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Global Waiter-Client and Client-Waiter Games on Sparse Graphs

by Yael SABATO

In this thesis we consider global Waiter-Client and Client-Waiter games, played on
the edge set of sparse graphs. For a given global graph property P , we seek the
smallest integer ŵ = ŵ(n,P) such that there is a graph G with v(G) = n and e(G) =
ŵ, on which Waiter can force Client to build a subgraph that satisfies P in a Waiter-
Client game on E(G), regardless of Client’s strategy. Similarly, we seek the smallest
integer ĉ = ĉ(n,P) such that there is a graph H with v(H) = n and e(H) = ĉ, on
which Client can build a subgraph that satisfies P in a Client-Waiter game on E(H),
regardless of Waiter’s strategy. We prove the following results:

1. For the Waiter-Client positive minimum degree game D1, for every n ≥ 4,

ŵ(n,D1) =
⌈
7n/5

⌉
.

2. For the Waiter-Client Hamiltonicity gameHC, for every n ≥ 16,

2.5n ≤ ŵ(n,HC) < 3.75n+ 30.

3. For the Client-Waiter positive minimum degree gameD1, and the Client-Waiter
Hamiltonicity gameHC, for sufficiently large n,

(
1

4
− ε)n log2 n ≤ ĉ(n,D1) ≤ ĉ(n,HC) ≤ (1 + o(1))n lnn,

where ε > 0 is an arbitrarily small real number.
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Chapter 1

1.1 Introduction

In theoretical computer science we often use tools from the mathematical field of
combinatorics. We use such tools, for example, when we estimate the asymptotic
complexity of algorithms, when we study the properties of graphs and their role in
modeling various problems from real life, and also when we calculate the probability
of a randomized algorithm to give the right answer.

An important branch of combinatorics is combinatorial game theory, and, in par-
ticular, the theory of positional games. This is a rather new area which is linked
to many other fields of mathematics and computer science such as random graph
theory, Ramsey theory and derandomization.

Combinatorial game theory, and in particular, positional game theory, is distin-
guished from the traditional game theory, which is often used in various disciplines
such as Psychology, Economics and Biology. Traditional game theory is largely
based on the notion of uncertainty and imperfect information. In contrast, the games
in the field of positional games are finite, have perfect information, and do not in-
volve any chance moves.

A Positional Game is a pair (X,F) where X is a (usually finite) set and is referred
to as the board of the game, and F ⊆ 2X is a family of finite subsets of X . We refer
to every A ∈ F as a winning set. The game is played by two players, who take turns
occupying unoccupied items of X in an attempt to achieve some goal. This goal can
be to fully claim or to avoid claiming a winning set, depending on the type of the
game and the role of the player (Those aspects will be defined below). When all
the items of X are claimed the game ends, the player who achieved his goal is the
winner.

For a given game (X,F), at any round during the game, let R = {x1, . . . , xi} and
B = {y1, . . . , yj} i, j ≥ 0, be two disjoint subsets of X that represents the items that
were claimed by the two players during the game, and let F = X \ (R ∪ B) be the
set of the free items of X . A strategy is a function S : X × R × B → F that for any
given configuration of the game returns a free item that the player should claim in
his coming turn.

A winning (respectively drawing) strategy is a strategy that can promise the
player a win (respectively at least a draw) regardless of the opposite player’s moves.
Moreover, since the game is finite and the players are optimal, each positional game
is determined and has exactly one of the three possible outcomes; first player’s win,
second player’s win or a draw. Therefore, for every positional game, one of the
players has a winning strategy, or both players have a draw strategy. The previous
argument indicates the existence of a strategy, but is not constructive. Indeed, such
strategies usually are very complex due to their exponential length.

The games we focus on are games played on the edge set of a certain graph
G = (V,E). Here X = E(G) and F consists of subgraphs of G that satisfy a certain
graph property P .
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Many types of positional games appear in the literature. These include: Strong,
Maker-Breaker, Avoider-Enforcer, Waiter-Client and Client-Waiter games.

The most natural game type is the strong game. In a strong game, the players are
referred to as first player (FP) and second player (SP). During the game the players al-
ternately claim unclaimed items of the board (by marking the item with the player’s
color for example). The winner is the first player that fully claimed all the items of a
winning set A ∈ F . If all the board’s elements have been claimed but both players
did not win, we say that the game is a draw.

A familiar example of a strong game is the game of Tic-Tac-Toe. In this game, X
is defined by: X = {1, 2, 3}×{1, 2, 3}where each 2-tuple represent a square in a 3×3
table, and F consists of all triples from X that form a horizontal, vertical or diagonal
straight line in the table.

FIGURE 1.1: Tic-Tac-Toe. (from: https://en.wikipedia.org/wiki/Tic-
tac-toe)

In strong games, it is known that the second player can not win (see [10] for the
"strategy stealing" proof). In addition, the goal of the players is double; to claim a
winning set and to block the other player from claiming a winning set first. Those
dual goals make strong games difficult to analyze. Indeed, the available research
tools are mainly "strategy stealing", Ramsey theory and a complete case analysis
of the game tree. Due to the exponential size of such game trees, this approach
becomes impractical very quickly. That difficulty motivated the development of the
weak games, where since SP cannot win, he abandons the attempt to fully claim a
winning set himself and concentrates only on blocking the win of FP. As a result,
FP can stop playing defense and concentrate only on playing offense. those weak
games are also referred to as Maker-Breaker games.

In Maker-Breaker games, the first player plays as Maker, and the second player
plays as Breaker. The goal of Maker is to fully claim a winning set but he doesn’t
have to be the first one to do so in order to win. If by the end of the game, when all
the items of X are claimed, Maker did not win, then Breaker is the winner. (Note
that if Breaker fully claimed a winning set he didn’t necessarily win the game). As a
result, in this game the outcome of a draw does not exist. This simplification of the
tasks of the players offers many new analyzing tools. Indeed Maker-Breaker games
are studied frequently.

A classical (and very challenging) example of a Maker-Breaker game is the game
Hex. Hex is played on a rhombus of hexagons of size n × n. Each player gets one
of the two pairs of opposite sides of the board (left-right or bottom-top). During the
game the players alternately claim free hexagons of the board and the first player to
connect his two sides of the board by a path of his hexagons wins. The definition of
Hex is similar to the definition of a strong game, nevertheless, Hex is not a strong
game, because the winning sets of the players are different (In order to win, one
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player has to connect the left-right sides of the board and the other player has to
connect the bottom-top sides of the board). In fact, it was proved (by Gale, see
[5]) that connecting two sides of the board is equivalent to blocking every possible
winning path of the other player. Therefore, this game fits the rules of Maker-Breaker
games; by defining F as the family of all the paths of the first player.

FIGURE 1.2: Hex. (from: https://en.wikipedia.org/wiki/Hex(board.game))

Another type of positional games is Avoider-Enforcer games. In those games the
players are referred to as Avoider and Enforcer, and Avoider starts the game. The
course of the game is similar to the games mentioned previously, the difference is in
the goals of the players. Avoider’s goal is to avoid fully claiming a set A ∈ F during
the game, and Enforcer’s goal is to make sure that Avoider fully claims a set A ∈ F
until the end of the game. Therefore, in Avoider-Enforcer games F is referred to as
the family of losing sets.

In Avoider-Enforcer games, as well as in Maker-Breaker games, F represents a
monotone increasing graph property P . Unlike Maker who is trying to fully claim a
winning set, Avoider is trying to avoid a set A ∈ F . That is, Avoider is considering
the complement graph property P , which is of course a monotone decreasing graph
property. When studying Avoider-Enforcer games, one would expect the outcome
of the those games to be exactly the opposite of the corresponding Maker-Breaker
games. However, that is not true, since in Maker-Breaker games, if Maker achieved
his goal at some round of the game, then adding new edges to his graph will not
ruin his win. Whereas, in Avoider-Enforcer games, adding edges to Avoider’s graph
increases the possibility for him to lose the game.

Much of the research of positional games concerns on finding the outcome of
given games. An interesting aspect to research is how the outcome is affected when
we change certain parameters of the game. One parameter that can change the out-
come is the number of elements that the players claim in each turn. This leads to the
following generalization of Maker-Breaker games, first suggested by Chvátal and
Erdős (see [4]). Let p and q be two positive integers, and let (X,F) be a Maker-
Breaker game. The biased (p : q) (X,F) Maker-Breaker game is the same as the
Maker-Breaker (X,F) game, except that Maker claims p free board elements in each
turn, and Breaker claims q free board elements in each turn. In the last move of
the game, if there are not enough items left to claim, the player will claim all the
available items. Note that the regular unbiased games are (1 : 1) games.

In biased Maker-Breaker games it can be proved that increasing a player’s bias
favors him while decreasing his bias favors the other player. Moreover, if the (1 : 1)
game is Maker’s win and the (1 : |X|) game is Breaker’s win, then there exists a
unique integer 1 < q0 ≤ |X| such that for every q < q0 the (1 : q) game is Maker’s
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win, and for every q ≥ q0 the (1 : q) game is Breaker’s win. That unique integer
q0 is called the threshold bias of the game. An interesting task is to find (or at least
estimate) the threshold bias of natural games.

In biased Avoider-Enforcer games, one would expect to find the threshold bias
like in Maker-Breaker games, since intuitively, decreasing a player’s bias should fa-
vor him. But as it turns out, the existence of a threshold bias in Avoider-Enforcer
games is not guaranteed. The following example shows it: Consider an Avoider-
Enforcer (p : q) game on (X,F) where X = {1, 2, 3, 4} and F = {{1, 2}, {3, 4}}. It is
easy to see that for p = q = 1 Avoider wins, for p = 1, q = 2 Enforcer wins, and for
p = q = 2 as well as for p = 1, q = 3 it is again Avoider’s win. In [8] the authors
show that by a minor change to the rules of the game, Avoider-Enforcer games be-
come bias monotone and therefore have a threshold bias. This change in the rules is:
In each turn, Avoider claims at least p elements of the board, and Enforcer claims at
least q elements of the board.

Another classical notion from [4] is that for some games, if we let the players
play randomly, the outcome of the game will be similar to the outcome of the same
game played by optimal players. In other words, for a given graph property P , the
threshold for a random graph Gn,p to have property P can sometimes predict the
threshold bias of the corresponding positional game. That phenomenon is known
as The Probabilistic Intuition. The probabilistic intuition is not yet very well under-
stood, that is, there is no general criteria for it to hold. we have examples for games
that exhibit strong probabilistic intuition, for games that exhibit intermediate proba-
bilistic intuition, and also games where the probabilistic intuition fails to predict the
outcome of those games.

Two more natural types of positional games are Waiter-Client and Client-Waiter
games. These games were introduced by Beck in [2] under the names Picker-Chooser
and Chooser-Picker. However, in [3] the authors offered the names Waiter-Client
and Client-Waiter, in order to avoid confusion of the roles of the players.

In Waiter-Client games with bias (p, q), in every round the items are chosen and
claimed by the following process: Waiter offers Client p+q items of the board, Client
selects p of the offered items and claims them, and then Waiter claims the remaining q
items that were offered. In Client-Waiter games, due to non bias monotonicity (as in
Avoider-Enforcer games), the process is slightly different; Waiter offers p ≤ k ≤ p+q
items of the board, Client selects p of the offered items and claims them, and then
Waiter claims the remaining k − p items that were offered.

In Client-Waiter games, Client wins if he can fully claim a winning set, oth-
erwise Waiter wins (as in Maker-Breaker games). In Waiter-Client games, Waiter
wins if he can force Client to fully claim a winning set, otherwise Client wins (as in
Avoider-Enforcer games). Although the process of claiming edges in Waiter-Client
and Client-Waiter games is different from that process in Maker-Breaker games, the
research revealed connections between those games. In addition, these games often
obey the heuristic of the probabilistic intuition.

After defining Waiter-Client and Client-Waiter games, we would like to go back
to the idea of changing certain parameters of the game and finding the correspond-
ing change in the outcome of the game. The biased games that we mentioned are
an example of that notion, we can see that the outcome changes because one of the
players got more strength in the game. Another interesting way to give one of the
players more strength is by defining the board to be the edge set of a sparse graph
(instead of playing on the edge set of a complete graph). If there are fewer edges of
the board at the beginning of the game, then the number of elements a player owns
at the end of the game is reduced, and that can affect his win.
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This idea is linked to Extremal graph theory, which is a branch of graph theory
that studies extremal (maximal or minimal) graphs which satisfy a certain property.
a typical extremal graph theory question is the following: given a graph property Q,
an invariant u, and a set of graphs H , we wish to find the minimum value of m such
that every graph in H which has u larger (or smaller) than m possess property Q. A
famous Example is Turán’s theorem, which answers the question of how many edges
an n-vertex graph can have before it must contain a clique of size k as subgraph.
Here, H is the set of all graphs with n vertices, u is the number of edges of each
graph, and Q is the graph property of containing a clique of size k as subgraph.

Another example, is the topic from Ramsey theory of Size Ramsey numbers. The
Size Ramsey number is a variant of the better known Ramsey numbers. (For given
integers q and s, the Ramsey numberRq(s) is the minimum n for which in every col-
oring of the edges ofKn with q colors, there is a monochromatic complete graphKs).
Size Ramsey numbers are similar to Ramsey numbers, except that the monochro-
matic sub-graphs are not necessarily complete, and they count edges rather than ver-
tices. Given an integer q > 0 and graphsG andH we writeG→ (H)q ifG contains a
monochromatic copy ofH in any q-coloring of the edges ofG. Here for simplicity we
consider q = 2. The size-Ramsey numberRe(H) of a graphH is the smallest number
of edges in a graphG such thatG→ (H)2, that is,Re(H) = min{|E(G)| : G→ (H)2}.

This leads to the following definition of a graph density parameter (from [9]).
Here we consider the graph propertyQ to be Maker’s-win in a Maker-Breaker game.
(Where the winning sets of the game are defined by a different graph property P):

Definition 1.1.1. For a graph property P = P(n) ⊆ 2E(Kn) of graphs on n vertices, let
m̂(P) be the smallest integer m = m(n) for which there exists a graph G with n vertices
and m edges, such that the Maker-Breaker game (E(G),P) is Maker’s win. (For the sake of
formality we define m̂(P) to be∞ if (E(Kn),P) is Breaker’s win.)

In our research we restrict our attention on global graph properties. By the term
global property we mean a property of n-vertex graphs that does not ignore any
vertex. That is, if P is a global property, and G ∈ P , then the minimum degree of G
is positive.

We will focus on the following corresponding graph density parameters that con-
cern Waiter-Client and Client-Waiter unbiased games.

Definition 1.1.2. For a graph property P = P(n) ⊆ 2E(Kn) of graphs on n vertices, let
ŵ(P) be the smallest integer w = w(n) for which there exists a graph G with n vertices and
w edges, such that the (1 : 1) (E(G),P) Waiter-Client game is Waiter’s win. (For the sake
of formality we define ŵ(P) to be∞ if (E(Kn),P) is Client’s win.)

Definition 1.1.3. For a graph property P = P(n) ⊆ 2E(Kn) of graphs on n vertices, let
ĉ(P) be the smallest integer c = c(n) for which there exists a graph G with n vertices and c
edges, such that the (1 : 1) (E(G),P) Client-Waiter game is Client’s win. (For the sake of
formality we define ĉ(P) to be∞ if (E(Kn),P) is Waiter’s win.)

In our work. we give lower and upper bounds on these parameters, and compare
the Waiter-Client and Client-Waiter results to those of Maker-Breaker.

1.2 Results

In this section we specify the results from [9] as well as related results. Those results
are examples of analyzing global Maker-Breaker games on sparse graphs. In our
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research we analyze the analogous Waiter-Client and Client-Waiter games on sparse
graphs for the same global graph properties.

1. The positive minimum degree game: The family D1 = D1(n) consists of all
edge sets of all graphs on n vertices which have minimum degree at least 1.

Theorem 1.2.1. For every n ≥ 4 we have

10

7
n ≤ m̂(D1) ≤

10

7
n+ 1.

The upper bound was proved in [9] and the lower bound was proved in [1].

2. the Hamiltonicity game: The family H = H(n) ⊆ 2E(Kn) consists of the edge
sets of all Hamiltonian graphs on n vertices.

Theorem 1.2.2. (i) m̂(H) ≥ 2.5n for all n;

(ii) m̂(H) ≤ 21n for all n ≥ 1600.

1.3 Notation and Terminology

This section provides the necessary background and notation. Our graph theoretic
notation is standard and follows that of [13]. In particular, we use the following. For
a graph G, let V (G) and E(G) denote its sets of vertices and edges respectively. For
any edge e = uv ∈ E(G), we often refer to the vertices u and v as endpoints of e.
Let v(G) = |V (G)| and e(G) = |E(G)|. For a set A ⊆ V (G), let EG(A) denote the
set of edges of G with both endpoints in A and let eG(A) = |EG(A)|. For disjoint
sets A,B ⊆ V (G), let EG(A,B) denote the set of edges of G with one endpoint in
A and one endpoint in B, and let eG(A,B) = |EG(A,B)|. A graph G′ with vertex
set V ′ ⊆ V (G) and edge set E′ ⊆ E(G) is a subgraph of G and we write G′ ⊆ G to
denote this. For a set A ⊆ V (G), let G[A] denote the subgraph of G which is induced
on the set A, i.e. with vertex set A and edge set {e ∈ E(G) : e ⊆ A}.

For a set S ⊆ V (G), let NG(S) = {v ∈ V (G) \ S : ∃u ∈ S such that uv ∈ E(G)}
denote the outer neighbourhood of S in G. For a vertex v ∈ V (G) we abbreviate
NG({v}) under NG(v) and let dG(v) = |NG(v)| denote the degree of v in G. The
maximum degree of a graphG is ∆(G) = max{dG(u) : u ∈ V (G)} and the minimum
degree of a graph G is δ(G) = min{dG(u) : u ∈ V (G)}. Often, when there is no risk
of confusion, we omit the subscript G from the notation above.

A path is a graph P = (V,E), with |V | > 1, such that there exists an ordering
v1, v2, . . . , v|V | of the vertices of V such that vivj is an edge of E if and only if j =
i + 1. If v1v|V | is also an edge in E, then P is a cycle. A cycle that it’s ordering
contains every vertex of a graph exactly once is a Hamilton cycle. If a graph contains
a Hamilton cycle, it is said to be Hamiltonian. A path that visits every vertex of a
graph exactly once is a Hamiltonian path. A graph G is connected if every pair of its
vertices is contained in some path of G. A maximal connected subgraph of a graph
G is called a connected component. A set A ⊆ V (G) is said to be independent in
G if EG(A) = ∅. A graph G = (V,E) is a clique or complete graph if every pair
of vertices in V is an edge in E. We denote the complete n-vertex graph by Kn. A
bipartite graph is a graph G = {V1 ∪ V2, E} such the the sets V1 and V2 are disjoint
and all the edges of E have one endpoint in V1 and one endpoint in V2. A bipartite
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graph with |V1| = n, |V2| = m is a complete bipartite graph if every pair of one vertex
from V1 and one vertex of V2 is an edge in E. We denote such graph by Kn,m.

A random graph Gn,p is obtained by starting with a set of n vertices and for each
possible pair of vertices, the corresponding edge occurs independently with proba-
bility 0 < p < 1.

A function p∗ = p∗(n) is a sharp threshold for a monotone increasing property P
in the random graph Gn,p if for every ε > 0,

lim
n→∞

(Gn,p ∈ P) =

{
0, if p/p∗ ≤ 1− ε.
1, if p/p∗ ≥ 1 + ε.

Assume that some Waiter-Client or Client-Waiter game, played on the edge set
of some graph H = (V,E), is in progress. At any given moment during this game,
let W ′ denote the set of all edges that were claimed by Waiter up to that moment,
let C ′ denote the set of all edges that were claimed by Client up to that moment, let
W = (V,W ′) and letC = (V,C ′). Moreover, let F = (V, F ′), where F ′ = E\(W ′∪C ′);
the edges of F are called free.

The rest of this paper is organized as follows: in Chapter 2 we prove two theo-
rems regarding Waiter-Client games. and in Chapter 3 we prove a theorem regarding
Client-Waiter games.
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Chapter 2

Waiter-Client Games

2.1 Preliminaries

In this section we will prove a basic theorem regarding the structure of graphs on
which Waiter can win the positive-minimum-degree and the Hamiltonicity Waiter-
Client games. We will do so by focusing on the minimum-degree-k Waiter-Client
game. In this game, Waiter’s goal is to make sure that the minimum degree of Client
graph at the end of the game is at least k. Let G be a graph on n vertices such that
Waiter wins the (1 : 1) Waiter-Client minimum-degree-k game, played on E(G). For
a given vertex x ∈ V (G), let r(x) = k−dC(x) be the difference between k and dC(x).
In other words, r(x) is the number of edges {e ∈ E(G)|x ∈ e}, that it is required
for Client to claim in order for x to get degree k in Client’s graph by the end of the
game.

Let us define the following spacial vertices:

1. vertices of type a:

• vertex of type a1: A vertex x ∈ V (G) with dF (x) ≤ 4 and r(x) = 2.

• vertex of type a2: A vertex x ∈ V (G) with dF (x) ≤ 2 and r(x) = 1.

2. vertices of type b:

• vertex of type b1: A vertex x ∈ V (G) with dF (x) ≤ 5 and r(x) = 2.

• vertex of type b2: A vertex x ∈ V (G) with dF (x) ≤ 3 and r(x) = 1.

Let p = x0 . . . xl be a path where x0 and xl are vertices of type a and x1, . . . , xl−1
are vertices of type b. We denote this path as a special path.

At any time during the game, we refer to the edges x0x1, x1x2, . . . , xl−1xl as
e1, e2, . . . , el respectively. We refer to all the other edges that are adjacent to the ver-
tices x0 . . . xl as fi,j where i is the index of the corresponding vertex xi, and 1 ≤ j ≤ 3.
(see Figure 2.1)

In addition, we will define a vertex x ∈ V (G), with dF (x) ≤ 3 and r(x) = 2, or a
vertex x ∈ V (G) with dF (x) ≤ 1 and r(x) = 1 as a special path of length 0.

Lemma 2.1.1. Let G be a graph on n vertices such that Waiter wins the (1 : 1) Waiter-
Client minimum degree k game, played on E(G). At any point during the game, there are
no special paths in the free graph F ⊆ G.

Proof. Let G be a graph on n vertices such that Waiter wins the (1 : 1) Waiter-Client
minimum degree k game, played on E(G). Let us assume for the sake of contradic-
tion that at some point of the game F ⊆ G contains a special path, we will show that
Client has a strategy to make sure that at least one of the vertices of G will have de-
gree less than k in Clients graph by the end of the game, contrary to our assumption



Chapter 2. Waiter-Client Games 9

x0 x1 x2 xl−1 xl
e1 e2 el

f0,2
f0,1

f0,3 f1,1 C f2,1 C C fm+1,1fm,2 fm,3

fm,1

FIGURE 2.1: A special path with k = 2. The edges with the title C
were claimed by Client. The vertex x0 is of type a1, xl is an a2. the

vertices x1 and x2 are of type b2 and xl−i is a b1.

that G is Waiter’s win. Our proof proceeds by induction on l. Let us assume that the
claim is true for every special path of length i ∈ {1, 2, . . . , l − 1} we will prove that
the claim is true for a path of size l. For the base case we have the two options for a
special path of length 0. (For a special path with length 1, we have three cases; two
adjacent vertices, both of type a1. two adjacent vertices, one of type a1 and the other
of type a2, and two adjacent vertices, both of type a2.)

The following observation show that our claim is true for the base cases.

Observation 2.1.1. Let (X,F) be a (1 : 1) Waiter-Client game, and let Z ⊆ X . Then,
Client can make sure to claim at most b|Z|/2c elements of Z during the game.

For the inductive step, LetA be the set of all the edges of the special path. Client’s
basic strategy will be to avoid edges fromA, and when two edges fromA are offered
in the same round, Client will play according to the following cases: (see Figure 2.1
for the names of the edges).

1. If Waiter offered ei and ej for some 1 ≤ i < j ≤ l, Client will choose ej .

2. If Waiter offered ei and fj,k for some 1 ≤ i, j ≤ l and 1 ≤ k ≤ 3, Client will
choose fj,k.

3. If Waiter offered fi,m and fj,k for some 1 ≤ i < j ≤ l and 1 ≤ k,m ≤ 3, Client
will choose fj,k.

4. If Waiter offered fi,m and fi,k for some 1 ≤ i ≤ l and 1 ≤ k < m ≤ 3, Client
will play arbitrarily.

Observe that when Waiter offers edges fi,m and fi,k (in case 4), the result is that
we get the same special path, with one of its vertices changing its type (i.e. if the
vertex xi was of type a1, it becomes type a2, and if it was of type b1, it becomes type
b2). Therefore we denote this kind of a move as a degenerate move. Observe that such
a degenerate move can be offered by Waiter at most l + 1 times.

Let us look at the first time that Waiter offers edges from A in a move that is not
degenerate.

If Waiter offers the edges x ∈ A and y ∈ E(G) \ A, then if x = ei we get a
smaller special path P ′ = x0 . . . xi−1, and if x = fi,j then we get a smaller special
path P ′′ = x0 . . . xi.

If the two edges are from A then:

1. If it was case 1, then we get a smaller special path, from x0 to xi−1. (In par-
ticular, if xi−1 was of type b1 it becomes of type a1, and if it was of type b2 it
becomes of type a2).
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2. If it was case 2, then if j < i we get a smaller special path, from xi to xl. (In
particular, if xi was of type b1 it becomes of type a1, and if it was of type b2 it
becomes of type a2). Otherwise, (i ≤ j), we get a smaller special path, from x0
to xi−1. (In particular, if xi−1 was of type b1 it becomes of type a1, and if it was
of type b2 it becomes of type a2).

3. If it was case 3, then we get a smaller special path, from x0 to xi. (In particular,
if xi was of type b1 it becomes of type a1, and if it was of type b2 it becomes of
type a2).

2.2 The positive minimum degree game

The family D1 = D1(n) consists of all edge sets of all graphs on n vertices which
have minimum degree at least 1. Theorem 2.2.1 gives us the value of the the density
parameter m̂(D1) regarding Maker-Breaker games:

Theorem 2.2.1. For every n ≥ 4 we have

10

7
n ≤ m̂(D1) ≤

10

7
n+ 1.

The upper bound was proved in [9] and the lower bound was proved in [1].

In our work we managed to prove the following theorem regarding the corre-
sponding density parameter ŵ(D1) regarding Waiter-Client games.

Theorem 2.2.2. For every n ≥ 4, ŵ(D1) =
⌈
7n
5

⌉
.

The framework of the proof is similar to the proof of [1] with several adjustments
to Waiter-Client games. As in [1], for the lower bound, we use the discharging method,
a method that was used, in particular, in the proof of the famous Four color theorem.

Proof. For the upper bound, we will first construct graphs with n ∈ {4, 5, 6, 7} ver-
tices, and

⌈
7n
5

⌉
edges on which Waiter wins the positive minimum degree game.

That is, graphs on which Waiter can force Client to build a spanning subgraph with
a positive minimum degree.

For those graphs we will use the complete graph over 4 verticesK4, the complete
bipartite graph over 3× 3 vertices K3,3, and the following two graphs H5 and D7:

Let H5 be the graph resulting from a subdivision of one of the edges of K4, That
is, V (H5) = {v1, v2, v3, v4, v5} and E(H5) = {v1v2, v1v3, v1v5, v2v3, v2v4, v3v4, v4v5}.
Note that H5 has five vertices and seven edges (see Figure 2.2).

Let D7 be a Double Diamond, As defined in [9] that is, V (D7) = {v1, v2, . . . , v7}
and E(D7) = {v1v2, v1v3, v2v3, v2v4, v3v4, v4v5, v4v6, v5v6, v5v7, v6v7}. Note that D7

has seven vertices and ten edges (see Figure 2.3).

Lemma 2.2.1. Waiter has a winning strategy for the positive minimum degree game, played
on the edge set of each of the graphs H5, D7, K4 and K3,3.

The proof is by case analysis. We include here the proof for the graph H5. The
proof for D7, K4 and K3,3 can be found in the Appendix.

Proof. Waiter’s strategy for the game on E(H5) is as follows:
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v2 v3

v1 v4

v5

FIGURE 2.2: The graph H5

v1

v2 v3

v4

v5 v6

v7

FIGURE 2.3: The graph D7

1. In the first round, Waiter offers v1v5 and v4v5.

2. In the second round, if Client chose the edge v1v5 in the previous round, then
Waiter offers v2v4 and v3v4. Otherwise, Waiter offers v1v2 and v1v3.

3. In the third round, If v2 has a positive degree, then Waiter offers the edges v1v3
and v2v3. Otherwise, he will offer the edges v1v2 and v2v3.

It is easy to see that, following this strategy, after round 2, for every choice of
Client, the degrees of v1, v4, v5 in Client’s graph will be positive, and the degree of
(exactly) one of the vertices v2 and v3 will be positive as well. In round 3, if v2 has a
positive degree, then by offering v1v3 and v2v3, Waiter ensures that the degree of v3
will be positive as well. Otherwise, (v3 has a positive degree), by offering v1v2 and
v2v3 Waiter will ensure the positive degree of v2. In either case, the degree of every
vertex of H5 will be positive in Client’s graph. Thus, Waiter is the winner.

Let n ≥ 4 be an integer and let k and 0 ≤ m ≤ 4 be the unique integers such
that n = 5k + m, we construct a graph Gn on n vertices and

⌈
7n
5

⌉
edges such that

Waiter wins the Waiter-Client positive minimum degree game played onE(Gn). The
construction of Gn is divided into five cases, where each case represents one of the 5
possible values of m.
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If m = 0, then Gn is the disjoint union of k copies of H5. Note that n = 5k and
e(Gn) = 7k = 7·5k

5 = 7n
5 .

If m = 1, then Gn is the disjoint union of k − 1 copies of H5 and one copy of K3,3.
Note that n = 5k + 1, e(Gn) = 7(k − 1) + 9 = 7k + 2 and

⌈
7n
5

⌉
=
⌈7·(5k+1)

5

⌉
= 7k + 2

as well.
Ifm = 2, thenGn is the disjoint union of k−1 copies ofH5 and one copy ofD7. Note
that n = 5k + 2, e(Gn) = 7(k − 1) + 10 = 7k + 3 and

⌈
7n
5

⌉
=
⌈7·(5k+2)

5

⌉
= 7k + 3 as

well.
If m = 3, then Gn is the disjoint union of k − 1 copies of H5 and two copies of K4.
Note that n = 5k+ 3, e(Gn) = 7(k− 1) + 12 = 7k+ 5 and

⌈
7n
5

⌉
=
⌈7·(5k+3)

5

⌉
= 7k+ 5

as well.
Finally, if m = 4, then Gn is the disjoint union of k copies of H5 and one copy of K4.
Note that n = 5k + 4, e(Gn) = 7k + 6 and

⌈
7n
5

⌉
=
⌈7·(5k+4)

5

⌉
= 7k + 6 as well.

In either case, Waiter wins the game on Gn by playing separately on each com-
ponent of Gn, according to the strategies described in the proof of lemma 2.2.1. That
is, if Gn has t components C1, C2, . . . , Ct then Waiter will play t games one after the
other and for every 1 ≤ i ≤ t he will consider the board of the i’th game to be E(Ci).

We now prove the lower bound. Let G be a graph on n vertices and as few edges
as possible such that Waiter can win the Waiter-Client positive minimum degree
game onE(G). The proof is based on the Discharging Method (see [12]) and has two
stages. In the first stage we will prove some structural properties of G, and in the
second stage we will claim that a graph with those properties has to have at least⌈
7n
5

⌉
edges.

At any point during the game, the set of edges of G is divided into 3 sets; C ′

denotes the set of edges that were claimed by Client. W ′ denotes the set of edges that
were claimed by Waiter and F ′ denotes "free" edges that were not claimed by Waiter
or Client. Moreover, let W = (V (G),W ′) be Waiters graph. Let C = (V (G), C ′) be
Client’s graph, and let F = G \ (C ′ ∪W ′) be the spanning subgraph of G consisting
of all the free edges in G.

Lemma 2.2.2. Let G be a graph such that Waiter can win the Waiter-Client positive mini-
mum degree game on E(G). At any point during of the game, for every x ∈ V (G) such that
dC(x) = 0, we have dF (x) ≥ 2.
In particular, since before the beginning of the game F = G. we have that δ(G) ≥ 2.

Proof. Suppose that at some point of the game there is a vertex x ∈ V (G) with
dC(x) = 0 and dF (x) ∈ {0, 1}, we will show that Client can isolate x in his graph. If
dF (x) = 0, the claim is trivially true. If dF (x) = 1, let e be the unique edge that is
incident to x. We can use Observation 2.1.1, that is, Client will mark Z = {e} and
can claim at most b|Z|/2c = 0 edges of Z. Thus, e will be claimed by Waiter and x
will become isolated in Client’s graph.

In preparation for the next lemma, let us define the following structure: A path
xz1 . . . zmy is a (k, l)-(x, y)-path, if d(x) = k, d(z1) = . . . = d(zm) = 3 and d(y) = l (see
Figure 2.4). Note that m can be 0, in which case the path is the edge xy. In addition,
we will refer to the edges on path xz1 . . . zmy as the main edges of the structure, and
to the edges that are connected to the vertices x, z1, . . . , zm, y with exactly one vertex
as the extra edges of the structure.
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x z1 z2 zm y
e1 e2 em+1

f0 f1 f2 fm+1fm

FIGURE 2.4: A (2, 2)-(x, y)-path.

b c

a

ab

FIGURE 2.5: A (3, 2)-(b, c)-path and the edge ab.

Lemma 2.2.3. Let G be a graph such that Waiter can win the Waiter-Client positive mini-
mum degree game on E(G). Then, there is no (2, 2)-(x, y)-path in G.
In particular, if a graph G′ contains a (2, 2)-(x, y)-path, then Client has a strategy to isolate
one of the vertices of the (2, 2)-(x, y)-path structure in his graph.

Proof. Observe that the described (2, 2)-(x, y)-path is a special path from Lemma 2.1.1.
Therefore the proof here follows.

In the next Lemma we discuss a (3, 2)-(x, y)-path structure. Let x = b, y = c and
let ab be one of the extra edges that are incident to the vertex b (see Figure 2.5). Let
X be the set of all the edges of the (3, 2)-(b, c)-path.

Lemma 2.2.4. LetG be a graph that contains a (3, 2)-(b, c)-path. In every winning strategy
of Waiter for the positive minimum degree game on E(G), there exists a round where Waiter
offers the edge ab and another edge from X \ {ab}.

Proof. Let A = X \ {ab}, and let us assume for a contradiction that the claim is not
true, i.e. Waiter has a winning strategy S for the positive minimum degree game
played on E(G), such that according to S, at some round Waiter offers the edge
ab and another edge from E(G) \ A. We will show that Waiter can use S in order
to win the positive minimum degree game played on the graph G′ = G \ ab. In
particular, Waiter has a strategy to make sure that all the vertices of the (2, 2)-(b, c)-
path structure will have a positive degree in Client’s graph.

We define the strategy S′ for the game over G′, to be identical to S, except that
Waiter skips the round where ab was supposed to be offered. For the edge e (that
was supposed to be offered with ab), if the total number of edges is odd then e will
be the last edge on the board, and will be claimed by Waiter. Otherwise, e will be
offered at the last round. (If the edge ab is offered alone in the last round, then in S′

Waiter will skip that last round.) It is easy to see that if S is a winning strategy for
Waiter for the game on G (in particular, if Waiter managed to neutralize the threat of
the (3, 2)-(b, c)-path), then S′ is a winning strategy for Waiter for the game over G′.
since when playing over the (3, 2)-(b, c)-path, Waiter did not use the extra edge ab.
That conclusion of course contradicts Lemma 2.2.3 since G′ contains a (2, 2)-(x, y)-
path.
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FIGURE 2.6: An example for a vertex x with d(x) = 5, and four
(k, 2)-(x, yi)-paths, all starting at x. Note that the degree of z5 is un-
restricted. (for simplicity, we did not draw all the extra edges of the

(3, 2)-(zi, yi)-paths)

Lemma 2.2.5. Let G be a graph such that Waiter can win the Waiter-Client positive mini-
mum degree game on E(G). For any k ≥ 3, there are no vertices x, y1, . . . , yk−1 such that
G contains a (k, 2)-(x, yi)-path for every 1 ≤ i ≤ k − 1. In other words, for each vertex
x ∈ V (G) with d(x) = k ≥ 3, there are at most k − 2 different (k, 2)-(x, y)-paths in G.

Proof. Suppose that G contains the described structure, i.e. there is a vertex x ∈
V (G), with d(x) = k ≥ 3 and vertices y1, . . . , yk−1 ∈ V (G) such that G contains a
(k, 2)-(x, yi)-path for every 1 ≤ i ≤ k − 1 (see Figure 2.6). Suppose additionally that
Waiter has a winning strategy for the positive minimum degree game on E(G). Let
X = {g1, g2, . . . , gk−1, h} be the set of the k edges that are incident to x. Note that for
every 1 ≤ i ≤ k − 1, gi = xzi is an ab edge of a different (3, 2)− (zi, yi)− path.

Let us now show a winning strategy for Client to isolate the vertex x. Client’s
strategy will be as follows:

1. whenever Waiter offers an edge from X and another edge l ∈ E(G) \X , client
chooses l

2. If Waiter offers two edges from X , Client will play arbitrarily.

Since Waiter has a winning strategy, by lemma 2.2.4 waiter offers each of the
edges g1, g2 . . . , gk−1 with one of the corresponding (3, 2) − (b, c) − path. As to the
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edge h, since all the gi edges are offered with a distinct edge that is not from X , then
when h is offered it has to be with a different edge from E(G) \X . We conclude that
case 2 of the strategy will never happen. Therefore, Client will never choose an edge
from X , and by the end of the game the vertex x will be isolated in C.

Lemma 2.2.6. Let G be a graph on n vertices and as few edges as possible such that Waiter
can win the Waiter-Client positive minimum degree game on E(G).

(i) There is a vertex x ∈ V (G) with d(x) = 2.

(ii) Consider a componentM of the graphG. If there is a vertex x ∈ V (M) with d(x) = 2
then M is a copy of the graph H5, or M has at least 7 edges, or there is a vertex
y ∈ V (M) with d(y) ≥ 4.

Proof. For (i), if there are no vertices of degree 2, then e(G) =
∑

v∈V d(v)

2 ≥ 3n/2, and
this value is larger than

⌈
7n
5

⌉
for every n ≥ 4. That contradicts the minimality of G.

For (ii), in a component M of G, if there is a vertex of degree 2 and no vertices
of degree at least 4, then by Lemma 2.2.3, since there are no (2, 2)-(x, y)-paths in G,
there is at most one vertex of degree 2 inM . In addition, since 3 is odd, there must be
an even number of vertices of degree 3. Since we assume that n ≥ 4, the minimum
number of vertices of degree 3 is 4. In that case, it is easy to see that M is the graph
H5. If M is not the graph H5, then M has at least 6 vertices of degree 3 (as 6 is the
next even number after 4). Therefore, M has at least 7 vertices.

We now apply the discharging method (see [12]). This method consist of two
phases; charging and discharging. In the charging phase, each vertex of a graph is as-
signed a charge, and in the discharging phase the vertices send some of their charges
to other vertices of the graph.

For our proof, we define that in the charging phase, each vertex x ∈ V (G) is
assigned a charge charge(x) := d(x). For the discharging phase, we define the fol-
lowing discharging rules:

1. A vertex of degree 2 sends no charge.

2. Only vertices of degree 2 receive any charge.

3. A vertex x of degree 3, sends a charge of 1
5 to a vertex y of degree 2, iff there is

a (3, 2)-(x, y)-path.

4. If for some k > 3, there is a (k, 2)-(x, y)-path, then x sends a charge of 3
5 to y.

Next we use the degree sum formula (i.e.
∑

v∈V (G) d(v) = 2e(G)). By the charg-
ing rule, the sum of the charges after the charging phase is equal to the sum of the de-
grees of the graph. By the discharging rules we get that this number does not change
during the discharging phase. Clearly, e(G) = 1

2

∑
v∈V (G) d(v) = 1

2

∑
v∈V (G) charge(v).

Hence, the following claim completes our proof:

Claim 2.2.1. After the discharging phase, every vertex has a charge of at least 14
5 .

First note that by the discharging rules, the charges are staying within compo-
nents.

If a componentM has no vertices of degree 2. then by Lemma 2.2.2 the minimum
degree of the vertices of M is 3. By the discharging rules, no charges have been sent
in the discharging phase from vertices of M and clearly the claim is true for the
vertices of M , since for every vertex x ∈M charge(x) = d(x) ≥ 3 > 14

5 .
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If a component M has a vertex x of degree 2 and no vertices of degree at least
4, then by Lemma 2.2.6 this component is either the graph H5 or it has at least 7
vertices (In particular, there is exactly one vertex of degree 2 in M ). Therefore, by
the discharging rules, each of the vertices of degree 3 sends a charge of 1

5 to x. The
sending vertices are left with a charge of 3− 1

5 = 14
5 , and charge(x) ≥ 2 + 4 · 15 = 14

5 .
If a component M has a vertex x of degree 2 and a vertex y with degree k ≥ 4,

then by Lemma 2.2.5, y sends a charge of 3
5 to at most k − 2 vertices. The charge of

y is then at least k − 3(k − 2)/5 = 2k/5 + 6/5 ≥ 8/5 + 6/5 ≥ 14/5. If M also has a
vertex v of degree 3, we can apply Lemma 2.2.5 with k = 3, and determine that there
is at most one vertex y ∈ V (G) for which there is a (3, 2)-(v, y)-path in G. Therefore,
v sends a charge of 1

5 to at most one vertex and thus charge(v) ≥ 14/5. Now let us
look at the vertex x of degree 2. x received a charge of 3

5 from y. Let w be x’s other
neighbor, such that the edge xw is an extra edge of the (k, 2)-(y, x)-path. By Lemma
2.2.3, d(w) ≥ 3, and so w also sends x a charge of at least 1/5. Therefore, the charge
of x is at least 2 + 3/5 + 1/5 = 14/5 as well.

2.3 The Hamiltonicity game

In this section we will discuss Waiter-Client Hamiltonicity-type games. We will con-
sider three different games, varying in the Hamiltonicity related property of the win-
ning sets.

Let G be a graph on n vertices. We say that G admits a Hamiton path, if there is
a simple path P in G of length n − 1. In other words, the path P contains all the
vertices of G. For a given integer n, let HP ⊆ 2E(G) be the set of all subgraphs of G
that contain a Hamilton path. In the Hamilton path Waiter-Client and Client-Waiter
games (E(G),HP), the board is the edge set of a given graph G, and the winning
sets are all the subgraphs of G that contain a Hamilton path.

We say that G admits a Hamilton cycle, if there is a simple cycle C in G of length
n. In other words, the cycle C contains all the vertices of G. For a given integer n,
let HC ⊆ 2E(G) be the set of all subgraphs of G that contains a Hamilton cycle. In
the Hamilton cycle Waiter-Client and Client-Waiter games (E(G),HC), the board is
the edge set of a given graph G, and the winning sets are all the subgraphs of G that
contain a Hamilton cycle.

For 2 given vertices s, t ∈ V (G), we say that G has a Fixed st-Hamilton path, if
there is a simple path P in G of length n − 1, whose endpoints are s and t. For a
given integer n, and two given vertices s, t ∈ V (Kn), let FHP ⊆ 2E(G) be the set of
all subgraphs of G that contains a Hamilton path whose endpoints are s and t.

In the st-Hamilton path Waiter-Client and Client-Waiter games (E(G),FHP),
the board is the edge set of a given graph G, where two of the vertices are marked
as s and t, and the winning sets are all the subgraphs of G that contain a Hamilton
path whose endpoints are s and t.

Theorem 2.3.1, that was proved in [9], gives us the known value for the density
parameter m̂(HC):

Theorem 2.3.1. (i) m̂(HC) ≤ 21n for all n ≥ 1600.

(ii) m̂(HC) ≥ 2.5n for all n.

In our work we managed to prove the following theorem, regarding the corre-
sponding density parameter ŵ(HC):
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Theorem 2.3.2. (i) ŵ(HC) < 3.75n+ 30, for every n ≥ 16.

(ii) ŵ(HC) ≥ 2.5n.

Proof. For the upper bound we will use the following lemmas:

Lemma 2.3.1. Waiter has a winning strategy for the Waiter-Client Hamilton-path game,
played on the edge set of K5.

Proof. We denote the vertex set of K5 by V (K5) = {v1, v2, v3, v4, v5}. Waiter’s strat-
egy will be as follows:

1. In the first round, Waiter offers the edges v1v2 and v1v3 and in the second round
Waiter offers v1v4 and v1v5. For every choice of Client in the first two rounds,
we get isomorphic graphs, therefore we can assume without loss of generality
that Client chooses the edges v1v2 and v1v4.

2. In the third round, Waiter offers v2v3 and v2v5. Here again for every choice of
Client, the graphs are isomorphic, so we can assume without loss of generality
that Client chooses v2v3.

3. In the fourth round, Waiter offers the edges v3v5 and v4v5. If Client chooses
v3v5, then Client’s graph contains the Hamiltonian path P = (v4, v1, v2, v3, v5).
Otherwise, Client’s graph contains the Hamiltonian pathP = (v5, v4, v1, v2, v3).

Remark: This strategy may be adjusted for Waiter-Client Hamilton Path games
played on the edge set of a complete graph over n > 5 vertices:

1. Waiter will build a path P = {x1, x2, . . . , x5} that spans 5 vertices of V (Kn) by
the above strategy.

2. for every i = 6→ n:

• Waiter will offer the two edges between xi and the endpoints of P , ob-
taining a new path P ′ with xi appended to one of P s endpoints.

• update P = P ′.

Lemma 2.3.2. Let s, t be two arbitrary vertices of K8. Waiter has a winning strategy for
the Waiter-Client st-Hamilton Path game, played on the edge set of K8.

Proof. In the proof, we use the method of Pósa rotation (see [11]). Let G be a graph
and let P0 = (v1, v2, . . . , vl) be a simple path in G of length l − 1. If 1 ≤ i ≤ l, and
vivl is an edge of G, then the path P ′ = (v1, v2, . . . , vi, vl, vl−1, . . . vi+1) is a path of G
of length l − 1 as well.

We denote the vertex set of K8 by V (K8) = {s, t, w, v1, v2, v3, v4, v5}. Waiter’s
strategy will be as follows:

1. In the first four rounds, Waiter makes sure that Client’s graph contains a path
that is spanning the vertices v1, v2, v3, v4, v5 by using the strategy described in
the proof of Lemma 2.3.1. Note that Waiter only offer edges ofG[{v1, v2, v3, v4, v5}].
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2. Without loss of generality, let P = (v1, v2, v3, v4, v5) be the path that was built
by Client in step 1. Waiter offers the edges sv1 and sv5 to Client. For both
choices of Client, the graphs are isomorphic, so we can assume without loss of
generality that Client chooses sv1.

3. Waiter offers the edges v5w and v5t to Client.

(a) If Client chose v5t, then Waiter absorbs w into the path as follows: Waiter
offers Client the edges wv1 and wv3. If Client chooses wv1, then Waiter
offers him ws and wv2. Otherwise, Waiter offers him wv2 and wv4. In
either case the vertex w is absorbed into the path as an internal vertex.

(b) Otherwise (Client chose v5w), Waiter adds t as an endpoint of the path as
follows:

i. Waiter offers wv2 and wv3. If Client chooses the edge wv3 then we can
apply Pósa rotation on the path P = (s, v1, v2, v3, v4, v5, w) in Client’s
graph, to get the path P ′ = (s, v1, v2, v3, w, v5, v4). Similarly. If Client
chooses the edge wv2, we can apply Pósa rotation on the path P in
Client’s graph to get the path P ′′ = (s, v1, v2, w, v5, v4, v3).

ii. Now, if Client’s graph contains the paths P and P ′, Waiter offers the
edges tw and tv4. Otherwise, Client’s graph contains the paths P and
P ′′, and Waiter offers the edges tw and tv3. For either choice of Client,
his graph contains a Hamilton path with s and t as its endpoints as
required.

Remark: This strategy may be adjusted to a Waiter-Client s, t-Hamilton Path
game over K9, by building in stage 1 a path that spans 6 vertices instead of 5. And
continue in a similar manner.

Let t ≥ 2, and 0 ≤ r ≤ 7 be integers and let n = 8t + r. We construct the graph
Gn = (V,E), which is defined as follows: Gn consists of t cliques K0

9 , . . . ,K
r−1
9 ,Kr

8 ,
. . . ,Kt−1

8 . In addition, in every clique 0 ≤ i ≤ t − 1 let us mark three vertices as si1,
si2 and ti. The edge set of Gn consists of all the edges of the t cliques and for every
1 ≤ i ≤ t we add two edges; tisi+1

1 and tisi+1
2 where i is reduced modulo t (See

Figure 2.7). Observe that:

e(Gn) = r

(
9

2

)
+ (t− r)

(
8

2

)
+ 2t

= 36r + 28(t− r) + 2t

= 30t+ 8r

= 30(n− r)/8 + 8r

= 3.75n+ 4.25r

< 3.75n+ 30

We now provide Waiter with a winning strategy for the Waiter-Client Hamilton
cycle game, played on the edge set of Gn.

1. For every 0 ≤ i ≤ t − 1, in the ith round Waiter offers the edges tisi+1
1 and

tisi+1
2 (i + 1 is reduced modulo t). If Client chooses tisi+1

1 , then Waiter marks
si+1
1 as si+1. Otherwise, Waiter marks si+1

2 as si+1 .
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FIGURE 2.7: Example, the graph G33 (with t = 4, r = 1)

2. Next, Waiter plays t separate games one after the other, one game on each
clique of Gn. In each clique 1 ≤ i ≤ t, Waiter will make sure that Client’s
graph contains an siti- Hamilton path.

Note that at the end of Stage 1, every clique 0 ≤ i ≤ t − 1 of Gn has two different
vertices marked as ti and si. Moreover, in Stage 2, the existence of the strategy for
the fixed paths in each clique of Gn is guarantied by Lemma 2.3.2.

We now prove the lower bound. LetG = (V,E) be a graph on n vertices on which
Waiter wins the Waiter-Client Hamilton cycle game. We will prove that |E(G)| ≥
2.5n. Let us first observe that ŵ(HC) ≥ ŵ(D2), since if Waiter wins the Waiter-
Client Hamilton cycle game onE(G), then he also wins the Waiter-Client Minimum-
Degree-2 game on E(G). It is trivial that G is a connected graph, since it contains
a hamilton cycle. In addition, it is easy to see that δ(G) ≥ 4. Indeed, if x ∈ V (G)
is of degree at most 3, then Client can make sure to claim at most 1 of the adjacent
edges of x (see Observation 2.1.1). Similarly, if x, y ∈ V (G) are two adjacent vertices
of degree 4 then again Client can make sure that at least one of those vertices will
have degree at most 1. Hence, the vertices of degree 4 in G form an independent set.

Let A = {x1, x2, . . . , xr} denote the vertices of degree 4 in G. We will prove that
there are at least r vertices of degree at least 6 in G. Note that this entails |E(G)| ≥
2.5n. In order to prove our claim, let us look at a Hamilton cycle of G, We will show
that between any two consecutive vertices of degree 4 there is a vertex of degree at
least 6. Assume for the sake of contradiction that there are two consecutive 4 degree
vertices x, y ∈ V (G), Such that the shortest path between them does not contain a
vertex of degree 6 or more. I.e, all the vertices on the shortest path between x and
y are of degree 5. In other words, we get a special path from x to y. Clearly, that is
a contradiction since we assumed that G is a Waiter’s win, and Lemma 2.1.1 proves
that any winning graph for waiter does not contain a special path.
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Chapter 3

Client-Waiter games

In this section we will discuss the Client-Waiter corresponding games for the proper-
ties of positive minimum degree and Hamiltonicity. We prove the following theorem
regarding the density parameters ĉ(D1) and ĉ(HC).

Theorem 3.0.1. for every ε > 0 and sufficiently large n
(14 − ε)n log2 n ≤ ĉ(D1) ≤ ĉ(HC) ≤ (1 + o(1))n lnn.

Proof. The inequality ĉ(D1) ≤ ĉ(HC) is trivial since every Hamilton cycle has a posi-
tive minimum degree. For the upper bound, we will use a result from [7] regarding
Client-Waiter games on random graphs. In that paper, the authors proved that for
a Client-Waiter Hamiltonicity game with bias (1 : q), played on the edge set of a
random graph Gn,p, the function (q + 1) lnn/n is a sharp threshold for the graph
property of being Client’s win (see Theorem 1.2 in [7]). From the definition of a
sharp threshold (see Section 1.3) it readily follows that, for sufficiently large n, al-
most every graph with n vertices and

(
n
2

)
· (2 + o(1)) · lnn/n = (1 + o(1))n lnn edges

is Client’s win in the (1 : 1) Client-Waiter Hamiltonicity Game. In particular, there
exists such graph, i.e ĉ(HC) ≤ (1 + o(1))n lnn.

We now prove the lower bound. A very useful tool that we will use is the analysis
of the Client-Waiter version of the so-called Box Game. The Maker-Breaker version
of this game was introduced by Chvátal and Erdős in their seminal paper [4] and
was subsequently fully analyzed by Hamidoune and Las Vergnas in [6]. The version
of the box game we are interested in, which we will refer to as the (1 : q) Client-
Waiter box game, is defined as follows. LetF = {A1, . . . , An} be a family of pairwise
disjoint sets such that t−1 ≤ |A1| ≤ . . . ≤ |An| = t. We refer to such a family as being
canonical of type t. Let X =

⋃n
i=1Ai and let F∗ = {B ⊆ X|B ∩ A 6= ∅ for every A ∈

F} be the transversal family of F .
The box game on F is the (1 : q) Client-Waiter transversal game (X,F∗). Note

that Client’s goal in this game is to claim at least one element of every A ∈ F . There-
fore, Waiter wins if and only if he is able to claim all elements of some A ∈ F .
(In other words, instead of preventing Client from claiming all elements of some
B ∈ F∗, Waiter can focus on claiming himself all elements of some A ∈ F).

We will use the following result regarding the Client-Waiter box game (see propo-
sition 3.5 in [7]):

Theorem 3.0.2. Let q and t be positive integers and let F be a canonical family of type t. If
|F| ≥ 2(q + 1)t+1/qt, then Waiter has a winning strategy for the (1 : q) Client-Waiter box
game on F .

Since in our work we consider the games to be of bias (1 : 1) we can place q = 1
in the above condition and get:

|F| ≥ 4 · 2t. (3.1)
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We remark that, Theorem 3.0.2 also holds when the family F is not canonical of type
t, but for every A ∈ F , it holds that |A| ≤ t.

Let c = 1
4 − ε, and let G be a graph on n vertices with m ≤ cn log2 n edges. We

will show that Waiter can make sure that by the end of the game Client’s graph will
contain an isolated vertex. In order to apply Theorem 3.0.2, we need to show that
there exists an Integer t for which there is an independent set I ⊆ V (G) such that
|I| ≥ 4 · 2t and dG(u) ≤ t for every u ∈ I .

Given that this t exists, Waiter can define the set of edges of each vertex in I
to be one of the Ai’s of the described box game, then he can ignore all the other
edges of the graph and play by the winning strategy of the box game. Indeed, if
Waiter manage to claim all the edges of one of the Ai’s then he actually isolated the
corresponding vertex in Client’s graph.

The average degree of G is at most 2c log n. Let G′ be the graph that is obtained
by deleting all the vertices ofG that have degree greater than or equal to 4c log n and
all their incident edges. The number of vertices that have been deleted is at most n/2.
To prove this claim, let us assume for the sake of contradiction that we have deleted
more than n/2 vertices. Since each vertex that have been deleted has degree greater
than or equal 4c log n, and every edge that was deleted is counted at most twice (if
we deleted its two endpoints), then we deleted more than n/2 · 4c log n/2 = cn log n
edges, which is a of course a contradiction since it is more than the number of edges
that the graph had in the first place.

All the vertices that have not been deleted have degree at most 4c log n. There-
fore, in G′ there is an independent set I of size at least n/2

4c logn+1 ≥
n

9c logn for n suffi-
ciently large. From the way we built G′ it is clear that I is an independent set in G as
well, and dG(u) ≤ 4c log n for every u ∈ I . Now we place |F| = |I| and t = 4c log n
in (3.1):

|I| ≥ n

9c log n
≥ 4 · 24c logn = 4 · 2t

This inequality is true for n sufficiently large.
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Appendix A

Appendix

We include here the missing details of the proof for Lemma 2.2.1. We write here
Lemma 2.2.1 again as a remainder:

Lemma A.0.1. Waiter has a winning strategy for the positive minimum degree game, played
on the edge set of each of the graphs H5, D7, K4 and K3,3.

Proof. The proof is by case analysis. We include here the proof for the graphs D7, K4

and K3,3.
For the graph D7 (see Figure A.1), we will refer to the subgraphs of D7 induced

on the vertex sets {v1, v2, v3, v4} and {v4, v5, v6, v7} as the upper diamond and the lower
diamond, respectively (note that v1 and v7 are of degree 2). Waiter’s strategy is as
follows:

1. In the first round Waiter offers v1v2 and v1v3.

2. In the second round, if Client chose the edge v1v2 in the previous turn, then
Waiter offers v2v3 and v3v4. Otherwise, Waiter offers v2v3 and v2v4.

3. In the third and fourth rounds Waiter repeats the first two moves in the lower
diamond (by replacing v1 ↔ v7, v2 ↔ v5, v3 ↔ v6).

4. In the fifth (and last) move, the remaining two free edges are adjacent to v4.
Waiter will offer them to Client.

It is easy to see that after the second round, for every choice of Client, the degrees
of v1, v2, v3 in Client’s graph will be positive. Similarly, after the fourth round the
degrees of v5, v6, v7 in Client’s graph are positive as well. Finally, after the fifth round
the degree of v4 in Client’s graph will be positive as well, thus, Waiter wins.

For the graph K4, let v1, v2, v3, v4 denote the vertices of K4. Waiter’s strategy is
as follows:

1. In the first round, Waiter offers the edges v1v2 and v1v3. Since the graphs re-
sulting from the two optional choices of Client are isomorphic, we can assume
without loss of generality that Client chose v1v2.

2. In the second round, Waiter offers the edges v3v2 and v3v4. If Client chose
the edge v3v4 ,then all the vertices have positive degree in Client’s graph and
Waiter wins. Therefore, we assume that Client chose the edge v3v2.

3. In the third round, Waiter offers the last two free edges, v1v4 and v2v4.

We can see that after the first round, the degrees of v1 and v2 are positive. After
the second round, the degree of v3 is positive and after the third round the degree of
v4 is positive as well. therefore, Waiter wins.
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FIGURE A.1: The graph D7

For the graphK3,3, let V1 = {v1, v2, v3}, and V2 = {v4, v5, v6} denote the two parts
of K3,3. Waiter’s strategy is as follows:

1. In the first round, Waiter offers the edges v1v4 and v1v5. Without loss of gener-
ality we assume that Client chose v1v4.

2. In the second round, Waiter offers the edges v5v2 and v5v3. Without loss of
generality we assume that Client chose v5v2.

3. In the third round, Waiter offers the edges v3v4 and v3v6. If Client chose the
edge v3v6, then all the vertices have positive degree in Client’s graph and
Waiter wins. Therefore, we assume that Client chose the edge v3v4.

4. In the fourth round Waiter offers the edges v6v1 and v6v2.

It is easy to see that at the end of the first round, v1 and v4 have positive degree
in Client’s graph. Similarly, at the end of the second round, v2 and v5 have posi-
tive degree in Client’s graph. After round three v3 has a positive degree in Client’s
graph, and after the fourth round, v6 has a positive degree in Client’s graph as well.
Therefore, Waiter wins the game.
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