane transition, subject to vehicle dynamics 
and constraints on the steering angle and the tire forces, as is 
formulated in the following optimization problem. 

4.1 Problem Formulation. Denoting x = {x, i , y, y, ip, 
(p]^, and u = [F,, 0]^, we solve the following optimization 
problem: 

fr 
min J = Xi(tf) = X2(x,u, t)dt 

u Jo 

with free final time, //, subject to system dynamics 

(16) 

Xi — X2 (17) 

1 
X2 = — (MI COS XS - Fr sin x^ — Ft sin {xs + u^)) (18) 

m 

X3 — X4 (19) 

Xi, = — (Fr cos Xi + U\ sin Xs + F, cos {x^ + U2)) (20) 
m 

Xs — Xf, 

1 
Xf, = - { — drFr + dfFf COS M2) 

(21) 

(22) 

the boundary conditions 

;ci(0) = 0 

X2(0) = Xo 

Xiitf) = ya 

x^{Q) = x^{tf) = 0 

x,{,0) = Xe{Q) = x,{tf) = Xiitf) = 0 

the state constraints 

/j(x) = F / x ) - F,„,,,(x) < 0 (23) 

and the control constraints 

g , ( u ) = «2 - ;0max ^ 0 ( 2 4 ) 

glW = /9rai„ - M2 S 0 ( 2 5 ) 
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Clearing distance 

Fig. 3 Lane-change maneuver 

ft(x,u) 
«(x) ymax \ * / 

giiUi) = Ml - Mimax ^ 0 

- 1 s 0 (26) 

(27) 

where y^ is the distance between the centers of adjacent lanes, 
and, using (1), (2) , and (14) 

Ff= - Q tan-' 
dfX6 + Xi, cos Xf, — X2 sin Xs 

X2 cos Xs + Xn sin ;c5 
- M l 

Fr = — Cr tan 
- JrX6 + j;4 cos Xs - X2 sin ;C5 

^2 cos Xi + X4 sin Xs 

where Q and C are the cornering stiffness (C„) of the front 
and rear tires, respectively. 

The constraint (27) is due to the maximum tractive force, 
Mimax. generated by the maximum engine torque. This constraint 
applies only to a positive force since the negative force, gener
ated by the brakes, is bounded by the friction ellipse (26). 

4.2 Structure of Optimal Control. It is easy to show 
that the optimal control for this problem is bang-bang in F, since 
system dynamics, and hence the Hamiltonian, H, are affine in 
M, = F,: 

H — X2 + A1X2 "H \3JC4 + A.5X6 

+ ( — cos Xs -I- — sin Xs )MI + h(\, x, M2) (28) 
\m m I 

where \i, i = 1, . . . , 6, are the co-state variables, and h{\, x, 
M2) is a nonlinear function of x and M2- Excluding singular arcs, 
the Hamiltonian (28) is minimized by either maximizing or 
minimizing MI. The optimal control is therefore maximum or 
minimum F,, subject to constraints (26) and (27). The optimal 
M2 (the steering angle) is calculated from H,,^ = 0. Note that 
this is also the structure of the equivalent time optimal control 
problem. 

4.3 Trajectory Optimization. A practical solution to the 
optimization problem (16) is to reformulate it as a parameter 
optimization. Representing the trajectory, x(r), by a finite set 
of parameters, a = {ou 02, ..., a„}, transforms (16) to 

min J = xi{tf(a)) (29) 

subject to the same constraints as (16). Once the optimal trajec
tory has been found, the optimal controls are computed using 
inverse dynamics (Shiller and Sundar, 1995). 

For the problem treated here, the path is represented by the 
control points of a cubic B-spline, and the velocity profile along 
the path is represented by a set of discrete points. The control 

constraints are appended to the cost function using penalty func
tions. 

Problem (29) can be solved using standard gradient methods. 
The gradient, though, needs to be computed numerically since 
the cost function is not explicit in the optimization parameters. 

Formulating the optimization problem as a parameter optimi
zation over parameters associated with the trajectory, rather 
than the controls, was recently introduced by Seywald (1994) 
as Differential Inclusions, and by Bryson (1995) as Inverse 
Dynamic Optimization. A similar approach was previously used 
for optimizing robot motions (Shiller and Dubowsky, 1989). 

This optimization scheme is computationally more efficient 
than traditional variational methods since it does not require co-
states, state constraints can be easily considered (transformed to 
constraints on the parameters), and boundary conditions are 
easily satisfied. In addition, this optimization scheme can be 
terminated (if computation time is bounded) to produce subopti-
mal but feasible solutions, which is not the case with variational 
methods that must satisfy necessary optimality conditions (Bry
son and Ho, 1975). 

The optimal trajectories can be used as reference trajectories 
for on-line feedback controllers, or to determine the minimum 
clearing distance, the distance beyond which an obstacle cannot 
be avoided for given initial speeds, as discussed next. 

5 Minimum Clearing Distance 

The minimum clearing distance, xdxo), is defined as: 

Xc(xo) = minx(xo, t) (30) 

where x(xo, t) is the optimal trajectory, subject to the condition 

A(f, io) n S(x) = 0, te[0,tf], x>0 (31) 

where x is the distance between the vehicle and obstacle, A(t, 
Xo) represents the volume swept by the moving vehicle along 
the optimal trajectory at time t, and B(x) represents the volume 
occupied by the static obstacle, positioned in the current lane 
at a distance x from the vehicle when it begins the lane-change 
maneuver. 

The minimum clearing distance can be computed by de
termining the point at which a vertex of the vehicle moving 
along the optimal trajectory intersects a vertex of the static 
obstacle, as shown in Fig. 4. 

For a left lane transition, the points of concern are the front 
right corner of the moving vehicle and the rear left comer of 
the obstacle. Let the optimal trajectory be x(xo, t) = {x(xo, t), 
^(jJo, t), ip{xo, t)}. Then, the time, t^, at which the two vertices 
coincide is the time when the y coordinate of the front right 
comer of the vehicle passes through y = bl2 (assuming the 
vehicle and obstacle are of identical geometries): 

y{tc, Xo) + df sin ip{tc, XQ) - - cos ipitc, XQ) = - (32) 

{x(tc),y(tc)) 

- Lane Center 

Fig. 4 Caiculating tlie minimum clearing distance 
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Distance to obstacle 

Fig. 5 The clearance curve in the phase-plane 

The minimum clearing distance, x^Xo), is then 

Xcixo) = x(tc, Xo) + rf/cos (fitc) + - sin ip(tc) (33) 

where b is the vehicle's width. 
Plotting Xo versus xdxo) for the optimal maneuvers, computed 

for various initial speeds, produces the clearance curve in the 
phase plane x - x, as shown schematically in Fig. 5. The 
clearance curve marks the boundary of the vehicle's states (po
sition and speed) from which an obstacle can be avoided. States 
right of the curve are avoidable, whereas states left of the curve 
are not. 

It is useful to add the stopping curve, representing states from 
which the vehicle can decelerate to a full stop and just touch 
the obstacle, using the maximum deceleration, as shown sche
matically in Fig. 5. The stopping curve is simply computed by: 

X V^.^ininA (34) 

where Xmi„ is the maximum longitudinal deceleration, which 
depends on the vehicle weight and road conditions. 

These curves can assist in planning an avoidance maneuver. 
For example, detecting the obstacle at a speed and distance 
corresponding to Region I, leaves sufficient time for a full stop, 
or for a relaxed' lane transition. Detecting the obstacle in Re
gion II (for example, point a) leaves a lane transition or a head-
on collision as the only options. An avoidance maneuver in 
Region II may consist of a relaxed maneuver from point a. 
Alternatively, the avoidance maneuver may consist of a deceler
ation, until hitting the clearance curve, then an optimal maneu
ver corresponding to a lower speed (point b) . The preferred 
maneuver depends on the congestion in the neighboring lanes. 
First decelerating and then executing the optimal maneuver 
would allow the longest time in the current lane. Crossing the 
clearance curve into Region III (for example, point c) elimi
nates the lane-change option. The best strategy then is to stay 
in the current lane, decelerate at the maximum deceleration, 
and brace for a head-on collision at a lower speed (point d) . 
Attempting a lane transition from points in Region III may 
result in an off-center collision, or loss of control. Either is 
generally more dangerous than a head-on collision, for which 
the vehicle is better designed to sustain. 

In addition to assisting in planning collision-avoidance ma
neuvers, the clearance curve can be used to specify the mini
mum range of collision-avoidance sensors. Clearly, any colli
sion-avoidance sensor must have a minimum range outside of 
Region III. Yet another potential use of the clearance curve is 
to provide a unified metric for comparing between the dynamic 
performance of different vehicles. The slope of the curve repre

sents a measure of the vehicle's ability to sustain sharp turns 
at high speeds: the steeper the better. 

6 On-Line Approximations of Emergency Maneu
vers 

Computing the clearance curve using the optimal maneuvers 
is computationally too expensive for on-line applications. It can 
be approximated using a simple point mass model. While this 
may not produce the optimal maneuvers, it can account for the 
actual vehicle parameters and changing road conditions. 

6.1 The Point Mass Model. The point mass model con
sists of a point mass, forced by two independent perpendicular 
forces, as shown in Fig. 6. The optimal lane-change maneuver 
for this system is computed by solving the following optimiza
tion problem 

min J = x{tf) 

where tf is free, subject to system dynamics 

X(t) = ^ 
m 

nt) El 
m 

the control constraints 

and boundary conditions 

t{Q) = XQ 

X = free 

y(0) = x(0) = 0, 

y{tf) = ya, 

y{Q) = ^^tf) = 0 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

where y^ is the distance between the centers of adjacent lanes. 
Problem (35) consists of two separate problems coupled only 

by the boundary conditions. The first problem is to minimize 
the motion distance in the x direction for f G [0, f/]. The second 
is to determine the final time, tf, from the motion in the y 
direction. Since Xf is minimized if tf is minimized (assuming i 
> 0), the motion in the y direction should be of minimum time. 

The optimal control in the y direction is, therefore, bang-
bang with one switch att = (tf/2). The motion in the x direction 
minimizes Xf, which is equivalent to minimizing x: 

min J = x{tf)= \' xdt (45) 

It is easy to show that the optimal control for problem (45) is 
the maximum braking force. 

' In the context of this paper, a relaxed maneuver is one that satisfies criteria 
not essential for safety, such as ride comfort;. Fig. 6 The point mass model 
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Integrating the optimal control twice with respect to time 
yields analytical expressions for x{t) and y(t) as functions of 
the initial speed Xg, the vehicle mass, m, and the actuator con
straints: 

x(t) =U-- ^ ^ = t^ 
2 m 

yit)= { 

IFv, 
2 m 

tf 
0 < f < ^ 

2 

1F„ 

(46) 

(47) 

m 2 m 2 
<t^tf 

where 

myd 

1 F 

2 m 

(48) 

(49) 

It is assumed that x{t) > 0 for all t G [0, tf\. To ensure forward 
motion (x/ > 0) , we may restrict the initial speed or reduce 

so that 

io > tj (50) 

The optimal maneuvers for the point mass model can be 
easily computed using (46) and (47) for any given initial speed. 
The actuator limits, F,max and Fŷ ax > can be chosen as the major 
axes of the friction ellipse (15), or more conservatively to 
ensure that the resulting maneuver is dynamically feasible. The 
smaller the force limit, the longer the maneuver. 

6.2 The Clearance Curve. To approximate the clearance 
curve, we translate the trajectory by df and —bl2 in the x and 
y directions, respectively, solve for the time at which the y 
trajectory passes through bl2 using (47), then substitute this 
time in (46) to yield the relations between the clearing distance 
and the initial speed: 

XciXfs) — Xo. 
2bm bF,, 

+ df (51) 

Rewriting (51) yields the equation for the clearance curve: 

Xo 
2bm 

Xc + 
bF„ 

(52) 

It is a straight line in the phase-space x^ — Xo- This line does 
not pass through the origin due to the offset caused by the 
vehicle size (the obstacle cannot be avoided at a close range 
regardless of speed). This offset, however, is of the order of 
magnitude of the vehicle width, and can be practically ignored. 

The clearance curve can be characterized by its slope 
{Fy^J2bm. But the slope is inversely proportional to the time 
to collision from the last point a lane-change maneuver is feasi-

Table 1 Parameters of the planar vehicle 
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Fig. 7 Optimal lane change maneuvers 
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ble (assuming the curve passes through the origin). The time 
to collision, t^, is thus: 

2bm 

F,„ 
(53) 

For the point mass model, this time is fixed for all initial speeds. 
It increases with the vehicle mass and decreases with the magni
tude of the side tire force (the vehicle's cornering ability), as 
expected. The time to collision can serve as an alternative crite
rion for deciding when to, or not to, change lane: a lane change 
maneuver is feasible when ? a 4, and infeasible otherwise. 

7 Examples 
The optimization of the lane-change maneuvers was imple

mented on a Silicon Graphics workstation for the planar bicycle 
model, using the parameters of a medium size passenger car 
given in Table I. The following examples provide some insights 
into the general shapes of the optimal emergency maneuvers 
for the bicycle and the point mass models, in addition to present
ing the clearance curves associated with these maneuvers. 

7.1 Optimal Maneuvers. Using 12 control points to rep
resent the path, and 7 points to represent the velocity profile, 
resulted in the optimal maneuvers shown in Fig. 7. As is evident 
from Fig. 7, the higher the speed, the longer the maneuver. The 
duration of these maneuvers, though, changed little with the 
initial speeds (2.6 s at 20 m/s to 2.3 s at 50 m/s). The optimal 
velocity profiles for these maneuvers are shown in Fig. 8. The 
active constraint in all optimal maneuvers was the friction el
lipse (26). 

Figure 9 shows the optimal steering angles along three ma
neuvers, normalized with respect to the total path distance. Gen
erally, the higher the speeds, the smaller and more oscillatory 
the steering angle. This suggests that the sinusoidal steering 

Velocity Profiles 
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Fig. 8 Velocity profiles along optimal lane change maneuvers 
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Path Distance (normalized) 

Fig. 9 Steering angle along optimal maneuvers 

inputs, commonly used in the literature for lane change maneu
vers, are inadequate for emergency maneuvers at high speeds. 

Figure 10 shows the clearance curve for the optimal maneu
vers shown in Fig. 7. It is roughly a straight line (the slight 
deviations may be due to small numerical errors). This line 
was computed for maneuvers from 50 m/s down to 10 m/s. It 
was extrapolated for lower speeds, as shown by the dashed line 
in Fig. 10. The slope of this line is close to 1 s^', suggesting 
fc = 1 s, the time to collision when the obstacle must be avoided 
using the optimal maneuver. This result reflects the specific 
parameters used in our model. It is remarkably close to the 
experimental results of 1 s to collision (regardless of speed) 
obtained independently at Honda Motors for a a medium size 
passenger car (similar to ours) (Fujita et al., 1994). 

Although this comparison is inconclusive due to the lack of 
data on the experimental vehicle, the closeness of these results 
confirms the validity of our approach. 

The clearance curve is significantly different from the hyper
bolic stopping curve shown in Fig. 10 for the maximum braking 
deceleration of A!min = 3.87 m/s^. The difference between the 
two curves clearly demonstrates the advantage of lane-change 
maneuvers over a full stop at high speeds. For example, a vehi
cle traveling at 30 m/s (108 Km/h) requires 116 m for a full 
stop, whereas it requires only 30 m for an optimal lane-change 
maneuver. The higher the speed, the larger the difference. 

The time in the current lane may be maximized by decelerat
ing as soon as the obstacle is detected, until reaching the clear
ance curve at a lower speed. For example, detecting the obstacle 
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Fig. 10 The clearance curve for the optimal maneuvers of Fig. 5 
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Fig. 11 Optimal (solid) and approximated (dashed) maneuvers 

from a distance of 80 m at 30 m/s (leaving no option for a full 
stop) and maintaining the current speed would allow 1.6 s be
fore the vehicle must execute an optimal maneuver. Decelerat
ing at the maximum deceleration would extend the time in the 
current lane to 2.3 s before reaching the clearance curve at 21 
m/s, an increase of 40 percent. The extra time can be used for 
communication with the neighboring vehicles and coordination 
of the lane transition. 

7.2 Point Mass Model. Computing the optimal maneu
vers for the point mass model, using the major axes of the 
friction ellipse (15) as the force limits, resulted in the approxi
mated maneuvers shown in Fig. 11. These maneuvers are very 
close to the optimal maneuvers computed for the nonlinear 
bicycle model. The velocity profiles of the point mass model 
are steeper (higher deceleration) than those for the bicycle 
model, as can be seen in Fig. 12. 

It is interesting to compare the total motion times for the 
optimal and the approximated maneuvers. For the approximated 
maneuvers, it is constant, at 2.08 s, independently of the initial 
speed, whereas for the optimal maneuver it varies little from 
2.3 for 50 m/s to 2.6 s for 20 m/s. The optimal maneuvers take 
slightly longer due to the lower deceleration during the turns. 
The point mass model can thus be used to closely approximate 
the paths of the lane change maneuvers. The velocity profile 
along the path can be computed using the method presented in 
(Shiller and Sundar, 1995), which is generally simpler and 
computationally more efficient than the optimization of the en
tire maneuver. 

The clearance curve for the point mass model is a straight 
line, as discussed earlier. For the parameters used, the slope of 
this line is 0.9 s~', almost overlapping with the line shown in 
Fig. 10. Consequently, the time to collision on the clearance 
curve, t„ is (53) f,. = V2*2* 1550/5,000 = 1.1 s, very similar 

Velocity Profiles 
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Fig. 12 Velocity profiles of optimal (solid) and approximated (dashed) 
maneuvers 
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to the experimental results (Fujita et al , 1994). This strongly 
suggests the point mass model as an excellent candidate for 
estimating the clearance curve and for approximating emer
gency lane-change maneuvers. 

8 Conclusions 
This paper addresses the issue of emergency lane-change 

maneuvers for obstacle avoidance. We first characterize an 
emergency lane-change maneuver as a maneuver that minimizes 
the longitudinal distance of the lane transition. This maneuver 
is the sharpest possible (consisting of the tightest curves) as it 
slides along the tire force constraints. It therefore determines 
the last point at a given speed from which the obstacle is avoid
able. This is critical for planning lane-change maneuvers since 
attempting a maneuver beyond this "last" point would result 
in an off-center colhsion, which is generally more dangerous 
than a head-on collision at the same speed. 

A procedure for computing optimal maneuvers for a bicycle 
model is also presented. It is shown that the shape of the optimal 
maneuver depends primarily on the initial speed: the faster the 
longer, whereas the duration of the maneuvers varies little with 
speed. Computing the optimal maneuvers for various speeds 
allows to generate the clearance curve, which depicts the dis
tance to the closest avoidable obstacle as a function of speed. 
For the bicycle model, the clearance curve is shown to be almost 
linear with respect to the initial speed for the optimal maneu
vers, compared to the hyperbolic curve for the distance to a full 
stop. This clearly demonstrates the advantage of lane change 
maneuvers over a full stop at high speeds. 

The clearance curve was shown as a valuable design tool for 
planning safe avoidance maneuvers. It allows to maximize the 
time from the detection of the obstacle to the time when a lane 
change maneuver must be executed, as was demonstrated in the 
examples. The clearance curve can also be used as a bench
mark for evaluating other avoidance maneuvers, or as a unified 
measure of the dynamic performance of different vehicles: the 
safest vehicle is the one with the steepest slope. 

On-line computation of emergency maneuvers was also pre
sented, using a simple point mass model. It is computationally 
very efficient as it yields an analytical solution, and is shown 
to closely approximate the paths and the clearance curve of the 
optimal maneuvers. The examples for both the bicycle and the 
point mass models were remarkably close to the experimental 
results reported by Honda Motors for a similar vehicle. 
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