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Abstract

A polychromatic k-coloringof a plane graphG is an assignment ofk colors to the vertices of
G such that every face ofG hasall k colors on its boundary. For a given plane graphG, we seek
themaximumnumberk such thatG admits a polychromatick-coloring. We call ak-coloring in the
classical sense (i.e., no monochromatic edges) that is alsoa polychromatick-coloring astrong poly-
chromatic k-coloring. In this paper, it is proven that every plane graph of maximumdegree three,
other thanK4 (the complete graph on four vertices), admits a strong polychromatic 3-coloring. This
initiates the study of strong polychromatic colorings of plane graphs. Moreover, our proof is con-
structive and implies a polynomial-time algorithm.

Keywords: Plane graphs, vertex coloring with constraints on the faces, bounded degree graphs.
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1 Introduction

A polychromatic k-coloring(abbreviatedPkC) of a plane graphG is an assignment ofk colors
to the vertices ofG such that each face ofG hasall k colors on its boundary. More formally, a
polychromatick-coloring of a plane graphG is a functionϕ : V(G) → {1, . . . , k}, such that for each
face ofG there existk vertices{u1, . . . ,uk} on its boundary withϕ(ui) = i, for i = 1, . . . , k. Note that
a polychromatick-coloring allows monochromatic edges. For a plane graphG, thepolychromatic
numberof G, denotedχ f (G), is the maximum numberk such thatG admits a polychromatick-
coloring. A k-coloring (in the classical sense) of a plane graphG that is also a polychromatic
k-coloring ofG is called astrong polychormatic k-coloring(abbreviatedS PkC) of G.

Polychromatic colorings of plane graphs have several applications in combinatorial and compu-
tational geometry. A first example of the importance and usefulness of the concept of polychromatic
coloring is Fisk’s proof [6] to the classical art gallery theorem, first proved by Chv́atal [3]. Given
a polygonP with n vertices, a subset of its vertices is aguarding setfor P if for any point in P
there exists a guard (i.e., vertex) in the set that seesP. Chv́atal proved that⌊ n3⌋ guards are always
sufficient and sometimes necessary to guard a simplen-gon. Fisk presented an elegant proof to this
theorem based on a graph coloring argument (and the fact thatevery simple polygon admits a trian-
gulation). He showed that any triangulated simple polygon is 3-colorable in the classical sense. So
that given such a polygon and coloring, each of the triangular faces has three colors on its boundary.
By picking the vertices associated with the least frequent color, one obtains a guarding set of size
at most⌊ n3⌋. Following Fisk’s proof, results for other guarding problems using similar arguments
have been obtained (see, e.g., [10, 7]). Observe that the crucial property enabling the final step in
Fisk’s proof is that each triangle of the triangulated polygon has all three colors on its boundary. In
general, the more colors one can use while still ensuring this property, the better is the upper bound
on the sufficient size of a guarding set. It follows that the concept of polychromatic coloring is an
important tool for guarding and covering problems.

Another application is the following. Consider a plane graph G whose faces represent the rooms
of a museum. On each vertex ofG, a single battery operated motion detector is placed. The battery
has a limited life span, say one time unit. Consequently, once a detector is switched on, it can operate
for a single time unit, during which it covers all the rooms that are adjacent to it. We would like
to partition the detectors into as many disjoint subsets as possible, such that the detectors in each
subset provide full coverage of the museum. Suppose thatG admits a polychromatick-coloring. By
switching on the detectors associated with colori at time i − 1, we can ensure full coverage of the
museum fork time units.

Yet another application of polychromatic coloring of planegraphs in the context of facility loca-
tion is the following. Consider a plane graphG whose faces represent neighborhoods or regions that
require access to several types of facilities. In addition,suppose that facilities can only be placed on
vertices of the graph, and a region has access to a facility only if the latter is placed on its boundary.
Givenk types of facilities, one may want to verify if there exists anassignment of facilities to the
vertices ofG, such that each region has access to all types of facilities.A polychromatick-coloring
of G, if exists, would provide such an assignment.

In the context of facility location problems one may find applications for strong polychromatic
colorings of plane graphs. For instance, consider the former facility location problem. Suppose
that at least one of thek types of facilities is hazardous, i.e., a high radiation transmitter of cellular
networks. Still, one would like every region to have access to this type of facility, yet due to safety
considerations, it is important to ensure that every regionwould be exposed to a limited number of
installations of this type of hazardous facility. A strong polychromatick-coloring of the graphG
modeling the regions, ensures that every regionR of sizer would have at mostr−k+1

2 installations
of every type on its boundary. This would also provide a limiton the number of appearances of
the hazardous facility on the boundary of every region. In addition, one can think of reasons why
facilities of the same type should not be placed adjacent to one another. For instance, to avoid air
pollution or over consumption of natural resources that aregenerated by a the same type of facility.
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Related Work. Mohar andŠkrekovski [9] proved that every simple plane graph admits aP2C. Their
proof is short and relies upon the Four-Color Theorem for planar graphs. Boseet al. [2] provided
an alternative proof of this result that does not relay on theFour-Color Theorem and yields a linear
time algorithm for computing such a coloring.

Hoffmann and Kriegel [7] proved that all 2-connected plane bipartite graphs can be triangulated
(by adding edges only) into a plane Eulerian triangulation.Since a planeEulerian triangulationis
3-colorable in the classical sense [11] it follows that all 2-connected plane bipartite graphs admit a
S P3C. Moreover, since the triangulation offered by Hoffmann and Kriegel [7] and 3-colorings of
plane Eulerian triangulations can both be found efficiently [11], it follows thatS P3Cs of 2-connected
bipartite graphs can be found efficiently.

Recently, a general and elegant result concerning polychromatic colorings of plane graphs was
obtained by Alonet al. [1]. Let g be the length of a shortest face of a plane graphG. Clearly,
χ f (G) ≤ g. Alon et al. proved that for any plane graphG admitsχ f (G) ≥ ⌊(3g− 5)/4⌋. They show
that this bound is sufficiently tight by presenting plane graphs for whichχ f (G) ≤ ⌊(3g+ 1)/4⌋.

The lower bound of Alonet al. [1] on χ f (G) is nontrivial as long asg ≥ 6. One may inquire
regarding what can be said aboutχ f (G) if G is a plane graph with 3≤ g ≤ 5? In this paper we
consider such graphs.

Our motivation for the study of polychromatic colorings originated from the following problem.
A rectangular partitionis a partition of a plane rectangle into an arbitrary number of non-overlapping
rectangles, such that no four rectangles meet at a common point. One may view a rectangular
partition as a plane graph whose vertices are the corners of the rectangles and edges are the line
segments connecting these corners. Dinitzet al. [5] proved that every rectangular partition admits
a polychromatic 3-coloring that may miss the outer face, andconjectured that every rectangular
partition admits a polychromatic 4-coloring.

While working on this conjecture, Horevet al. [8] proved that every 2-connected cubic bipartite
plane graph admits a polychromatic 4-coloring that may missthe outer face. This result is tight,
since by Euler’s formula any such graph contains at least sixfaces of size four. Recently, Dimitrov
and the authors [4] presented a simple proof of the conjecture of Dinitz et al. [5]. The proof of this
conjuncture is based on the Four-Color Theorem for planar graphs.

Our Result. Let ∆(G) denote the maximum degree of a graphG. Our main result is as follows.

Theorem 1.1 Let G be a simple plane graph with∆(G) ≤ 3, other than K4. Then G admits a strong
polychromatic3-coloring.

Not all plane graphs admit aP3C. The complete graph on four vertices, namelyK4, and the
wheel graph onk vertices, namelyWk, with k even does not admit aP3C. The graphs of Theo-
rem 1.1 may contain faces of size three, four and five. Consequently, the result of Alonet al. [1]
cannot be used on these graphs to obtain our result. Moreover, since the presence of faces of size
three is allowed, our result is best possible in terms of the number of colors that can be used in a
polychromatic coloring of such graphs.

Introducing vertices of higher degree to the graph generates interesting counter examples. For
instance, allowing∆(G) ≤ 4 will require one to forbidK4 as a subgraph ofG. Allowing ∆(G) ≤ 5
introduces counter examples likeW6, and so on. Thus allowing higher vertex degrees introduces
more complicated graph structures.

By Brooks’ theorem (see Theorem 2.1) the graphs considered in Theorem 1.1 are 3-colorable in
the classical sense. Theorem 1.1 joins the well-known notion of classical vertex coloring and poly-
chromatic coloring in planar graphs. The connection between these two types of colorings is not
trivial and thus this paper introduces the concept of strongpolychromatic colorings in plane graphs.
Until this result, the sole two graph families that were implicitly known to admit a strong polychro-
matic 3-coloring were Eulerian triangulations and 2-connected bipartite graphs (by the result of [7]).
These families and our result provide a solid body of evidence that strong polychromatic colorings
pose an independent interest. A natural question is to ask what other non-trivial families of plane
graphs admit strong polychromatick-coloring for non-trivial values ofk. Also, one may ask what
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are the sufficient conditions for a plane graph to a admit a strong polychromatick-coloring for some
non-trivial value ofk?

Finally, it can readily be verified that our proof of Theorem 1.1 is constructive and implies a
polynomial time algorithm for computing aS P3C of a graph upholding the terms of Theorem 1.1.

Organization. The rest of the paper is organized as follows. In Section 2, wedescribe the notation
and basic results on which this paper relies upon. Section 3 contains a proof for Theorem 1.1. This
proof is based upon Theorem 3.1 which is proved in Section 4.

2 Preliminaries

In this paper we consider only simple graphs. Also, aplane graphis called agraph. For a graph
G let V(G) andE(G) denote the vertex and edge set ofG, respectively. For a vertexu ∈ V(G), let
degG(u) denote thedegreeof u in G.

For a setX ⊆ V(G), we writeG−X to denote the subgraph induced from the vertex setV(G) \X.
In case the case thatX = {x} we writeG− x. For a setY ⊆ E(G), letG−Y denote the graph induced
from the edge setE(G) \ Y. In the case thatY = {y} we writeG − y.

Let E ⊆ V(G) × V(G) be a set of pairs of vertices where each pair is either an edgeof G, or
not. We writeG + E to denote the graph obtained by adding all the pairs ofE as new edges toG. If
E = {e= uv} we writeG + e, or G + uv. In addition, for a vertexs < V(G) we writeG + s to denote
the graph with vertex setV(G) ∪ {s} and edge setE(G). The operation ofcontractingan edgee is
the identification of the endpoints ofe into a single vertex.

LetG be a connected graph. A vertexu ∈ V(G) is called acut-vertexof G if G−u is disconnected.
A pair of vertices{u, v} ∈ V(G) are called a 2-vertex-cutif G − {u, v} is disconnected. A graph is
said to be 2-connectedif it does not admit a cut-vertex. Analogously, an edgee ∈ E(G) is called
a cut edgeof G if G − e is disconnected. A pair of edges{e1,e2} ∈ E(G) are called a 2-edge-cutif
G − {e1,e2} is disconnected.

For a graphG, and a pair of verticesu, v ∈ V(G), a simple path fromu to v in G is called a
uv-path. For a simple cycleC of G we write int(C) andext(C) to denote the part of the plane that
lies in theinterior and theexterior of C, respectively. In addition, for a simple cycleC, and two
verticesu, v ∈ V(C) such thatuv < E(C), the edgeuv is called achordof C.

For a facef of a graphG, let V( f ) andE( f ) denote the vertices and edges lying on the boundary
of f . Two edgese,e′ ∈ E( f ) are calledconsecutive on fif these edges share a common endpoint
u ∈ V( f ). Two verticesu, v ∈ V( f ) are calledconsecutive on fprovided that the edgeuv ∈ E( f ).
The boundary off is a simple cycleC in G. The interior andexteriorof the facef , denotedint( f )
andext( f ), are defined to beint(C) andext(C), respectively. For a facef of a graphG, a vertex
u ∈ V( f ) is said to beincidentto f .

For a facef of a graphG the lengthor sizeof f , denoted| f |, is the value|V( f )|. A k-faceis a
face of sizek. Two facesf1 and f2 are said to beadjacentif V( f1) ∩ V( f2) , ∅. In this paper we
consider graphs with bounded degree. Note that for a graphG with ∆(G) ≤ 3, two adjacent facesf1
and f2 cannot have|V( f1) ∩ V( f2)| = 1.

A k-coloringof a graphG is a functionϕ : V(G)→ {1, . . . , k} such that for each edgeuv ∈ E(G),
ϕ(u) , ϕ(v). Let χ(G) denote theminimumnumberk such thatG admits ak-coloring. A result by
Brooks [11] that relates∆(G) with χ(G) is the following theorem.

Theorem 2.1 (Brooks 1941)
Let G be a connected graph other than K∆(G)+1 or an odd cycle. Thenχ(G) ≤ ∆(G).

Let ϕ be aS kPCof a graphG. Let H be a proper subgraph ofG. The graphH is said toseea
set of colorsS ⊆ {1, . . . , k} if for each colors ∈ S there exists a vertexu ∈ V(H) such thatϕ(u) = s.
A face f of G is said to see a set of colorsS if the simple cycleC defining the boundary off seesS.
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3 Proof of The Main Theorem

Our proof of Theorem 1.1 is done by induction. More specifically, we assume towards contradiction
that Theorem 1.1 is false and consider a minimum counter example to the theorem. Theorem 3.1
lists structural characterizations of a minimum counter example to Theorem 1.1. In Section 4 we
provide a proof for Theorem 3.1.

Theorem 3.1 Let G be a counter example to Theorem 1.1 minimizing the sum|V(G)|+ |E(G)|. Then
the following properties are upheld by G.

(a) G is2-connected.

(b) G is cubic.

(c) G has no4-faces.

(d) Let f be a k-face of G such that k> 4 and k is even. Let g be a k′-face adjacent to f . Then
k′ ≥ 5.

(e) Let f be a k-face of G such that k> 4 and k is even. Then f admits no chords.

Relaying on Theorem 3.1, we proceed with our proof for Theorem 1.1.

Proof of Theorem 1.1:
Assume towards contradiction that Theorem 1.1 is false, andlet G denote a counter example to
Theorem 1.1 minimizing|V(G)| + |E(G)|. One may assume thatG is not an odd cycle, for then the
claim follows. Also,G is notK4. By Theorem 2.1χ(G) ≤ 3, hence it follows thatG contains a face
of even length; for otherwise any regular 3-coloring ofG is aS P3C of G in contradiction toG being
a counter example.

Let f be an even face ofG. By Theorem 3.1(c),(d), and (e) | f | ≥ 6, any face that is adjacent to
f is ak-face,k ≥ 5, and f admits no chords inG. Let E( f ) = {e1, . . . ,e| f |} be the edge set off such
that theith edge is defined byei = uiui+1 (indices are taken modulo| f |). For a vertexui ∈ V( f ), let
vi denote its third neighboring vertex. Two complementary cases are considered. Either (A) the face
f does not admit two edges that form an edge cut inG, or (B) the facef admits at least one pair of
edges that forms such a cut.

Case (A). Suppose no two edges off form an edge cut inG. As G is 2-connected and cubic,
and asf admits no chords, andf does not contain a 2-edge-cut then it follows that every edge
ei = uiui+1 ∈ E(G) lies in a distinct facefi . LetG′ be the graph obtained fromG as follows. Remove
the verticesV( f ). In the resulting graphH, the verticesvi , i = 1, . . . , | f |, exist. Add toH a set of
| f |/2 edgesE = {vivi+1 : i is even}. Let G′ be the resulting graph.

LetK denote the set of all the facesfi defined above. LetS ⊆ K denote the subset of facesfi
of G such thatfi ∈ S provided thatvivi+1 ∈ E. LetT = K \ S = { fi : i is odd}. In G′, let f ′i denote
the face formed from the facefi ∈ S. Since| fi | ≥ 5, then| f ′i | ≥ 3. In G′, let f ′ denote the face
defined by the edge setE, and the set of boundaries of the faces in the setT . LetP denote this set of
vertex-disjoint boundaries, namelyP = {Pi : Pi is a boundary offi ∈ T }. The elements of the sets
E andP alternate across the boundary off ′.

By the minimality ofG and Theorem 1.1, the graphG′ admits aS P3C ϕ. We extendϕ to aS P3C
of G, namelyχ. Returning toG, note thatϕ introduces three distinct colors to every facefi ∈ S.
Thus, it remains to extendϕ into a proper 3-coloring so that the facef , and every facefi ∈ T would
see three distinct colors. Note that for every two distinct facesfi , f j ∈ T the verticesui ,ui+1,u j and
u j+1 are four distinct vertices.

As ϕ is a 3-coloring every boundaryPi ∈ P sees at least two distinct colors. Two boundaries in
P are said to beadjacenton f ′ if in G′ there exist an edge inE connecting two of their endpoints.
Since underϕ every boundary inP sees at least two colors then every two boundaries have at least
one color in common. Two complementary cases are considered.
(A.I ) Either there exist two adjacent boundaries, say w.l.o.gP1 andP3 , both seeing a common color
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c such that underϕ the colorc is assigned to one of the endpoints of the edgee = v2v3. W.l.o.g,
assume thatv2 is the vertex assigned this common colorc.
(A.II ) Or for every two adjacent boundaries the colors assigned tothe endpoints of the edge inE
connecting the boundaries are not seen by both boundaries.

Case (A.I). The vertices{u1, . . . ,u| f |} are colored as follows, and the resulting coloring is denoted
χ. Start atu3 by definingχ(u3) = ϕ(v2). Proceed in a clockwise traversal onf to color the remaining
vertices according to the following rule. Letui i , 2,3 be the current vertex to be colored, and
suppose that the verticesu3, . . . ,ui−1 have already been colored. The colorχ(ui) is chosen to be
distinct of the colors{χ(ui−1), ϕ(vi)} such that the color missing from the facefi (if i is odd) or
fi−1 (if i is even) is assigned toui if this is possible. Foru2 we define its color to be distinct of
{χ(u1), ϕ(v2), χ(u3)}. Recall thatϕ(v2) = χ(u3).

One may verify thatχ is a proper coloring ofG. It remains to ensure thatχ is also 3-polychromatic.
It is sufficient to consider the facesfi ∈ T , and the facef . Consider a facefi ∈ T such thati , 1.
Suppose thatui is not assigned the color missing fromfi . In that case the missing color fromfi is
assigned toui+1 (indices are taken modulo| f |). For the facef we argue as follows. When the above
coloring of the vertex setV( f ) is done the facef sees at least two distinct colors. It remains to show
that a third color can be introduced to the facef .

Suppose that after the above coloring ofV( f ) is completed the facef is 2-colored and, w.l.o.g,
sees only the colors 2 and 3 on its vertices. It is proven that the color 1 can be introduced to the face
f . Sinceϕ is a proper coloring then among the vertices{vi : 1 ≤ i ≤ | f |} there exists a vertexvi such
thatϕ(vi) , 1. Either fi ∈ T or fi−1 ∈ T . Assume, w.l.o.g, that the facefi ∈ T . Since f is 2-colored
then the colorsχ(ui), χ(ui−1) andχ(ui+1) are all distinct from the color 1. Consequently, if it is not
possible to change the color assigned toui to the color 1 then it follows thatχ(ui) is the color missing
from the boundaryPi . If so, the colorχ(ui+1) is not missing fromPi . If it is not possible to change
the color ofui+1 to 1 then this is sinceϕ(vi+1) = 1. Consequently, sinceϕ is a proper coloring then
ϕ(vi+2) , 1, and the same arguments hold for the facefi+2 ∈ T . It follows if every vertexui cannot
change its colors to 1 then every facefi ∈ T obeys the following terms. (i) ϕ(vi) , 1, and (ii ) χ(ui)
is missing fromPi , and (iii ) χ(ui+1) appears onPi , and (iv) ϕ(vi+1) = 1.

Recall that the facef is 2-colored with the colors 2 and 3. For a facefi ∈ T assume, w.l.o.g,
thatχ(ui) = 3. By (ii ) above 3 is a color missing fromPi . However, sincef is 2-colored underχ it
follows thatχ(ui+2k) = 3 for 1 ≤ k ≤ | f |/2 (and indices taken mosulo| f |). Moreover,χ(ui+2k) is the
color missing from the boundaryPi+2k. Consequently, the color 3 is missing from every boundary in
P. This is a contradiction toϕ being 3-polychromatic.

Case (A.II). The argument in this case proceeds in several stages. First,we define a coloring for
the vertex setV( f ) that may result in edges inE( f ) being monochromatic, and may have the facef ,
and faces inT without three distinct colors. The second stage is to repairthe resulting coloring and
extend it to aS P3C of G.

Let χ denote the coloring obtained as follows. Lete = vivi+1 ∈ E. Defineχ(ui) = ϕ(vi+1) and
χ(ui+1) = ϕ(vi). This is the first stage. As mentioned above the coloringχ may be invalid. We fixχ
into a valid coloring.

(i) Monochromatic edges in E( f ). Supposeχ admits monochromatic edges onf . Let ei = uiui+1

be such an edge. By the definition ofχ the edgeei does not belong to any faces inS. Let fi ∈ T
such thatei ∈ E( fi). Note thatϕ(vi) = χ(ui−1). Consequently, one may change the color ofui

to a third color not seen by its neighbors. Also, note that if in χ the face fi does not see three
distinct colors thenui can assume the color missing fromfi . Let χ′ denote the coloring resulting
from applying the above correction to every monochromatic edge in a clockwise traversal alongf
In the coloringχ′ there are no monochromatic edges inE( f ). Moreover, any facefi ∈ T that in
χ haduiui+1 monochromatic, inχ′ fi sees three distinct colors. This is so as underχ the colors
χ(ui) = χ(ui+1) = ϕ(vi−1) , ϕ(vi) = χ(ui−1). Hence, underχ the face fi sees two colors on the
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verticesvi ,ui andui+1. When the color ofui is changed it is picked such that it is distinct of the
colors{ϕ(vi) = χ(ui−1), χ(ui+1)}. This change introduces a third color tofi .

(ii) Introducing three distinct colors to faces in T . Under the coloringχ′ it is still possible that
there are facesfi ∈ T that see only two colors. Moreover, it is possible that several adjacent faces
in T all see the same two colors. Consider a maximal sequenceS = { fi , fi+2, . . . , fm} of adjacent
faces inT that see the same two colors, say 1 and 2. The sequenceS defines a path onf , namely
Q = 〈ui ,ui+1,ui+2, . . . ,um+1〉, such that underχ′ the pathQ is 2-colored using the colors 1 and 2. The
set of all such maximal sequences of adjacent faces inT defines a division of the vertex setV( f )
into a set of vertex disjoint paths. This division is not necessarily a partition ofV( f ).

Consider the pathQ. This path is maximal in the sense that it does not contain vertices from
faces inT that see three distinct colors underχ′. In addition, the colorχ′(ui−1) , 3. This is so since
the vertexui−1 cannot assume the color 3 from the coloring argument that definedχ. In addition,
the color ofui−1 could not have been changed in step (i) into 3 for even if the edgeui−2ui−1 was
monochromatic underχ, it is the vertexui−2 that changes its color in (i) and notui−1. This cannot be
said regarding the vertexum+2. Consequently, consider the pathQ′ which is a subpath ofQ defined
asQ′ = 〈ui ,ui+1,ui+2, . . . ,um〉 (i.e.,um+1 is dropped inQ′). Note that|Q| is even, and thus|Q′| is odd.
Changing the color of every other vertex onQ′ starting atui to the color 3 introduces three distinct
colors to every face in the sequenceS. Applying this argument to every such maximal sequence
introduces three colors to every face inT that prior to that saw only two colors. In addition, no face
that sees three colors underχ′ have the color of its vertices changed by this argument. Defineχ′′ to
be the resulting coloring of this correction step.

(iii) Three colors for f . It remains to prove thatf sees three colors. By the definition ofχ the face
f sees at least two colors underχ. If step (i) is ever applied thenf sees three colors. This is so since
if step (i) is applied to a monochromatic edgeei = uiui+1 then its corresponding face infiT sees
three colors due to the correction atei . Consequently, inf the verticesui−1,ui , andui+1 are colored
in three distinct colors. Thus if step (ii ) is never applied then the claim follows forf . If step (ii ) is
applied observe that the coloration of the verticesui−1,ui , andui+1 is left unchanged.

Consequently, one may assume that underχ there are no monochromatic edges inE( f ), and that
f sees exactly two colors, say 1 and 2. By the definition ofχ it follows that sincef is 2-colored then
the vertex set{vi}

| f |
i=1 is also 2-colored. Consequently, sinceϕ is 3-polychromatic then there is at least

one boundary inP that sees three colors underϕ. Hence, there exists at least one facefi ∈ T that
sees three colors underχ. Sincef sees only the colors 1 and 2, then the facefi contributes the colors
1 and 2 tof already inχ. If step (ii ) is applied then the color 3 is introduced tof without changing
the coloration of the facefi . Hence, it remains to consider the case that underχ the facef has no
monochromatic edges, and that every face inT sees all three colors on its boundary inP, i.e., steps
(i) and (ii ) were never applied, and stillf sees only the colors 1 and 2. As noted the boundaryP1

sees all three colors. Changing the color of the vertexu1 to 3 completes the proof.

Case (B). We proceed to the case where there exist two edges ofE( f ) that form an edge cut ofG. Let
e1 = u1v1 ande2 = u2v2 be such two edges. Due to Theorem 3.1(a) and (b) the edgese1 ande2 are not
consecutive onf . Figure 1(a) depicts the edgese1 ande2, and the relative positioning of the vertices
{ui , vi} for i = 1,2. Let P denote thev1v2-path along the boundary off such thate1,e2 < E(P).
Similarly, letQ be theu1u2-path along the boundary off such thate1,e2 < E(Q). Since| f | ≥ 6 then
at least one of the paths just defined has length at least three. Assume, w.l.o.g, that|Q| ≥ 3. The
graphG − {e1,e2} contains two components. LetD1 denote the component containing the vertices
u1 andu2, and letD2 be the component containing the verticesv1 andv2. DefineG1 = D1 + u1u2.
Since f is chordless, and|Q| ≥ 3 thenG1 is simple. InG1, the edgeu1u2, and the pathQ define a
face of size at least three. Suppose thatv1v2 < E( f ), and defineG2 = D2 + v1v2. Figure 1(b) depicts
the graphsG1 andG2. Since f is chordless, and since that in this case|P| ≥ 3 then the graphG2 is
simple. By the minimality ofG, both of the graphsG1 andG2 admit S P3Cs , namelyϕ1 andϕ2,
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of G1 andG2, respectively. In addition, sinceu1u2 ∈ E(D1) andv1v2 ∈ E(D2) thenϕ1(u1) , ϕ1(u2)
andϕ2(v1) , ϕ2(v2) and thus using color renaming onϕ2 these two colorings can be combined to a
S P3C of G. If however,v1v2 ∈ E( f ) then defineG2 = D2 and repeat the argument of the previous
case.

e1

v1

u1 Q

P

e2

P
v1

Q

v2

u2
u1 u2

v2

(a) (b)

Figure 1:(a) The edgese1 ande2 on f . (b) Separation to the graphsG1 andG2.

4 Properties of a Minimum Counter Example

In this section we provide a proof for Theorem 3.1. We consider the structure of a counter example
G to Theorem 1.1 minimizing the sum|V(G)| + |E(G)|. Also, through this entire section we write
G to denote such a counter example. Theorem 3.1(a) can easily be verified and thus omitted.
Consequently, this section is organized as follows. In Section 4.1, we consider a proof for Theo-
rem 3.1(b). In Section 4.2, we prove Theorem 3.1(c). In Section 4.3 we prove Theorem 3.1(d), and
in Section 4.4 we prove Theorem 3.1(e).

4.1 Proof of Theorem 3.1(b)

Theorem 3.1(b) G is cubic.

Proof: Let v be a degree two vertex inG, and letu andw be its two neighbors inG. If the vertices
{u, v,w} do not induce a 3-face inG, then contract the edgeuv. By the minimality ofG, the resulting
graph admits aS P3C , which is easily extended to aS P3C of G. If {u, v,w} induce a 3-face inG
then the edgeuv can not be contracted (for that results in a 2-face). IfdegG(u) = degG(w) = 2 then
G is a 3-cycle, and the claim follows. In addition, one may assume thatdegG(u) = degG(w) = 3,
for if only one of the verticesu or w is a degree three vertex then this vertex is a cut-vertex ofG;
contradiction to Theorem 3.1(a).

Let z andx denote the third neighbors ofu andw, respectively. The verticesz andx are distinct.
If z= x and of degree two the claim follows. Ifz= x and of degree three then this forms a cut-vertex
in G; a contradiction to Theorem 3.1(a). Consequently,z, x. Let G′ = G − {u, v,w}. If G′ consists
of the single edgezx, thenG is a graph on five vertices, that admits aS P3C . Thus one may assume
that G′ is of order at least three. By the minimality ofG, the graphG′ admits aS P3C , namely
ϕ. Assume, w.l.o.g, thatϕ(z) = 1. We extend the coloringϕ into a S P3C of G as follows. (i) if
ϕ(x) , 3 then color the verticesu, v,w with the colors 2,1,3, respectively. (ii ) if ϕ(x) = 3 then color
the verticesu, v,w with the colors 3,1,2, respectively.

4.2 Proof of Theorem 3.1(c)

We proceed to proving Theorem 3.1(c). To facilitate the proof of Theorem 3.1(c) it is proven that a
3-face and a 4-face cannot be adjacent inG.

Lemma 4.1 The graph G does not contain a3-face and a4-face that are adjacent.
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Proof: Assume towards contradiction that the claim is false. Letf be a 4-face with verticesui ,
i = 1, . . . ,4. Since by Theorem 3.1(b) G is cubic, it follows that the number of 3-faces that are adja-
cent tof is either one or two. We proceed with a case analysis on the number of 3-faces adjacent tof .

Case (1): Supposef has two adjacent 3-facesg andh. One may assume thatg andh are not adjacent
to one another; for otherwise the vertexui of f that is not incident to the facesg andh, forms a cut-
vertex ofG, negating Theorem 3.1(a). Thus, the 3-facesg andh are incident to opposite edgesu1u2

andu3u4, respectively, of the 4-facef . Let v be the third vertex ofg not incident tof . Similarly,
let w be the third vertex ofh not incident tof . Figure 2(a) depicts the facesf andg in this case.
By Theorem 3.1(b), the verticesv andw are both of degree three. In addition, one may assume
that the edgevw < E(G); for otherwiseG is a six vertex graph that admits aS P3C , and the claim
follows. Letv′ andw′ denote the neighboring vertices of the verticesv andw, respectively, that are
not incident to the facef . By Theorem 3.1(a) it follows thatv′ , w′.

Let G′ = G − {v,u1,u2,u3,u4,w}. By Theorem 3.1(b) the verticesv′ andw′ are of degree three
in G. Thus,G′ is of order at least three. By the minimality ofG, the graphG′ admits aS P3C ,
namelyϕ. The coloringϕ is extended to aS P3C of G as follows. Assume, w.l.o.g, thatϕ(v′) = 1.
(i) if ϕ(w′) = ϕ(v′) = 1 then color the vertices{v,u1,u2,u3,u4,w} with the colors 2,1,3,2,1,3,
respectively. (ii ) Otherwise, w.l.o.g,ϕ(w′) = 2. In this case, color the vertices{v,u1,u2,u3,u4,w}
with the colors 2,1,3,3,2,1, respectively.

w

(b)

u3
v

f2

f r

u1
f3 g

z

w

u2 u4f1

v

f ′

u3

w′
u1

g h

u2 u4

f ′′

v′

(a)

f

Figure 2:(a) The facesg andh are adjacent to opposite edges of the facef . (b) The facesf andg in Case (2).

Case (2): Consider the complementary case in which the facef is adjacent to exactly one 3-faceg.
Let u3,u4 andv the vertices defining the faceg wherev < V( f ). Also, let w andz be the vertices
adjacent to the verticesu1 and u2 such thatw, z < V( f ). By the previous case,w , z, and by
Theorem 3.1(b), the verticesw, z andv are of degree three. Figure 2(b) depicts the facesf andg
in this case. We use the vertex name labeling in Figure 2(b) to refer to vertices in this case. Thus,
there exists a vertexr that is adjacent to the vertexv. By Theorem 3.1(a) G is 2-connected, hence, if
r = w, butr , z, then it follows be that the edgezr ∈ E(G), for otherwise the vertexz is a cut-vertex.
In this case the claim follows asG is a graph on six vertices that admits aS P3C . Thus, one may
assume that the verticesr, z, andw are three distinct vertices.

Let G′ = G − {v,u1,u2,u3,u4}. By the minimality ofG, the graphG′ admits aS P3C , namely
ϕ. Assume, w.l.o.g, thatϕ(r) = 1. The coloringϕ is extended into aS P3C of G as follows.
(i) if ϕ(z) = ϕ(w) = ϕ(r) then color the vertices{v,u1,u2,u3,u4} with the colors 3,2,3,1,2, re-
spectively. (ii ) if ϕ(z) , ϕ(w) , ϕ(r), assume, w.l.o.g, thatϕ(w) = 2 andϕ(z) = 3. In this
case, color the vertices{v,u1,u2,u3,u4} with the colors 2,1,2,3,1, respectively. (iii ) if ϕ(z) =
ϕ(r) , ϕ(w), assume, w.l.o.g, thatϕ(w) = 2, and color the vertices{v,u1,u2,u3,u4} with the col-
ors 3,3,2,2,1,respectively. The case whereϕ(w) = ϕ(r) , ϕ(z) is symmetric and thus omitted. (iv)
if ϕ(z) = ϕ(w) , ϕ(r), assume, w.l.o.g, thatϕ(z) = ϕ(w) = 2. Color the vertices{v,u1,u2,u3,u4} with
the colors 3,1,3,2,1,respectively.

Let {u, v} be a 2-vertex-cut of a connected graphG such thatuv ∈ E(G), andG − {u, v} contains
exactly two componentsC1 andC2. DefineC′i = Ci + {u, v}+ uv, for i = 1,2. The graphsC′i are said
to be obtained fromG by separating G along the edge uv. We proceed with proving thatG does not
contain a 4-face.
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Theorem 3.1(c) G does not contain4-faces.

Proof: Assume towards contradiction thatG contains a 4-facef . Let ui , i = 1, . . . ,4, denote the
vertices of f , and letvi , i = 1, . . . ,4 denote the neighboring vertices of the vertices off , such that
for eachi = 1, . . . ,4, the edgeuivi ∈ E(G). By Theorem 3.1(b) and Lemma 4.1, the verticesvi exist
and are all distinct. Two cases are considered. Either thereexist two edges ofV( f ) that form an edge
cut, or not.

Case (1): Assume the edges{u1u3} and{u2u4} form an edge cut inG. Note that any two non-adjacent
vertices off form a separation pair ofG. Consider the vertices{u1,u4} as such a pair. We decompose
G into the following two graphs. Consider the graphG′ = G+u1u4. In G′, the facef is triangulated,
containing the triangles defined by the vertex sets{u1,u2,u4}, and{u1,u3,u4}. SeparateG′ along
the edgeu1u4, and letG1 be the part ofG′ containing the vertexu2, and letG2 be the part ofG′

containing the vertexu3. Also, in the graphG2, let u′1 andu′4 denote the copies of the verticesu1 and
u4 in this graph.

Each of the graphsGi , i = 1,2, upholds the terms of Theorem 1.1, and thus by the minimality
of G, the graphGi admits aS P3C ϕi , for i = 1,2. The combinations of the two coloringsϕi into a
single consistentS P3C of G is straightforward.

Case (2): Let fi , i = 1, . . . ,4, be the four adjacent faces tof . Figure 3(a) depicts the facef and the
faces fi in this case. By Lemma 4.1, the length| fi | ≥ 4, for i = 1, . . . ,4. We proceed with a case
analysis on the sizes| fi |.

g2

v1 v3
u3

f3ff1

u1
f4

f2

(a) (b)

u2 u4v2
v4

g3

v3
v1

v2 v4
P2

P1

g1

Figure 3:(a) The facef and its adjacent facesfi in Case (2). (b) The graphG′ of Case (2.a).

Case (2.a): Suppose that two opposite adjacent faces off are of size strictly larger than four. W.l.o.g,
suppose| f1| > 4 and| f3| > 4. Consider the graphG′ = G − V( f ) + v1v2 + v3v4. Figure 3(b) depicts
this construction. Letgi , i = 1,2,3, be the faces ofG′ as shown in Figure 3(b). Note thatG′

upholds the terms of Theorem 1.1. Thus, by the minimality ofG, and Theorem 1.1, the graphG′

admits aS P3C ϕ. It remains to extend the coloringϕ into a S P3C of G. One may observe that
the same arguments used for proving Theorem 1.1, also apply here. For the sake of completeness,
we provide a direct proof. Assume, w.l.o.g, thatϕ(v1) = 1. We proceed with a case analysis
over the colors assigned to the verticesv2, v3 andv4 underϕ. (i) Suppose thatϕ(v1) = ϕ(v3). If
ϕ(v2) = ϕ(v4), assume, w.l.o.g, thatϕ(v2) = 2, and color the vertices{u1,u2,u3,u4} with colors
2,3,3,1 respectively. Ifϕ(v2) , ϕ(v4), assume, w.l.o.g, thatϕ(v2) = 2 andϕ(v4) = 3. In this case
color the vertices{u1,u2,u3,u4}with colors 2,3,3,1. (ii) Suppsoeϕ(v1) , ϕ(v3), and assume, w.l.o.g,
ϕ(v3) = 2. If ϕ(v2) = ϕ(v4), then it follows thatϕ(v2) = ϕ(v4) = 3. Color the vertices{u1,u2,u3,u4}

with colors 3,1,1,3, respectively. Next consider the case in whichϕ(v2) , ϕ(v4). If ϕ(v2) = 2 and
ϕ(v4) = 1, color the vertices{u1,u2,u3,u4} with colors 3,1,2,3, respectively. Otherwise, assume,
w.l.o.g, thatϕ(v2) = 3 andϕ(v4) = 1. In this case, color the vertices{u1,u2,u3,u4} with colors
3,2,1,3, respectively.
Case (2.b): By the previous case, one may assume that no two opposite adjacent faces off are of
size strictly larger than four. Consequently, it follows that there exist two non-opposite adjacent faces
of f of size four. At least one of the faces adjacent tof is of size greater than four, for otherwise,G
is a graph on eight vertices that admits aS P3C . Assume, w.l.o.g, that| f1| > 4, | f3| = | f4| = 4. The
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facesfi are presented in Figure 4(a).
Consider the graphG′ = G− {u1,u2,u3,u4, v3} + v1v2 + v1v4. The graphG′ is of lesser size than

G, and upholds the terms of Theorem 1.1, thus there exists aS P3C ϕ of G′. Assume, w.l.og, that
ϕ(v1) = 1 andϕ(v2)=2. (i) if ϕ(v4) = 3 color the vertices{u1,u2,u3,u4, v3} with colors 3,1,1,2,2,
respectively. (ii) ifϕ(v4) = 2 color the vertices{u1,u2,u3,u4, v3} with colors 2,1,1,3,3, respectively.

u3

f1 f

u1

v4f2

f3

v2

v1 v3

u2 u4

f4

Figure 4:The facef and its adjacent facesfi in Case (2.b).

4.3 Proof of Theorem 3.1(d)

In this section Theorem 3.1(d) is proven. By Theorem 3.1(c), the graphG contains no 4-face. Thus,
in order to prove Theorem 3.1(d) it remains to eliminate adjacencies between 3-faces and even faces
of length strictly larger than four. In this section, ak-face with evenk is called aneven k-face.

The following lemmas facilitate the proof of Theorem 3.1(d). Lemma 4.2 considers evenk-faces,
k > 4, with two adjacent 3-faces. We prove that these 3-faces cannot be adjacent to one another.

Lemma 4.2 Let f be an even k-face of G, k> 4, having f1 and f2 two 3-faces adjacent to f . Then
f1 and f2 are not adjacent to one another.

Proof: Assume towards contradiction that the claim is false. Let{x, y,w} and{y, z,w} be the vertices
of G defining the facesf1 and f2, respectively, such that the vertices{x, y, z} are vertices of the face
f . The vertices{x, y, z} are consecutive on the boundary off . Figure 5(a) depicts these vertices and
faces. Letℓ andr denote the vertices off that are adjacent to the verticesx andz on the boundary
of f , respectively.

l
z

f2

x

w

f1

f

y

r

Figure 5:The facesf , f1, and f2.

Let G′ be the graph obtained fromG by identifying the verticesx, y, z,w into a single new vertex
u (and removing all self-loops). By the minimality ofG, the graphG′ admits aS P3C , namelyϕ.
Assume, w.l.o.g, thatϕ(u) = 1. To extend the coloringϕ to G, color the verticesx, y, z,w with colors
1,2,1,3 respectively.

The following lemma completes the case analysis initiated by Lemma 4.2.

Lemma 4.3 The graph G does not admit a3-face f defined by the vertices{u1,u2,u3}, such that the
following terms hold.
(a) The face f has three adjacent faces fi , i = 1,2,3, with | fi | ≥ 4, and
(b) The faces fi are pairwise adjacent. (See Figure 6(a)).

Proof: Assume towards contradiction that the claim is false. Due tothe existence of the facesfi ,
there exist verticesvi , i = 1,2,3, such thatvi is the third neighboring vertex ofui and the vertex
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vi < V( f ). One may assume that at least one of the facesfi is not a 4-face, for otherwiseG is a graph
on six vertices that admits aS P3C . Assume, w.l.o.g, that the facef1 is ak-face, withk > 4. Also,
let v1 andv2 lie on the boundary off1. See Figure 6(a) for an illustration.

P′2

P′′2
P1

u3

f
f3f1

f2

(a) (b)

f ′′

f ′u1

u2

v1v1 v3 v3

v2 v2

Figure 6:(a) The facesf , and fi , i = 1,2,3 of Lemma 4.3. (b) The facesf ′and f ′′ of the graphG′.

Let G′ = G − {u1,u2,u3} + v1v2. Note that the graphG′ upholds the terms of Theorem 1.1, and
thus, by the minimality ofG, the graphG′ admits aS P3C ϕ. We extendϕ to aS P3C of G.

In the graphG′, there exists av1v2-path, namelyP1, not containing the edgev1v2. Also, there
exists av1v2-path, namelyP2, containing the vertexv3. These two paths and the edgev1v2 define
two facesf ′ and f ′′ in G′. These paths and faces are illustrated in Figure 6(b). Sinceϕ is aS P3C of
G′, the vertices of both the pathsP1 andP2 are colored in three distinct colors. LetP′2 andP′′2 be the
v1v3-path andv3v2-path, respectively, such thatP′2 andP′′2 are subpaths ofP2. Assume, w.l.o.g, that
ϕ(v1) = 1 andϕ(v2) = 2. Returning toG, we observe that the facef1 already sees three distict colors.
If ϕ(v3) = 3 color the verticesu1,u2,u3 with the colors 2,3,1 respectively. Ifϕ(v3) , 3, Assume,
w.l.og., thatϕ(v3) = 1. In this case, color the verticesu1,u2,u3 with the colors 2,1,3 respectively

The following corollary is obtained from Lemma 4.3.

Corollary 4.4 Let f be an even k-face of G, k> 4. Then no3-face is adjacent to f

Proof: Assume towards contradiction that there exists an evenk-face f , k > 4, and a 3-faceg such
that g is adjacent to the facef . By Theorem 3.1(b), exactly two of the vertices ofg lie on f , and
all the vertices ofg are of degree three. Letu1 andu2 denote these vertices. Letu3 denote the third
vertex ofg not lying on f . Let vi denote the third neighboring vertex of the vertexui , for i = 1,2,3.
The verticesv1, v2 ∈ V( f ). Since| f | > 4, thenv1 , v2.

Two complementary cases are considered. Either the vertexv3 < V( f ) or v3 ∈ V( f ). If the
v3 < V( f ) then letP1 denote the path inG defined by the sequence of vertices〈v1,u1,u3, v3〉, and let
P2 denote the path inG defined by the sequence of vertices〈v2,u2,u3, v3〉. By Theorem 3.1(a), there
exist two faces, namelyf1 and f2, such thatPi forms part of the boundary of the facefi , for i = 1,2.
Note that| f1|, | f2| ≥ 4, | f | > 4 and|g| = 3. Hence we get a contradiction to Lemma 4.3.

The complementary case in whichv3 ∈ V( f ), can be solved using similar arguments as in the
proof of Theorem 3.1(e), and thus omitted.

Finally, the combination of Theorem 3.1(c) and Corollary 4.4 yields Theorem 3.1(d).

4.4 Proof of Theorem 3.1(e)

Theorem 3.1(e). Let f be an even k-face of G such that k> 4. Then f is chordless.

Proof: Assume towards contradiction thatf admits a chorduv ∈ E(G). The vertex set{u, v} defines a
separation pair ofG. Let Puv be theuv-path onf that connectsu andv in clockwise direction starting
at u. Similarly, let Pvu be thevu-path alongf connectingv andu in clockwise direction starting at
v. Assume, w.l.o.g, thatPvu is embedded in the interior of the cycleuv+ Puv. By Theorem 3.1(b)
|Pvu − {u, v}| ≥ 2. DefineP′ = Puv \ u, v. By the simplicity ofG and Theorem 3.1(a) |P′| ≥ 2. Let p
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andq be the endpoints ofP′ such that{up, vq} ⊂ E(G). The edge set{up, vq} forms an edge cut of
size two inG. Two complementary cases are considered. Eitherpq ∈ E(G) or not.

In the latter case, defineG′ = G − {up, vq}. The graphG′ contains exactly two connected
componentsK1 andK2 such that{u, v} ⊂ E(K1), and{p,q} ⊂ E(K2). DefineK′1 = K1 + z+ uz+ vz,
wherez < E(K1), andz is embedded in the exterior ofXK1, and such thatPvu + uz+ zv forms a face
in K′1. In addition, defineK′2 = K2 + pq, such thatpq+ P′ forms a face inK′2. Note that both of the
graphsK′1 andK′2 are of maximum degree at most three, and are simple. By the minimality of G the
graphsK′1 andK′2 admit two coloringsϕ1 andϕ2, respectively, such thatϕi is aS P3C of Ki , i = 1,2.
In K′1 the vertices{u, v, z} form a 3-cycle. Consequently, the colors underϕ1 to {u, v, z} are distinct.
In addition, it is clear thatϕ2(p) , ϕ2(q). Defineϕ3 to be a coloring ofK2 obtained fromϕ2 by
denoting the colorϕ2(p) by the nameϕ1(v), and the colorϕ2(q) by the nameϕ1(z). The combination
of ϕ1 andϕ3 defines the requested coloring forG.

Consider the complementary case wherepq ∈ E(G). By Theorem 3.1(c) the edgepqcannot form
a chord such that inG the chorduv is embedded in the interior of the cycleP′ + pq. Consequently,
eitherpq ∈ E( f ), in which caseP′ = pq, or pq forms a chord off such that the cycleP′ + pq does
not contain the chorduv in its interior. In the former case, applying the arguments shown above for
K′1 andK′2 to K′1 andK2 hold as well. In the latter case, the pathP′′ = P′ − {p,q} has length at least
two. In addition, the pathQ = Pvu− {u, v} also has length at least two. Letp′ andq′ be the endpoints
of P′′ where{pp′,q′q} ⊂ E(G), and letu′ andv′ be the endpoints ofQ where{uu′, v′v} ⊂ E(G).
Consider the graphG′ = G − {u, v, p,q} + {u′p′, v′q′}. One may verify thatG′ upholds the terms
of our inductive claim. Consequently,G′ admits aS P3C , namelyϕ. The coloringϕ is extended
to a S P3C of G, namelyϕ′, as follows. First, defineϕ′(u) = ϕ(p′) andϕ′(p) = ϕ(u′). Note that
ϕ′(u) , ϕ′(p), and this accounts for two colors. It remains to argue that the third color can be
assigned to eitherv or q. Since at most one of the verticesv′ andq′ is assigned the third color under
ϕ, one can assign the third color to eitherv or q. The remaining vertex has to have its color distinct
of three vertices two of which bare the same color, and thus the claim follows.
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