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ABSTRACT

Variational principles for magnetohydrodynamics (MHD) were introduced by
previous authors both in Lagrangian and Eulerian form. In this paper we introduce
simpler Eulerian variational principles from which all the relevant equations of non-
barotropic magnetohydrodynamics can be derived. The variational principle is given in
terms of five independent functions for non-stationary barotropic flows. This is less
then the eight variables which appear in the standard equations of barotropic

magnetohydrodynamics which are the magnetic field B the velocity field v, the
entropy s and the density p.
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INTRODUCTION

Variational principles for magnetohydrodynamics were introduced by previous
authors both in Lagrangian and Eulerian form. Sturrock [1] has discussed in his book
a Lagrangian variational formalism for magnetohydrodynamics. Vladimirov and
Moffatt [2] in a series of papers have discussed an Eulerian variational principle for
incompressible magnetohydrodynamics. However, their variational principle
contained three more functions in addition to the seven variables which appear in the
standard equations of incompressible magnetohydrodynamics which are the magnetic

field B the velocity field v and the pressure P. Kats [3] has generalized Moffatt’s work
for compressible non barotropic flows but without reducing the number of functions
and the computational load. Moreover, Kats has shown that the variables he suggested
can be utilized to describe the motion of arbitrary discontinuity surfaces [4, 5].
Sakurai [6] has introduced a two function Eulerian variational principle for force-free
magnetohydrodynamics and used it as a basis of a numerical scheme, his method is
discussed in a book by Sturrock [1]. A method of solving the equations for those two
variables was introduced by Yang, Sturrock & Antiochos [7]. Yahalom & Lynden-
Bell [8] combined the Lagrangian of Sturrock [1] with the Lagrangian of Sakurai [6]
to obtain an Eulerian Lagrangian principle for barotropic magnetohydrodynamics
which will depend on only six functions. The variational derivative of this Lagrangian
produced all the equations needed to describe barotropic magnetohydrodynamics
without any additional constraints. The equations obtained resembled the equations of
Frenkel, Levich & Stilman [11] (see also [12]). Yahalom [9] have shown that for the
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barotropic case four functions will suffice. Moreover, it was shown that the cuts of
some of those functions [10] are topological local conserved quantities.

Previous work was concerned only with barotropic magnetohydrodynamics.
Variational principles of non barotropic magnetohydrodynamics can be found in the
work of Bekenstein & Oron [13] in terms of 15 functions and V.A. Kats [3] in terms
of 20 functions. The authors of this paper suspect that this number can be somewhat
reduced. Moreover, A. V. Kats in a remarkable paper [21] (section 1V,E) has shown
that there is a large symmetry group (gauge freedom) associated with the choice of
those functions, this implies that the number of degrees of freedom can be reduced.
Here we will show that only five functions will suffice to describe non barotropic
magnetohydrodynamics in the case that we enforce a Sakurai [6] representation for
the magnetic field.

We anticipate applications of this study both to linear and non-linear stability
analysis of known non barotropic magnetohydrodynamic configurations [14, 15] and
for designing efficient numerical schemes for integrating the equations of fluid
dynamics and magnetohydrodynamics [16, 17, 18, 19]. Another possible application
Is connected to obtaining new analytic solutions in terms of the variational variables
[20].

The plan of this paper is as follows: First we introduce the standard notations and
equations of non-barotropic magnetohydrodynamics. Next we introduce a
generalization of the barotropic variational principle suitable for the non-barotropic
case. Later we simplify the Eulerian variational principle and formulate it in terms of
eight functions. We conclude by showing how three variational variables can be
integrated algebraically thus reducing the variational principle to five functions.

STANDARD FORMULATION OF NON-BAROTROPIC MHD

The standard set of equations solved for non-barotropic magnetohydrodynamics are
given below:

a3

57 =V x (7 x B),
V-8B=u0,
90 - (pB) =0
Ot : pul =u,
dv v s . . (VxB)xB
'{)E — {J[a + (1 -V)T) = —Vplp, s) + I
ds

— =1
i

&

The following notations are utilized =; the temporal derivative, | 4 the temporal

material derivative ancV  has its standard meaning in vector calculus. B is the
magnetic field vector, v is the velocity field vector, p is the fluid density and s is the
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specific entropy. Finally p(p, s) is the pressure which depends on the density and
entropy (the non-barotropic case). The justification for those equations and the
conditions under which they apply can be found in standard books on
magnetohydrodynamics (see for example [1]). Equation (1) describes the fact that the
magnetic field lines are moving with the fluid elements ("frozen” magnetic field
lines), equation (2) describes the fact that the magnetic field is solenoidal, equation
(3) describes the conservation of mass and equation (4) is the Euler equation for a
fluid in which both pressure and Lorentz magnetic forces apply. The term:

V=B

A

is the electric current density which is not connected to any mass flow. Equation (5)
describes the fact that heat is not created (zero viscosity, zero resistivity) in ideal non-
barotropic magnetohydrodynamics and is not conducted, thus only convection occurs.
The number of independent variables for which one needs to solve is eight
(¥, B.p. %) and the number of equations (1,3,4,5) is also eight. Notice that equation

(2) is a condition on the initial B field and is satisfied automatically for any other
time due to equation (1).

VARIATIONAL PRINCIPLE OF NON-BAROTROPIC MHD

In the following section we will generalize the approach of [8] for the non-barotropic
case. Consider the action:

/ Cd® rdt,

;£:|+£j.

2
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fdt dt

Obviously v, a, B, o are Lagrange multipliers which were inserted in such a way that
the variational principle will yield the following equations:

dp N
ot
dy
— =10,
T
dn
gl _
T
ds

— = (.
prﬁ‘

V - (pT) =0,

It is not assumed that v, a, B, o are single valued. Provided p is not null those are just

25

a . 1 ! Is B
LJ[U—'I: +V - (pt)] —pni — ,r;_:f% —{)O': P Vx x V. (7)



the continuity equation (3), entropy conservation and the conditions that Sakurai’s
functions (to be described below) are comoving. Taking the variational derivative

with respect to B we see that:

B=B=VyxVn. (9)
Hence B is in Sakurai’s form and satisfies equation (2). It can be easily shown that
provided that B is in the form given in equation (9), and equations (8) are satisfied,
then also equation (1) is satisfied.

For the time being we have showed that all the equations of non-barotropic
magnetohydrodynamics can be obtained from the above variational principle except
Euler’s equations. We will now show that Euler’s equations can be derived from the
above variational principle as well. Let us take an arbitrary variational derivative of
the above action with respect to v, this will result in:

| =/- dt{ / d*xdtpdv-[—Vv—aVyx—AVn—cVs]+ ?( dS-§Tpu+ [eff-ﬁf’p[v:}.
' ' ' ' (10)

: f dS - Sipu : : : :
The integral vanishes in many physical scenarios. In the case of
astrophysical flows this integral will vanish since p = 0 on the flow boundary, in the
case of a fluid contained in a vessel no flux boundary conditions U -n =0 are

T‘
induced (7 is a unit vector normal to the boundary). The surface integral f = on
the cut of v vanishes in the case that v is single valued and [v] = 0. In the case that that
v is not single valued only a Kutta type velocity perturbation [18] in which the
velocity perturbation is parallel to the cut will cause the cut integral to vanish.

Provided that the surface integrals do vanish and that 054 =10
velocity perturbation we see that v must have the following form:

for an arbitrary

= Vv +aVy + Vn +0Vs. (11)

Let us now take the variational derivative with respect to the density p we obtain:

d
0, A = fd‘l:cdfap[ P w7 Vv

+ fdf}(d%‘ 1'Op1f+fdt/dT 76 p[v] fdl‘mﬁpﬁ}, (12)

In which w = ~ Is the specific enthalpy. Henece provided that ¢ IS v o
vanishes on the boundary of the domain and [ dX - #5p[r] vanishes on the cut
of ¥ in the case that v is not single valued and in initial and final times the
following ofuation mast be satisfied:

r]l F i
b l. 2 _ (1
4 2

Finally we have to calculate the variation with respect to both y and n this will lead
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us to the following results:

5144=fd3:rdt§)t[ {; @) +V - (pat) —Vn - j]+/dfj{d<;

1T
i

/dtfdi : [-L_"f x Vn — Bipa][dx] — /d%paﬁxﬁé, (14)
5,?_4=fd3:cdmn[a§j] +V - (pB7) + Vx - J| —|—fdt)£d5 [Vx x 45 — @pB)on
'}2\ . 7 E — arf . _ 3 o | 4 =

dt [ dX-[Vyx x y ipB][6n] d zpBon|;.. (15)

Provided that the correct temporal and boundary conditions are met with respect to the
variations &y and o on the domain boundary and on the cuts in the case that some (or
all) of the relevant functions are non single valued. We obtain the following set of
equations:

dr:};_"f’?;-f dg Vy-J
a  p d ~ p

(16)

in which the continuity equation (3) was taken into account. By correct temporal
conditions we mean that both on and &y vanish at initial and final times. As for
boundary conditions which are sufficient to make the boundary term vanish one can

consider the case that the boundary is at infinity and both B and p vanish. Another
possibility is that the boundary is impermeable and perfectly conducting. A sufficient
condition for the integral over the ”cuts” to vanish is to use variations on and 6y which
are single valued. It can be shown that y can always be taken to be single valued,
hence taking 6y to be single valued is no restriction at all. In some topologies 1 is not
single valued and in those cases a single valued restriction on o1 is sufficient to make
the cut term null. Finally we take a variational derivative with respect to the entropy’s:

, 9 B} B}
5, A= f d®xdtss] (gf) + ¥V - (poi) — pT] + / dt j‘( dS - povss

- fdga'pcrd,sﬁ:{, (17)

in which the temperature isT = %. We notice that according to equation (11) o is

single valued and hence no cuts are needed. Taking into account the continuity
equation (3) we obtain for location in which the density p is not null the result:

do
- 8
7t T, (18)

provided that 6sA vanished for an arbitrary Js.

EULER’S EQUATIONS
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We shall now show that a velocity field given by equation (11), such that the
equations for a, B, %, N, v, 0, s satisfy the corresponding equations (8,13,16,18) must
satisfy Euler’s equations. Let us calculate the materi:i7derivative of:

g = dzp +%ﬁx+adix +§ﬁn+,ﬁ%?} +i—jﬁs+ad§8. (19)
It can be easily shown that:
d'zu = ‘i’% — ‘@-L-‘g,;gl = ﬁ(éi’g —w) — Vg i;
Vo g% ﬁt..k;_; _ —‘ﬁ'vk%,
% = ﬁi—? — ﬁt’k% = —'\_J’Uk%,
d;s - 'ﬁi: _ 'ﬁu;ﬂ% - —\?’uk%. (20)

In which x;. 1s a Cartesian coordinate and a summation convention 1s assumed.
Inserting the result from equations (20,8) into equation (19) yields:
dv ax an ds

- 1 ) =
— 3 V(=% —w)+TV
o Bxk+' 5:1‘;;+J6-Ik}+ (2L w) + s

- d
= —VI.I;C{B;C + o

1 o me oo ome
+ ;{(V?? - J)Vx = (Vx - J)Vn)
= Vo + ﬁ(%ﬁz —w) +TVs+ lfx (Vx x V)
p

ERUNEY Y] (21)
PP

In which we have used both equation (11) and equation (9) in the above derivation.

This of course proves that the non-barotropic Euler equations can be derived from the

action given in equation (7) and hence all the equations of non-barotropic
magnetohydrodynamics can be derived from the above action without restricting the

variations in any way except on the relevant boundaries and cuts.

SIMPLIFIED ACTION

The reader of this paper might argue here that the paper is misleading. The author has
declared that they are going to present a simplified action for non-barotropic
magnetohydrodynamics instead he has added six more functions a, B, y, 1, v, c to the

standard set (% & 7:2) I the following we will show that this is not so and the
action given in equation (7) in a form suitable for a pedagogic presentation can indeed
be simplified. It is easy to show that the Lagrangian density appearing in equation (7)
can be written in the form:
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L= —plyy +agy 05+ +e(p)] 4 5lT - 0 - ()]
(B B2 = (32 + 220 19 wpi, )

In which 7 is a shorthand notation for Vi + aﬁx + ,ﬁﬁn +0Vs (see equation

(11)) and B is a shorthand notation for Vy x Vn (see equation (9)). Thus £
has four contributions:

L = ﬁ+£"+£"+£ba’undary:
4 81: X ds 1 = = = = .5
L =—p +,6‘ +o0— +z2(p,s)+ = (Vv +aVx +3Vn+aVs)
315 ot 2
1
- @(VX X V?ﬂz
1 -
’C'Ef = Ep{?.-" - ﬁ)gv
L = 5o
v -
"Cbouﬂ,dury = % +V. [:ypﬁ)' (23)

The only term containing ¥ is Ly, it can easily be seen Ih.—l.'l this term will lead,

after we nullify the variational derivative with respect to ¥, to equation (11) but

will otherwise have no contribution to other variational dl rivatives. Similarly

the only term containing B is L5 and it can easily be seen that this term will

lead, after we nullify the ve mrmun il derivative, to equation (9) but will have no
contribution to other variational derivatives. Also notice that the term Ly ndary

contains only complete partial derivatives and thus can not contribute to the:
equations although it can change the boundary conditions. Hence we see that

equations (8), equation (13).equations (16) and equation (18) can be derived

using the Lagrangian density:

ay in s

E - JE - ﬂm

(p,8) + %:‘C'p +aVy + ﬁ'r;+ aVs)?] - —{T\ xVn)? (24)

;_,i'.r
Lla, B.x,n,v. p,0.8] = -p| :

in which 7 replaces ¥ and B replaces B in the relevant equations. Furthermore,
after integrating the eight equations (8,13,16,18) we can insert the potentials
o, 3,x,1n,v,0,s into equations (11) and (9) to obtain the physical quantities
7 and B. Hence, the general non-barotropic magnetohydrodynamic problem
is reduced from eight equations (1,3,4,5) and the additional constraint (2) to a
problem of eight first order (in the temporal derivative) unconstrained equations.
Moreover, the entire set of equations can be derived from the Lagrangian density

L.
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FURTHER SIMPLIFICATION
Elimination of Variables
Let us now look at the three last three equations of (8). Those describe three

comoving quantities which can be written in terms of the generalized Clebsch form
given in equation (11) as follows:

8_): + (Vv 4 aVy + Vn+oVs) - Vy =0
8_? + (Vv +aVy +Vn+aVs)-Vnp=0
O+ (Fv+a¥x+ 9 +09s) Ts =0 (25)

Those are algebraic equations for a, 3, 6. Which can be solved such that a, 3, o can be
written as functionals of y, 1, v, S, resulting eventually in the description of non-
barotropic magnetohydrodynamics in terms of five functions: v, p, %, n, s. Let us
introduce the notation:
2%
ot

in which the Einstein summation convention is assumed. In terms of the above
notation equation (25) takes the form:

—Vv-Vy, i€(1,2,3) (26)

a; = (a,0,0), xi=0,m8), ki

ki = 0';'6”(3' : ﬁ”(j: 7€ (1,2,3) (27)

in which the Einstein summation convention is assumed. Let us define the matrix:
Aij =Vyxi-Vy; (28)

Obviously this matrix is symmetric since A;j; = A;i. Hence equation (27) takes the
form:

;Ci = —;1ijaj~ _} (= {L 2 3) (29)

Provided that the matrix A;; is not singular it has an inverse A™;* which can be written
as:
AgoAgzy — A3y AjaAog — AjoAag AjgAsg — AjaAss
ALl = A 7' [ AwaAos — A1pAss AnAss— A3 ApAiz — Andas
ApoAgy — Aj3Aogy ApgArs — AjpAay Ay Ags — A
(30)
In which the determinant |A| is given by the following equation:

IA| = A11ARAz — A11A% — ApAlis — AssAZy + 2A1A13A3 (31)

In terms of the above equations the o;’s can be calculated as functionals of y;, v as
follows:
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ailxi,v] = A;'k;. (32)
The velocity equation (11) can now be written as:
- - - - - . Oy = =
5=Vv+a:Vx: = Vo + AV = Vo — A;‘in{f + V- V). (33)
Provided that the y; is a coordinate basis in three dimensions, we may write:

—+ — 8 .
Vi = Vxni-. ne(1,2,3). (34)

Inserting equation (34) into equation (33) we obtain:

— a)ﬁ_ — — af_}' — —
= _  _ A1, A _ AT .o .
v = —A; Vi y + Vv — A Vs ,nv)’m Vx;
—+ ax —_ = ab"
-1 ) J -1 )
= —AU— V)UE +VU _Azj AjHV)U'a
= JdY; = = Ov
_ AVEY J ) ..
= -4, VX T + Vv — 6, Vxi- -
A A VA (L S L
i o " Oxn
o _ ___]' o E
- AU v}ﬂ at (SL}J

in the above &j, is a Kronecker delta. Thus the velocity ¥[yi] is a functional of y; only
and is independent of v.

Lagrangian Density and Variational Analysis

Let us now rewrite the Lagrangian density L[y;, v, p| given in equation (24) in
terms of the new variables:

£l 6] = ~plge + ke il AL 4 e(p,x5) + 576~ 5=(Fxa x Fxa)?
| (36)
Let us calculate the variational derivative of é[xi, v, p| with respect to x; this
will result in:
by, L= —p[éh.a'k%—l-aia;—?l+ 8y.2(p, x3]+5uﬁ--ﬁ]—§-5“(ﬁ’x1 xVx2) (37)
in which the summation convention is not applied if the index is underlined.
However, due to equation (33) we may write:

by, T = Oy, V xk + ;i V iy (38)
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Inserting equation (38) into equation (37) and rearranging the terms we obtain:

ot

C A - Xt - = L = ) :
bl = —pldar(—7 = +7- Vi) + ai +7-Voxi) + dy,=(p, x3)]

| =

-0, (Vx1 x Vya). (39)

-

Now by construction ¥ satisfies equation (25) and hence U—é‘f +7-Vyxi =0, this
leads to:
doy; B

—_+§1‘_5(P=X3) _47'61g(ﬁ)£1 Xﬁl?)- (40)

From now on the derivation proceeds as in equations (14,15,17) resulting in equations
(16,18) and will not be repeated. The difference is that now o, B and ¢ are not
independent quantities, rather they depend through equation (32) on the derivatives of
i, v. Thus, equations (14,15,17) are not first order equations in time but are second
order equations. Now let us calculate the variational derivative with respect to v this
will result in the expression:

. dov IXn .
0:/‘!:-' = —P[ ot +§:zan?] ['1]-)
However, o, ax can be calculated from equation (32):
S0 = A, 0,k = —A Vv - Vy; (42)
Inserting the above equation into equation (41):
A dov 1. e s, dév | = dov _
d,L = —p| 5 ALV 5t Viov] = —p[ﬁ + - Vov] = P (43)
The above equation can be put to the form:
. dp = . dpdv) = _ N
6, L = 611[5 + V- (p?)] — e V- (ptdv) (44)

This obviously leads to the continuity equation (3) and some boundary terms in space
and time. The variation derivative with respect to p is trivial and the analysis is
identical to the one in equation (12) leading to equation (13). To conclude this
subsection let us summarize the equations of non-barotropic magnetohydrodynamics:
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dv
dt
dp
at
do
dt
dex V- J
dt p
s _ _Vx- T (45)
dt P

in which a, B, o, ¥ are functionals of y, 1, s, v as described above. It is easy to show as
in equation (21) that those variational equations are equivalent to the physical
equations.

CONCLUSION

It is shown that non-barotropic magnetohydrodynamics can be derived from a
variational principle of five functions. Relation to a Hamiltonian formalism and
possible application will be given in a future comprehensive paper.
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