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FOREWORD

In December 1991 a biweekly seminar “Functional-differential equations”
was started at the Research Institute of the College of Judea and Samaria, Ariel,
Israel. Mathematicians working in different areas of the theory of ordinary differ-
ential equations, equations with delayed argument, integro-differential equations
and on particular problems of partial differential equations participate in the sem-
inar’s sessions. Among other problems, investigation into theory of the Nemytsky
superposition operator and the internal superposition operator were addressed es-
sentially. The reason is that a lot of questions in considering different types of
equations, including the aforementioned, could be reduced to some problems in
Banach spaces and Frechet spaces. So, in spite of the quite wide area of the
participants’ interests, one could find a general basic concept and unity of the
methods.

The idea of the concept is to treat the abovementioned classes of equations as
particular cases of the abstract functional-differential equation. Therefore, every
general statement about the abstract equations can be interpreted for each of the
considered situations. Following N. Azbelev we will present here the notion of
abstract functional-differential equation (FDE).

Let B and D be Banach spaces, such that D is isomorphic to B X R™. Thus
there is one-to-one correspondence between every z € D and pair {z,8}, 2 €
B, 8 € R*. Define isomorphism D ~ B x R™ by operator J = {A,Y} : B x
R — D, where A : B — D,Y : R® — D are linear operators, and J{z,8} =
{A\,YH{z,8}=Az+ Y.

The operator Y will be identified with the corresponding matrix Y. The
inverse operator J~! : D — B x R™ possesses a representation J 1z = [§, r]z :=
{6z,rz} where § : D — B, r : D — R™ are linear operators. Thus for every
z € D we have the following expansion ¢ = Adz + Yrz. Applying to the last
equality an operator £ : D — B we will get its expansion Lz = @z + Arz. The
linear operator @ = LA : B — B is called the principal part of the operator L,
the operator A = LY : R™ — B is its finite-dimensional part.

Many basic questions in the theory of equation

Lx=f (1)

are reducible to the corresponding problems for equation @z = f in the space B.
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Let D denote the space of absolutely continuous functions z : [a,b] — R", B
denote the space of summable functions z : [a,b] — R™. The isomorphism D ~
B x R™ could be defined by operator J = {A,Y}, where (Az)(t) = f: z(s)ds, Y
being the identity matrix. Then §z = 2, rz = z(a), (Lz)(t) = (QZ)(t)+ A(t)z(a).
Particularly for the ordinary differentiating

(La)(t) = &(t) - P(t)z(t)

we have
(Lz)(t) = &(t) — /a P(t)z(s)ds — P(t)z(a).

For a wide class of equations with delayed argument the equation @z = f
appears to be the classical integral equation in the space of summable functions.
Some partial differential equations are convenient to be considered as equation
Mz = f with a linear operator M : D — B where D is isomorphic to the direct
product of Banach spaces B and By. If operators A: B — Dand Yg: By — D
define such an isomorphism J = {A, Yy} and J~! = [6, r¢] then the linear operator
M : D — B can be expanded as Mz = Qdz + Aproz. For investigation the
equation Mz = f some of the ideas used in the theory of equation (1) turn out
to be helpful.

Substitution of Banach space B by Frechet space, and space R® by R*®
moves equation (1) to the next level of abstractness, and allows considering among
equations being studied in the frames of the theory of equation (1) infinite systems
of equations.

The described notion of the abstract linear FDE can be naturally generalized
for the nonlinear case.

This issue consists of papers that were presented and discussed in the frames
of the seminar. We are grateful to the referees who kindly agreed to review the
papers or sent us comments and advice about the subjects considered in the
proceedings.
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We are grateful to Professor Vitali Milman and Dr. Yakov Eshel for sup-
porting our seminar and the idea of publishing these proceedings, and to Miriam
Hercberg for preparing the articles for publication.

M. Drakhlin (The Research Institute, Ariel, Israel)
E. Litsyn (Bar-Ilan University, Israel)
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GENERALIZED PROJECTION OPERATORSIN BANACH SPACES
PROPERTIES AND APPLICATIONS

Ya.l. Alber

Department of Mathematics
Technion-Israel Institute of Technology
Haifa 32000, Israel

1. Introduction

Metric projection operators in Hilbert and Banach spaces are widely used
in different areas of mathematics such as functional and numerical analysis, the-
ory of optimization and approximation and for problems of optimal control and
operations research, nonlinear and stochastic programming and game theory.

Metric projection operators can be defined in a similar way in Hilbert and
Banach spaces. At the same time, they differ significantly in their properties
[23,27].

A metric projection operator in Hilbert space is a monotone (accretive)
and nonexpansive operator. It provides an absolutely best approximation for
arbitrary elements from Hilbert space by the elements of convex closed sets .
This leads to a variety of applications of this operator for investigating theo-
retical questions in analysis and for approximation methods. (For details see
[13,31,40,11,17,2,3)).

Metric projection operators in Banach space do not have the properties men-
tioned above and their applications are not straightforward. (See [33,9]).

On the other hand, questions of smoothness and differentiability of metric
projection operators in Banach spaces were actively investigated [12,27,8,4]. New
results in this field are immediately used in various applications. For example,
recently established in [8,4] properties of uniform continuity of these operators
were used in [8,4] to prove stability of the penalty and quasisolution methods.

Two of the most important applications of the metric projection operators
in Hilbert spaces are as follows:

e solve a variational inequality by the iterative-projection method,
e find common point of convex sets by the iterative-projection method.

In Banach space these problems can not be solved in the framework of metric
projection operators. Therefore, in the present paper we introduce new general-
ized projection operators in Banach space as a natural generalization of metric
projection operators in Hilbert space. To demonstrate our approach, we apply
these operators for solving two problems mentioned above in Banach space.

This research was supported in part by the Ministry of Science Grant 3481-1-91 and
by the Ministry of Absorption Center for Absorption in Science.
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In section 2 and section 3 we introduce notations and recall some results from
the theory of variational inequalities and theory of approximation. Then in sec-
tion 4 and section 5 we describe the properties of metric projection operators Py
in Hilbert and Banach spaces and also formulate equivalence theorems between
variational inequalities and direct projection equations with these operators. In
section 6 we discuss the existence of strongly unique best approximations based
on Clarkson’s and parallelogram inequalities.

In section 7 we introduce generalized projection operator Ilg which acts from
Banach space B on the convex closed set §) in the same space B. Then we state
its properties and give the convergence theorem for the method of successive
generalized projections used to find a common point of convex sets.

In section 8 new generalized projection operator =g acting from conjugate
Banach space B™ on convex closed set §2 in the space B and its properties are
examined. Then a theorem of equivalence of the solutions of variational inequality
and operator equation with operator g is presented. It constitutes the basis for
construction of iterative-projection methods for nonlinear problems in Banach
space (including smooth and nonsmooth optimization problems)

Lastly, in section 9 we establish a connection between variational inequalities
and Wiener-Hopf equations in Banach spaces by means of metric and generalized
projection operators.

Note that the main properties of metric and generalized projection operators
in Banach spaces have been obtained by using principally new technique includ-
ing Banach space geometry, parallelogram inequalities, nonstandard Lyapunov
functionals and estimates of moduli of monotonicity and continuity for duality
mappings.

2. Variational Inequalities. Problems of Optimization

In this section we recall some of the results from the theory of variational
inequalities and formulate a problem on the equivalence between solutions of the
variational inequalities and corresponding operator equations. These equations
are solved by the iterative-projection methods. This yields an aproximation of
solutions of the initial variational inequalities.

Let B be a real (reflexive) uniformly convex and uniformly smooth Banach
space, B* its conjugate {dual) space, || - |i,1|- {iB*, || - ||z norms in the Banach
spaces B, B* and in Hilbert space H. As usually we denote < ¢,z > a dual
product in B. This determines pairing between ¢ € B* and = € B [14]. Let Q be
a nonempty convex closed set in B.

Definition 2.1. The operator Po : B — Q C B is called metric projection
operator if it yields the correspondence between an arbitrary point z € B and
nearest point € Q according to minimization problem

Pox =%, Z:|lle—Z||=inf ||z -¢€]]. 2.1
e =2; Z:lz -2l = inf ||z - £l (2.1)
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Under our conditions operator Py is defined at any point z € B and it is
single-valued, i.e. there exists for each £ € B a unique projection & called best
approximation [23].

Let A be an arbitrary operator acting from Hilbert space H to H , a an
arbitrary fixed positive number and (i, ) an inner product in H. Let also f € H.
It is well known that (see, for instance, [16])

Theorem 2.2. The point z € @ C H is a solution of variational inequality
(Az - f,€—2) >0, VEeQ (2.2)
if and only if x is a solution of the following operator equation in H
z = Po(z — oAz - f)) . (2.3)

This is an important statement, because it provides a basis for constructing
approximate (iterative) methods in Hilbert spaces. The simplest method of this
type can be described as follows

Tnt1 = Pa(z, — an(Az, — f)), n=0,1,2.. (2.4)

Under suitable choice of relaxation parameters «, , one can prove that itera-
tive process (2.4) converges strongly to the solution of the variational inequality
(2.2). It can be done for operator A which have different structures and different
types of smoothness [2,3,16,11,20]. Moreover, one can establish both stability
and nonasymptotic estimates of convergence rate [2,3].

We want to emphasize that the problem of solving operator equation Az = f
and the problem of minimization of the functional u(z) on Q are realized as
variational inequalities (2.2) for @ = H and

Az = du(z), z€8, f=0

respectively. Here du(z) is gradient or subgradient of the functional u(z).
Now we consider more general and more complicated case of the variational
inequality
(Az — f,€—z) 2 0, VEed (2.5)

in Banach space B with operator A acting from B to B* [9]. There is a natural
problem to formulate and to prove an analogue of Theorem 2.2 in Banach space,
and then to use it as a basis to construct iterative-projection methods similar to
(2.4).

It is quite obvious that the Banach space analogue of the equation (2.3) has
the following form

t =Tq(Fz — a(Az - f)) (2.6)
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with operator F acting from B to B*. The equation (2.6) is unusual because oper-
ator I' “projects” elements from the dual space B* on the set 2 C B. Here one
can not use metric projection operator Py for this purpose because it acts from
B to B. It turned out that a natural generalization of metric projection operator
in Hilbert space leads to a new operator which we call generalized projection
operator:

Tq:B*—=QCB.

This automatically yields the following form of the equation (2.6)
z = wq(Jz — a(Az - f))

where J : B — B* is a normalized duality mapping in B [14]. The operator
J is one of the most significant operators in nonlinear functional analysis. In
particular, it is used in the theory of optimization and in the theory of monotone
and accretive operators in Banach spaces. It is determined by the expression

(Jz,2) = Iz p-llzl| = l|=]I* 1.

Note also that a duality mapping exists in each Banach space. In what follows

we recall from [5] some of the examples of this mapping in spaces I?,LP | WP |

co>p>1:

() 7 : Je = |||} Py € 19, = {z1,22,...}, ¥ = {mller]|P~2, s |2al P72, ...},

p—l + q—l =1

(i) L?: Jz = ||z]|3;7|z|P~%z € L?

(iii) W2 : Iz = ||oll%78 T jajem(~DI*ID(| D222 Da) € W1,

Note that in Hilbert space J is an identity operator.
Now we define the iterative method similar (2.4) as follows

Znt1 = To(J2n — an(Az, — f)), n=0,1,2.. (2.7)

We will give full mathematical foundation for this method including three basic
aspects: convergence, stability and estimates of convergence rate, in forthcoming
paper.

3. Problems of Approximation. Common Points of Convex Sets

Second important problem which is investigated in this paper using projec-
tion operators can be formulated as follows: find common point of an ordered
collection of convex and closed (i.e. Chebyshev) sets {1,Qs,..., 2} in uni-
formly convex Banach space B. Here we assume that sets {Q;,i = 1,2,...,m}
have nonempty intersection . = [\-, ;. Let us define a composition

P=P1 OP2 0---0Pm, .IJ{=PQ.. (31)
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and introduce method of successive projections according to a formula

Tnp1 = Pz, n=0,1,2,..., z,€B. (3.2)

Convergence of the iterative process (3.1) and (3.2) as well as of similar
processes to the point z, € §}. was proved before only in Hilbert space . (See
[36,13,15,17,18,22]). In the formulae (3.1) and (3.2) which describe method of
successive projections one can use metric projection operators Py in Banach
space. However, up to this date no proof was suggested for the convergence of
(3.1) and (3.2) in Banach space. The reason is that in Hilbert space H the metric
projection operator satisfies the following significant inequality

l|Poz — &lla < llz = €Ella, VEEQ (3.3)

which can be obtained from the property of nonexpansiveness of this operator in
H
1Pz — Paylla < ||z — yllx - (3-4)

It satisfies also a much stronger property (see section 4)
IPez — 2|’y < llz — €1y — || Paz — €lPg,  VEEQ. (3.5)

But in Banach spaces these properties do not hold in general [32,33,21].
For example, in [32] it is shown that in uniformly convex Banach space with
modulus of convexity 8(¢) of order €7, ¢ > 2 [19], the inequality

|Paz = 2l|” < |l — €]l = AllPaz - €I, VE€ Q. (3.6)

holds. Coefficient A < 1in (3.6) and it depends on ¢. Namely, in [32] it is defined
in Banach spaces of the type LPandW?, 1 < p < oo as follows (cf. (6.6) and

(6.8)):
1<p<2, ¢g=2, A=(p-1)/8;

and
2<p<oo, g=p, A=1/p2?.

Inequality (3.6) yields
IPaz = €lI* < A7z = €)' = APz ~2ll®,  VE€Q.  (3.7)

This does not guarantee the nonexpansiveness of the metric projection operator
in Banach space even for £ = y €  while in (3.4) £ = y is an arbitrary element of
the space H. But without this property, one can not to study the method (3.1),
(3.2).

Now we consider more general case. In [32] a strongly unique best approxi-
mation was defined as follows.



Definition 3.1. Z is called a strongly unique best approximation in §} for the
element z € B if there exists a constant A and a strictly increasing function
#(t) : R* — R* such that ¢(0) = 0 and

¢(l|Paz — zl|) < 4(||z - €lI) — Aé(l|Paz - €I, VE€R.  (3.8)

The projection = Ppz in Hilbert space, and the projection  in Banach
space under the conditions of [32], are strongly unique best approximations in .

We call the projection Z absolutely best approzimation of ¢ € B with re-
spect to function ¢(¢) if A = 1 in (3.8). In this case the inequality (3.8) can be
represented in the equivalent form

¢(||Paz - £l) < (lle - £l — o(|Pez — 2l|l), VE€ Q.

It is clear from (3.5) that metric projection Z in Hilbert space is absolutely best
approximation with respect to function ¢(t) = ¢2 (or with respect to functional
#(€) = ||z — €||*y with z fixed). But it is not true in Banach spaces.

Thus, metric projection operator can not be used in (3.1) and (3.2). Instead
we introduce new generalized projection operator

Ia:B—-Q¢B

so that the inequalities (3.3) and (3.5) hold for some Lyapunov functional ¢(-).
In section 7 we will provide the convergence theorem for the process (3.1) and
(3.2) which now has the form

Tppy = Mg, n=0,1,2,.., z,€B (3.9)

and
H=H10H20°"0Hm, H;=HQ..

(3.10)

4. Metric Projection Operator Py in Hilbert Space

All results described in section 2 and section 3 for two basic problems were
obtained only in Hilbert space. This is due to the fact that many remarkable
properties of the metric projection operators can not be extended from Hilbert
space to Banach space. This is why we introduce in section 7 and section 8
new generalize projection operators in Banach spaces which have all properties
of metric projection operators in Hilbert space .

Before that in section 4 and section 5 we compare complete lists of the
properti of the metric projection operators in Hilbert and Banach spaces.

We denote z = Pqoz. Let £ € 2 and Q@ C H. The following properties are
valid in Hilbert space: [11,13,16,21,23,31,5,28,39].

4.a. Pq is fixed at each point £, Po& = £.
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4.b. Pq is monotone (accretive) in H,i.e. forall z,y € H
(53—.’7,13—3!)20-

4c. (z—-2,2-€) 20, V€ € Q.

4d. (z-€,z-€) >0, V€ e Q.

4e. (z-z,z-£) >0, V¢ € Q.
In fact, even stronger inequality

(z-z,2-€) 2 |le -z}, VE€Q

holds (see (5.1)).
4.f. Pq is nonexpansive in H, i.e.

Iz - gller < llz - ylla -
4.g. Pq is P-strongly monotone in H, i.e.
E-go-y) 2 2=l -

4.h. The operator Py yields an absolutely best approximation of z € H with
respect to the functional Vi(z,&) = ||z - ¢||%

- 2 2 12
Iz — &l < llz —&lly = lle =2l VEeQ.
4.1. Any Pg satisfies the inequality

(I-Po)x— (I~ Pa)y, Paz— Pay) 20, Vz,y € H .

5. Metric Projection Operator Py in Banach Space

Here we show that some of the properties of the metric projection operators
in Hilbert space are not satisfied in Banach space. At the same time, we describe
in detail the properties of uniform continuity of the metric projection operators
in Banach space.

We denote ¥ = Ppz. Let £ € © and Q2 C B. The following properties hold in
Banach space (the sign “—” from 5.a - 5.i denotes an absence of corresponding
property):

5.a. The operator Py is fixed at each point £, i.e. Poé = €.
5.b. —

S5.c. (J(z—-%),z—-€)2>0, VE € Q (see [27]).

5.d. —

S5.e. (J(z—%),z—-¢€)2>0, VE € Q (see [5]).

In what follows we show that a stronger statement is true [5].
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Theorem 5.1. Z € Q is a projection of the point x € B on 1 if and only if the
inequality
(J(z — %),z — &) > ||z - z||*, VEec Q (5.1)

is satisfied.
In fact, from (5.1) it follows immediately that
lle -zl < llz~ 2l (J(@ - 2), 2~ &) < lle = &ll,  VEEQ
i.e. T = Pqz. Inversely, if Z = Pqz, then by virtue of 5.c we have
0<(J(z-2),2-&)=(J(z-2),—z)+(J(z-&),z-& = (52)
= —|lz - &> + (J(z — 2),2 - &)
which yields (5.1).
5.f. Now we describe the property of uniform continuity of operator Pox
in Banach space B. Recall that in Banach space the metric projec-

tion operator is not nonexpansive in general case. But it is uniformly
continuous on each bounded set according to the following theorem.

Theorem 5.4. Let B be an uniformly convex and uniformly smooth Banach
space. If 6g(€) is a modulus of convexity of the space B, gg(¢) = 6p(e¢)/e and
g5'(+) is an inverse function, then
iz - 3ll < Cgg' (2LC?g5-(2C Lllz — yl1)) , (5.3)
where 1 < L < 3.18 is Figiel’s constant (see [6]) and
C =2max{1,|lz - 3|, lly - z|I} .

Remark 5.3. If ||z~ §|| < R and |ly — Z|| < R, then (C = 2max{1, R}) is
an absolute constant and (5.3) provides a quantitative description of the uniform
continuity of operator P, in Banach space on each bounded set.

The estimate (5.3) which was established in [8] is global in nature. Earlier,
in [12] Bjernestal obtained local estimate

llz - g1l < 265 (6p5(2]1z - 4ll)) , (54)
where pp(7) is a modulus of smoothness of the space B [19] .

The estimate of (5.4) is better than our estimate (5.3). This is why in [4] we
continued the investigation of uniform continuity of metric projection operator
in Banach space. It turns out that the following global variant of (5.4) can be
obtained.

Theorem 5.4. Let B be an uniformly convex and uniformly smooth Banach
space. If 6p(¢) is a modulus of convexity of the space B and pp(7) is a modulus
of its smoothness, then

llz - 31l < Cé5' (pB(8CLIlz - yll)) , (5.5)

where constant L and function C are defined in Theorem 5.2.



Remark 5.5. To accuracy constants the estimates (5.3) and (5.5) give respec-
tively
Iz - g1l < 95" (95-(llz - yI)) ,

Iz - 3l < 65" (pa(ll= — i) -
5.g. —

5.h. —
5.1. Any Pg satisfies the inequality (see [27])

(J(z — Paz) — J(y — Pay), Paz — Pay) 20, Vz,yeB.
Using the properties of metric projection operator Po we obtained Banach

space analogue of Theorem 2.2.

Theorem 5.6. Let A be an arbitrary operator from Banach space B to B*, a
an arbitrary fixed positive number, f € B*. Then the point x € Q C B is a
solution of variational inequality

(Az - f,€ —z) >0, V€ e Q
if and only if z is a solution of the operator equation in B
z = Po(z — aJ*(Az — f))

where J* : B* — B is normalized duality mapping in B*.

Iterative process corresponding to (5.6) is the following
Tnp1 = Po(zn — and*(Az, - f)), n=20,1,2.. (5.7)

However, there are not any approaches to the investigation of (5.7).

In section 7 and section 8 we will construct the generalized projection operato
Banach spaces with the additional properties 5.b, 5.d, 5.g and 5.h., and iterative
methods for which one can establish convergence, stability, and nonasymptotic
estimates of convergence rate.

6. Parallelogram Inequalities and
Strongly Unique Best Approximations

In this section we discuss the existence of strongly unique best approximation
in the spaces IP, L? and WP, where co > p > 1.

In [10] (see also [6]) we established the following upper parallelogram in-
equality

2zl +20l9l* ~ llz + lI* < 4llz - ylI* + Cu(llell, Wvlps(llz ~ ylD),
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Ca(ll=l], llyll) = 2 max{L, (l|z|| + [lyl)/2}

for the arbitrary points z and y from uniformly smooth Banach space B. We
also obtained lower parallelogram inequality

2l=|? + 20l9ll® - llz + 9l > L7 é5(1l= ~ gll/Ca(ll=)l, llwlD),  (6.1)

Ca(llzll; llyll) = 2 max{1, v/(|]=]]* + [lyl|*)/2}

for the arbitrary points £ and y from uniformly convex Banach space B. Anal-
ogous parallelogram inequalities for the ||z||? of other orders ¢ were obtained in
[30].

If ||z|| < R and ||y|| < R then

Cill=l llyll) = €1 = 2max{L, R}

and

Ca(llzll, llyl) = C2 = 2max{1, R} .

In this case (6.1) expresses the uniform convexity of the functional ||z||? on each
bounded set in B with modulus of convexity 6(||z —y||) = (2L)"'6p(||z - y||/C>),
and

llz + 91 < 2l + 20lll* — L7 8s(1lz - 4ll/C2) - (6.2)
In [35] the following lemma was proved.

Lemma 6.1. If a convex functional ¢(z) defined on convex closed set {1 satisfies
the inequality

#z2+59) < 58(2) + 56() = s(llz ~ oI,

where k(t) > 0,k(tp) > 0 for some to > 0, then ¢(z) is uniformly convex func-
tional with modulus of convexity §(t) = 2x(t) and

$(y) > ¢(z) + (I(z),y — =) + 2x(||z — 9l]) -

for all I(z) € 0¢(z). Here 0¢(z) is the set of all support functionals (the set of
all subgradients) of ¢(z) at the point z € Q.

From this lemma and (6.2) it follows that
llzll* < lyll? +2(Jz, 2 — y) - (2L)"'ép(|le - yl|/C2) . (6.3)

Let Q C B, £ € 2, T = Poz. We replace in (6.3) z by (z — Z) and y by (z - &)
and obtain

llz - 2|1? < |le — €lI* — 2(J(= - 2),2 - £) — (2L) " 8p(I1Z — €I/ C2) .
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The property 5.c then yields the following general formula
llz = 5|I* < llo - €I* = Ap(llz - €1I/C2),  A=(20)7".  (6.4)

It is obvious that if §g(¢€) can be estimated by ¢ (this occures in Hilbert spaces
and in the spaces of type L? for 1 < p < 2 [7]), then projection Z is a strongly
unique best approximation with ¢(t) = t2, at least, on each bounded set (See
Def. 3.1). However, constant A in inequality (6.4) is not exact in these cases.

In [37] it was shown that in spaces W2 (consequently, in L? and IP), 1 <
p < 2, the following inequality holds

llz + yI” < 2llel® + 2llgll* = (p - Dllz - 9l|* . (6.5)
Then Lemma 6.1, the property 5.c and (6.5) give the estimate

llz - 2> < flz — €1 - (p - DlIZ - €II°/2.

Using the inequality (2.3) from [26], we immediately obtain from Lemma 6.1
that in spaces LP, 1 < p < 2, the estimate

llz - 21> < lle — €I1* - (p - Dllz - &II° . (6.6)

is valid. This coincides with the result of [26] (Theorem 4.1).

Furthermore, the strongly unique best approximation of the projection z in
spaces B of the type I?, L? and W where oo > p > 2, can be established from
Lemma 6.1 and Clarkson’s inequality

llz + ylIP < 2272 + 277l ~ ll= ~ wll” -
It means that functional ||z||? is uniformly convex. Therefore, we can write
Nyl > llellP + p < T2,y = & > 4277+ ||z — y||? (6.7)

where J* is a duality mapping with the gauge function u(t) = tP~! (see section
7). Now we substitute in (6.7) (z — Z) and (z — £) for z and y, respectively. By
virtue of

(J(z—-Z),z-£ >0
and
llz - Z||” < |le — &|IP — p(J*(z - 7),5 - £) - 277+ ||z - ]},

we have ,
llz - z||P < |l= - €|P — 277*)|z - £||P . (6.8)

This expression improves the estimate of a strongly unique best approximation.
(Compare with the corresponding inequality in [32,25]). It was obtained without
any additional conditions on the modulus of convexity of the spaces and on the
sets (). Besides, the important generalization of (6.8) is valid.
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Theorem 8.2. Let B be a space either I? or L? or W2, where co > p > 2. Let
2 be a closed convex set in B. Then for every point * € B there exists a unique
point Z = Pqz such that

llz - 2l)° < llz - €I° - 27** ||z - €]I°, VEeQ, s2p>2
The proof follows from the inequality (see [35])

llz +9ll” < 27 Mzl + 277 gll* ~ e~ yll*, s2p22.

7. Generalized Projection Operator Il in Banach Space

Here we introduce generalized projection operator Ilg and describe its prop-
erties in Banach spaces. Then we formulate theorem about convergence of the
method of succesive projections given in section 3. This method yields an ap-
proximation of the common point of convex closed sets. (See second problem in
section 3).

The formula (2.1) in the Definition 2.1 of the metric projection operators is
equivalent to the minimization problem

Poz=7%; %:|lz—3|[* = inf |l - €% . 7.1
ee =% Z:|le—Z|[" = inf flz - £ (7.1)

Note that Vi(z,¢) = ||z — £|? can be considered not only as square of distance
between points z and £ but also as Lyapunov functional with respect to £ with
fixed z. Therefore, we can rewrite (7.1) in the form

FPoz =2; Z:Vi(z,3)= éxexaVl(z,.f) .

In Hilbert space
Va(z,€) = llllly — 2(=,€) + |I€]1F -

In the papers [10,7] we introduced Lyapunov functional

Va(Jz,€) = [|Jzli5- - 2(J2,6) + |I€I - (7.2)
It is a nonstandard functional because it is defined on both the elements & from
the primary space B and on the elements (Jz) from the dual space B* (see also

(8.1)).

Lemma 7.1. The functional V3(Jz,£) has the following properties:

1. V, is continuous.

2. V, is convex with respect to ¢ = Jz when £ is fixed end with respect to &
when z is fixed. \

3. V, is differentiable with respect to ¢ and £ .

12



grad,Va(Jz,€) = 2(z - §).
grad;Vy(Jz,€) = 2(J€ - Jz).
Va(Jz, €) > 0, Vz,€ € B.
Vao(Jz,€) =0, only ifz = €.
Va(Jz, &) — oo, if ||z|| — oo (or ||€]] — 00) and vice versa.
(=]l = [1EI? < Va(J=,€) < (ll=l] + lIEN)>.
. L7g(||z — €|}/C) £ Vo(Jx,8) < L7 pp(8LC||z — €||), where the constant
L is from Theorem 5.2 and

C = 2max{1, v/(||=||2 + [I€l|*)/2} -
11. Vy(Jz,€) — 0 if ||z — €|| — 0, and ||z||, ||£]| are bounded, and vice versa .

Pt
HO®mNS oA

There is a connection between the functional Vo(Jz,£) and the Young-
Fenchel transformation, because

172|5- = sup{2 (Jz, ) - [I€]|*} .
£eB

Notice also that (7.2) is equivalent to
Va(Jz,8) = |l=|® - 2{J=, &) + 1411

However, previous form (7.2) is necessarily used to obtain properties 4 and 10.

Definition 7.2. Operator Ilg : B — Q C B is called the generalized projection
operator if it puts the arbitrary fixed point € B into the correspondence with
the point of minimum for the functional Vo(Jz,£) according to the minimization

problem
Moz = & &:Va(Ja,4) = inf Va(Jz,6) .

Remark 7.3. In Hilbert space V3(Jz,£) = Vi(2,€) and £ = Z.

Next we describe the properties of the operator Ilg:
T.a. The operator Ilg is fixed in each point £ € Q , i.e. Ig€ = €.
T.b. Ilg is d-accretivein B ,i.e.forall z,y€ B

(Jx“Jﬂ,i~ﬁ)20-

T.e. (Jz—J&,&8-€) >0, Vé € Q.

7d. (Jz-JEE-£)20, VieQ.

T.e. (Jx—-J&,z-¢&) >0, V€ € Q.

7.1 || - §]| € Cgg'(2LC%g51(2LC}|z ~ yl])), where constant [ is from
Theorem 5.2 and

C = 2max{1, [lz||, [lgl}, [1(]. 131} -

13



Remark 7.4. If |||} < R,}|2]| £ R,|lyl] € R and ||g}| < R, then C =
2max{1, R} is absolute constant and 7.f expresses the uniform continuity of op-

erator lg in Banach space on each bounded set.
T.8. (Jz - Jy, &~ §) 2 (2L)"85(]| — §11/C), where

C = 2max{1, |2l lil[}.

7.h. The operator IIg gives absolutely best approximation of z € B with
respect to functional V,(Jz,§)

V2(J2,8) < Va(Jz,8) — Va(J=, 2).

Consequently, Ilg is conditionally nonezpansive operator in Banach
space, i.e.
Va(J£,€) < Va(Jz,§) .

7.i. Any Ilg satisfies the inequality

((J = JOg)z — (J — Jlg)y, Mgz — Mgy} > 0, Vz,y € B.

Remark 7.5. If B = H, then the formulas 7.a - 7.e and 7.h - 7.i coincide
with ones 4.2 - 4.e and 4.h - 4., but 7.f and 7.g differ from 4.f and 4.g by only
constants (on any bounded set).

Using properties of the generalized projection operator Ilg we cbtained the
theorem.

Theorem 7.8. The following statements hold for the method of successive gen-
eralized projections (3.9) and (3.10):

1) Vo(Jzns1,€) < Va(Jzn,€), VEEQ =N, Q.

2) There exists a subsequence {z,, } of the sequence {z,} such that z,, — z.

weakly, where z, € §1,.

3) If J is sequential weakly continuous operator then z, — z, weakly.
If {z,} is an ordered sequence of the elements zl, i = 0,1,..., j =m,m—-1,...,1,
such that 2™ = 2} _;; :r:-f = szgﬂ, j=m-1,m~-2,..,2,1; z' | = zq, then,
in addition to 1) - 3),

4) l|zn = a4}l = 0, forn — oo.

5) Yoneo V2(JZn, Tai1) < 00

In what follows we discuss statement 3 from the theorem. We recall that F
is called a sequentially weakly continuous mapping if from the relation z, — z
(weakly) it follows that Fz, — Fz (also weakly).

Theorem 7.6 is valid for dual mapping J* with the gauge function u(t) =
tP~1, defined by the relations

W 2llg- = lllP~,  (J#z,2) =|lall’,  J*z = grad]|e|l®/p .

14



(Notice that normalized dual mapping corresponds to p = 2). We set
Va(J#2,6) = ¢ |4 a||he — (JH2, ) +p7 MK, T HgTh =1
The function ¢7!||J#z||%. is conjugate to the function p~{|z||?, i.e.

g ¥ z||%. = sup{(J*z, &) — p~ ||€|IP} .
¢eB

Therefore V3(J#z,£) > 0, Vz,£ € B . I we now define
¢ Va(J e, 3) = inf Va(J*z,¢)

then it can be shown that
(Jhz — T3, 5 —£) >0, VYEe
and R )
Va(J#z,z) < Va(J*z,€) — V3((J*¥&,€) .

The last inequalities are used mainly in the proof of Theorem 7.6 which will
be given in forthcoming paper. The property of the uniform continuity of the
operator J#z can be obtained using the results from [30,38].

Corollary 7.7. In Banach space IP,p > 1 the sequence z, weakly converges to
T, €8, = n:’;l Q.

This holds because in {P,00 > p > 1, dual mapping J* with the gauge
function p(t) = tP is sequential weakly continuous [14].

Remark 7.8. V3(J#z,£) and Vo(Jz,§) coinside for p = 2 (up to constant 2).

It can be shown in a way similar to the case of metric projection operator
Pg in Banach space [8] that generalized projection operator g is stable with
respect to peturbation of the set €.

Let ; and §2; be convex closed sets, z € B and H(Q,,8;) < 0, where

H(Q,Q) = max{ sup inf ||z1 — 2|, sup inf ||z — 2||}
21 €0 22€8: 21 €Qa z2€(

ic 2 Hausdorff distance between 1y and Q. Let also Ilg, z = 2, g,z = 3.

Theorem 7.9. If B is uniformly convex Banach space, ég(¢) is modulus of the
convexity of B and §3'(") is an inverse function, then

|£1 = &2|] € C165 (4LCy0) ,
Cy = 2max{1,||Jz - Ji,||p-,||Jz — Jé3)|B-} ,
Cy = 2max{||Jz — J&1||g=, ||Jz — JE2]|B~} -

If ||z]] < R, ||£1]| £ R and ||Z;]| < R, then Cy and C; are absolute constants,
because operator J is bounded in any Banach space.
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8. Generalized Projection Operator 7q in Banach Space

Here we introduce generalized projection operator 7o in Banach space and
describe its properties. Then we use this operator to establish equivalence be-
tween solution of the variational inequality in Banach space and solution of the
corresponding operator equation. In other words, we solve first problem described
in section 2. Finally, we obtain a link between operators 7 and Ilg by means of
the normalized duality mappings J and J*.

We assume that ¢ is an arbitrary element of the space B*.

Definition 8.1. The generalized projection ¢ of the element ¢ on the set @ C B
is given by means of a minimization problem

Tap =@ ¢:Vale, @) = inf V(o) £)

where
Va(#,6) = llellB- — 2(p, &) + [1€]1* .

Remark 8.2. In Hilbert space Vi(p,&) = Va((JP%,€) = Va(Jz,€) = Vi(z, &)
andp=f=2=2z.

In what follows we list properties of the generalized projection operator mg
in Banach Space.

8.a. The operator 7, is J-fixed in each point £ € §1, i.e. mqJE = €.

8.b. 7 is monotone in B*, i.e. for all ¢4,y € B*

(o1 — P2, 1 —P2) 20,

B.c. (p—Jp,p—€) 20, VEeQ

8.d. (p—JE,p-6) >0, Ve

8.e. (Jz — J&,z — &) > 0, where & = mqJz, V€ € Q).

8.5 ||¢1 — @2|l < Cgz'(2LC||¢1 — ¢2]|B-), where the constant L is from
Theorem 5.2 and

C = 2max{1,]|@1l, ll@:l1} -

Remark 8.3. If ||¢1]| < R, ||¢2]| < R then C = 2max{l, R} is an absolute
constant and 8.f expresses uniform continuity of the operator 7o in Banach space
on each bounded set.

8.g. (1~ 2,61 — @2) > (2L)165(||¢1 — @2]|/C), where C is the constant
from 8.f.

8.h. The operator mg gives absolutely best approximation of z € B with
respect to functional Vy(p, )

‘/4(‘]957 §) < V4(‘Pa§) - ‘/4((107 93)
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Consequently, mq is conditionally nonezpansive operator in Banach
space, i.e.
Va(J§,6) < Vi(e, ) .

8.i. Any 7 satisfies the inequality
((Ip+ — Jma)pr — (I — Jma)p2, Tap1 — Taps) 2 0, Vor,¢2 € BT,

where Ig- : B* — B* is identical operator in B*.
Similarly to operator Ilg, the generalized projection operator g in Banach
Srace is stable with respect to perturbation of the set €.
Using the properties of generalized projection operator 7 we obtained Ba-
nach space analogue of Theorem 2.2.

Theorem 8.4. Let A be an arbitrary operator from Banach space B to B*, a
an arbitrary fixed positive number, f € B*. Then the point z €  C B is a
solution of variational inequality

(Az - f,6—z) >0, Ve e
if and only if x is a solution of the operator equation in B
z =mq(Jz — a(Az - f)) . (8.2)
It is not hard to verify that
g = rqd , mq = MgJ*

where J : B — B* is a normalized duality mapping in B and J*: B* — B is
normalized duality mapping in B*. Therefore we can rewrite (8.2) in the form of

g =MgJ*(Jz - o(Az — f)) .

Denote also that J* = J~1.

For the iterative process (2.7) we proved the assertions analogous to the
Theorems 3 and 4 from the paper [7] (see also Remark 7 in [7]).

It is interesting to note that mq = J* in the case = B (the problem of
solving the equation Az = f). Then (8.2) is rewritten as

z=J"(Jz - oAz - f))

or in the form of
Jo = Jz - a(Az — f)

because JJ* = I. Here I is identical operator. Iterative method for (8.3)
Jopp1 = J2q —an(Az,— ), n=0,1,2,..,20€ B, z,=J"Jz,
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has been studied earlier in [7,10].
Along with (2.7) we considered the following iterative processes:

Tp1 = Ta(Jz, — an(dz, — )/||Az. ~ fl]) , n=20,1,2..
for the variational inequality (2.5) with nonsmooth unbounded operator A, and
Tn1 = To(Jzn — an(Ou(z,)/]|0u(z.)]]) , n=20,1,2..
and
Eny1 = Ta(JZn — an(u(z,) — v*)0u(z,)/]|0u(z0)|]?) , n=40,1,2..

for the minimization of functional u(z). Here v* = mingeq u(z).

9. Variational Inequalities and
Wiener-Hopf Equations in Banach Spaces

In section 5 and section 8 we formulated new equivalence theorems between
varia inequalities in Banach spaces and corresponding operator equations (5.6)
and (8.2) with metric projection operator Py and generalized projection operator
7, Tespectively. It is natural to call the equations of this type direct projection
equations. Now we establish the connection of variational inequalities with other
operator equations, so called Wiener-Hopf equations.

Let Py be a metric projection operator in Hilbert space H, I an identical
operator, A and f operator and “right hand part” of variational inequality (2.2),
Qq = I — Pq. Then the equation APqz + Qqz = f is said to be a generalized
Wiener-Hopf equations in Hilbert space.

The following theorem is valid in Banach spaces (cf. with Hilbert case in

[34])

Theorem 9.1. The variational inequality (2.5) has a (unique) solution € B if
and only if the Wiener-Hopf equation

J*(APqz — f)+a™1Qqz =0 (9.1)
with an arbitrary fixed positive parameter o has a (unique) solution z € B for
each f € B*. Moreover, z = z — aJ*(Az — f) and z = Py2.

The simplest iterative method to approximate a solution of the equation
(9.1) is the following
zn = Paz,

and
Zngl = Tp — and*(Az, — f) .

However, its convergence can not be established because of the reasons mentioned
above. As before, we will obtain the convergent iterative process using generalized
projection operators mg. But at the beginning we need an equivalence theorem
with this projection operator.
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Theorem 9.2. The variational inequality (2.5) has a (unique) solution z € B if
and only if the Wiener-Hopf equation

Arqz+a 'Qqz = f, Qq = Ip- — Jmq , (9.2)

with an arbitrary fixed positive parameter o has a (unique) solution z € B* for
each f € B*. Moreover, z = Jt—o(Az— f) and ¢ = 7qz. In (9.2) Ip- : B* — B*
is identical operator in B*.

It turns out that the iterative process
ITp = TQ2n

and
Zn4l = Jz, — an(Azn - f)

converges strongly to the solution z € B* of the Wiener-Hopf equation (9.2). On
the other hand, the iterative process

Tnyl = TQ2n4d

and
Znt1 = J2n — an(Az, — f)

for an approximation of the solution z of the variational inequality (2.5) coincides
with (2.7) and converges strongly too.

Remark 9.3. It follows from Theorems 9.1 and 9.2 that
Po(z — aJ*(Az - f)) = HoJ*(Jz — a(Az — f))

where z is unique solution of the variational inequality (2.5).

Similar results can be formulated also for the quasivariational inequalities
and for the complementarity problems. (See, for example, [24,29].)

In conclusion , we notice that generalized projection operators in Banach
spaces constructed above and metric projection operators in Hilbert space are
defined in similar way in the form of minimization problems, and these problems
are of the same level of difficulty. This means that generalized projection oper-
ators in Banach spaces can be viewed as a natural generalization of the metric
projection operators in Hilbert spaces .

Results of this paper were presented at the 1993 SIAM annual meeting in
Philadelphia, July 12-16.
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ON LINEAR NEUTRAL TYPE EQUATIONS WITH
GENERALIZED RIGHT-HAND SIDE

E. Braverman

Department of Mathematics
Technion — Israel Institute of Technology
Haifa 32000, Israel

Abstract

The existence results are obtained for a functional differential equation of
the type

B()i[g(t)] + A(t)z[h(2)] + / K(t,s)dz(s) = f(t) + e:6(t — 1;)

where differentiation and equality are understood in the distributional sense.

1. Introduction

Differential equations with the generalized right-hand side attract attention
of investigators since the end of the fifties [1]. Such equations appear when de-
scribing a process that undergoes short-time perturbations that can be described
by delta functions. Theory of generalized ordinary differential equations was
started by Kurzweil [1] and developed later by S. Schwabik [2], Z. Artstein [3]
and many others. The complete review of the results on the subject is given in
[2]. In the linear case these equations are of the type

20 _ plawe + 10 )

Here differentiation and equality are understood in the generalized sense [2],
the elements of A and f are functions of bounded variation. The solution z is
usually sought in the space BV of functions z : [a,b] — R™ with the bounded
on [a, b] variation, || z ||y =|| z(a) || +varlz. Here || - || is the norm of a vector

T = 601(61, {27 '"7€n) : ”z” = llg?éxn I 61' l7

|| - || will also denote the corresponding matrix norm.
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Compared with the ordinary differential equation

2 1 A = 1) D)

equation (1) is the more genera,l object, but it is still "local”. It means that the
rate of change of the state 5% dt L depends only on the state z at the same moment ¢.
Generally speaking it is not true. Differential equations including state z(t) and
the derivative 5‘%—31 at different moments (i.e. functional differential equations)
describe the process more precisely in many cases. A number of works deal with
such equations; among them is the well-known monograph of J. Hail [4]. Recent
results are systematically stated in [5]. In particular, in this monograph the
theory of the following neutral type equation is constructed:

(t) + B(t)z[g(t)] + A()<[h(2)] + / K(t,s)dz(s) = r(t) , (3)

t € [a,b],2(£) = ¢(£), #(£) = ¥(£), il £ & [a,b].

A neutral type equation is a differential equation in which the highest order
derivative of the unknown function is included at the present state ¢t and at one
or more past or future states.

Suppose that the following assumption is valid:

if ecX, m(e)=0, then m(g '(e)) =0 (4)

Here m is the Lebesgue measure, ) is the §—algebra of measurable subsets of
the segment [a,b]. By BS, the weighted composition operator is denoted

(B%wm:{ﬁﬁMﬂm,gﬁgétﬁ: (5)

t
(Ehﬂ@)z‘/ K(t,5)e(s)ds . (6)
Then equation (3) can be rewritten in the form

Lz=d+BSgi+ASwe+Ki=f, (7)

where functions ¢, ¢ are contained in the right-hand side f.
Suppose that B is a measurable matrix-valued function, and the function g
has finite or countable number of monotonicity intervals

Hj, j=T,v, v < oo, UHJ,HHH..Q)forz#j,

j=1
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and such functions u; : [a,b] — R!, j = T,v, v < oo, satisfying (4) exist
that u;(g(t)) = t, t € H; N g~([a,b]). Then the function g satisfies Drakhlin
w(uq, ..., u,)-condition [6] and the weighted composition operator (3) has the
following representation in L [6]

b v
(BS2)0) = 5 [ 5 A0 () pay(s))a(s)as (8)
e =1

Here —d“;n’-’- is the Radon derivative of the measure uy(e) = m(g~ ()N H), e € T,
with respect to the Lebesgue measure.

Let us introduce spaces of functions = : [a,b] — R" : L is the space of

summable functions: || z ||, = [ : || 2(s) || ds, D is the space of absolutely contin-
uous functions, || z ||, =|| z(a) || +|| # ||,. Denote

®(B,g)(t) = Z | B(u;(2)) n (t)

Theorem [7]. Weighted composition operator BS, continuously acts in L if and
only if
‘ A= vrajsupte(a,b]Q(B’ g)(t) <00, (9)
with || BSg ll—1. < A

Here ||T||x—y is the norm of a linear bounded operator T acting from a
space X to a space Y.

In the monograph [5] the Cauchy problem and boundary value problems for
the equation (7) are researched.

Theorem. Suppose that the Cauchy problem Lz = f, z(a) = o has one and
only one solution z € D for any f € L, a € R™. Then the solution has the
following representation:

b
2(2) = / C(t,)f(s)ds + X(1)-,

where X is the fundamental matrix of solutions of the corresponding homogeneous
equation, C is the Cauchy matrix.

Theorem. Let the inequality (9) be satisfied and let such constant o > 0 exist
that g(t) < t—o, t € [a,b], h(t) < t, t € [a,d], the elements of the matrix
A be summable on [a,b]. Suppose there exists such summable function r that
1K (2, 8)|| < 7(), t € [a,b]. Then the Cauchy problem (7), z(a) = a has one and
only one solution z € D for any f € L, a € R".

Since the eighties generalized functional differential systems have attracted
the attention of investigators. Thus A. Anokhin [8] has shown that the linear

impulse system
4+ BSgi+ ASpz+ K& = f (10)
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Az(r))=z(ri+0)—a(ri —0) = Lz + 6, i=1,..,n,

7; are fixed points of the segment [a, b], with the initial condition z(a) = «, has
one and only one solution for any f € L, 3; € R", a; € R" . Here the solution
z belongs to the space of piecewise absolutely continuous functions with n; fixed
discontinuity points, /; are linear bounded functionals acting from this space to
R"™. Linear impulse systems of the type (10) for ordinary differential equations
are investigated in many works (see [9] and bibliography). In contrast to (1) in
the impulse system (10) discontinuity points are fixed and Az(r;) are given in
the explicit form, but the discontinuous character of the solution remains. Inves-
wigations of various spaces of discontinuous functions were also stimulated by the
research of linear impulse systems (10) for functional differential equations. Thus
the base for investigation of functional differential equations with the generalized
right-hand side was prepared.

2. Statement of the Problem

Let us consider equation (7) with a generalized right-hand side F and, gen-
erally speaking, discontinuous solution z. So the derivative # has to be replaced
by the generalized differentiation operator D. But the equation

Dz+ BSg,z+ ASpz+ KDz = F (11)

is not more than a notation since the operators BS, and K are not defined on
distributions. Usually (see, for example, [2]) the right-hand side is considered
F = D1, where ¢ is a function of bounded variation, and the solution also
belongs to space BV. It is known that space BV can be represented as the direct
sum of three spaces:

BV =DagSP® SG,

where D is the space of absolutely continuous functions,

SP={yeBV|y=) tixr,

i=1

&-ER",T;E[a,b),iém,ﬂ#’l‘j, 1fz¢]}, (12)
lyllse = > _lI&dll
i=1

x» denotes the characteristic function of (7,b], SG is the space of singular (contin-
uous, but not absolutely continuous) functions of bounded variation. For certain
systems it is natural to do without this singular component. Thus the solution
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remains discontinuous, but some problems are solved more easily. Define the
space DR of countable sums of delta- functions:

DR={6=) &b | |l&|l <oo,7 € a,b),
i=1 i=1

[e ]
GeRYi=Too,n#m,ifi#5}, 6lor = D lI&l,
i=1

where ad,(f) = f(7)a, fis a vector valued continuous function (row vector),
T € [a,b), @ € R™, Lé is the direct sum of DR and L:

Lé={e|(3f € L,36 € DR): o= f+6}, |lelles = [Iflli + |lélipr »
DS - of spaces D and SP:
DS={2€BV|(Iz €D, Iye SP):z=z+y}, |lzllps = llzllo + llyllsp .
D is the generalized differentiation operator:
Dz =2, z€ D, D(ax,) = ab,.

Ifin (11) F € L§, z € DS, the operator K acts on an element from DR as
follows K(aé,) = K(t,T)a, then in (11) only the weighted composition operator
BS, is not defined for elements aé, € DR. In [10] this problem is investigated in
detail. For instance, it is shown there that if we define

. d[l J n
BSy(ab:) = Y —4(7)B(uj(7))abu(n, @€R™, (13)
s

then this operator has the same differential integral representation (8). The
condition
g= sup ®(B,g)(t) <o (14)
t€[a,b)
is necessary and sufficient for the continuous action of the operator BS, in DR
[10], |BSsllpR~DR < ¢-
It is to be emphasized that if BS, is not the zero operator then discontinuity

points of the solution of (11) may differ from points 7; included in the right-hand
side F = f+ Y a;6;,, f is summable.
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Example 1. Let g(t)=1t, t € [0,1], t is irrational, g(t) =t 42, t €[0,1], tis
rational. Then the equation

Dz~ 8,Dz+ 2(0) = 8o 5

has infinite set of solutions of the type z = §p.5 + > a;6,,, where 7; are irrational.
The following example shows that the solution may be discontinuous at only
one point for a right- hand side including different delta functions.

Example 2. Let [a,b] = [0,1], g(t) = 2t —1,t € (0.5,1], g(t) = 4t - 1,1 €
(0.25,0.5], ... g(t) = 2*t — 1, € (3F, 55=7],---» 9(0) = 0.. Then the equation
=1
Dz - S4Dz+ 2(0) = 6,12_ Z——k—

has the solution z(t) = xo0.5(1).

The behavior of differential equations with impulse effect may differ greatly
from usual [8]. For example, the Cauchy problem Dz = 2(2)6; + f, 2(0) =
a, [a,b] = [0, 3] is solvable only for such f that f02 f(t)dt = —

Below the conditions will be established under which the solvability of a
functional differential equation implies the solvability of the same equation with
a right-hand side from Lé.

3. Results

I denotes the identity operator, V is the generalized integration operator
t
V2)(t) = / z(t)dt, z€ DS, Vé, = x».

Theorem 1. Let the bounded operator I + BS, be continuously invertible in
Lé, let the operator PS) continuously act from SP to L and the operator K
continuously act from DR to L. Suppose that the Cauchy problem (7), z(a) = &
is uniquely solvable in D for any f € L, a € R™. Then the Cauchy problem (11),
2(a) = a has one and only one solution z € DS for any F € L8, a € R™ that
can be represented as follows

b b
A1) = / Cts)f(s)ds + [ Cilt,o)plo)ds + X(a, (15

where f+p=F, fe L, ¢ € DR, C,X are the same as in the representation of
the solutions of (7), C; is a matrix valued function with the following properties:

1. for any s € [e, b] the columns of Cy(-, s) belong to DS}
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2. for any t € [a, b] the elements of Cy(t,-) are bounded;
3. sup,gjq,y var:Ci(t, s) < oo.

Proof: Denote y = V(I + BS,) 1. Then the problem (11), 2(a) = a is equiv-
alent to the following problem

Dz + BS;Dzx + ASpx + KDz = f — PSpy — KDy,z(a) = a.

As the operators AS), and K act from DR to L then f — AS,y — KDy € L.
Thus this problem has one and only one solution ¢ € D. By direct substitution
one obtains that z = z + y is the solution of the Cauchy problem (11), z = a.
Further, the solution 2 = z; + 22 + y, where

y=V(I+B5) ", (i)
z2 € D is the solution of the equation
Dzy+BSyDzy+AShzs+ KDzy = —AShV(I+BSg)‘1(p—K(I+BSg)'1<p , (1),
z1 € D is the solution of the problem
Dz, + BSyDz1 + ASpz1 + KDzy = f,z1(a) = «,
therefore ,
z1(1) = /a C(t,s)f(s)ds + X (t)a,

where C is the Cauchy matrix of equation (7), X is the fundamental matrix.
The hypotheses of the theorem imply that equalities (i), (ii) define a linear
bounded operator T acting continuously from DR to DS:

zo+y=Teop.

In [11] it is proved that a linear bounded operator acting from DR to DS has
the following representation

b
T(P:/ Cl(t’s)so(s)dsa

where Cy is a matrix-valued function satisfying conditions 1-3 of the theorem.
Thus the solution 2z has the representation (14). The proof of the theorem is
completed.

Thus it is necessary to establish invertibility conditions for I + BS, in DR.
One can easily see that ¢ < 1, where ¢ is defined by (14), ensures that (I+BS,)™!
exists.
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Theorem 2. If there exists such § > 0 that g(t) <t — § for any t € [a,b) then
BS, is a nilpotent operator in DR.

Proof: If g(t) < t — 6§ then BS,(aé;) is the zero vector for any 7 € (b —
6,b),(BSy)%(ab;) = 0 for any 7 € (b — 26,b), etc. Hence BS, is a nilpotent
operator.

Now the existence theorem for functional differential equations with a gen-
eralized right-hand side will be proved.

Theorem 3. Suppose g is a piecewise monotone function, (13) is satisfied and
there exist such constant ¢ > 0 and such summable function r(t) that

g(t) <t—o, h(t) <t, ||K(t,s)|| < r(t), s,t € [a,b],

A has summable elements. Then the Cauchy problem (11), z(a) = « has one and
only one solution z € DS for any F € Lé, a € R™.

Proof: Let y € SP. For each x = x, the measurability of x[h(-)] results from
the measurability of the set {s € [a,b]| h(s) < t}. Then S,y is measurable as
the limit of measurable functions. As A has summable elements then there exists
such constant M > 0 that

NABllL < M sup ||B(2)]]
t€[a,b]

for any bounded vector valued function 8. Since ||y(¢)|| < llyllsp, 1AShYllL <
M|lyllsp. Thus the operator AS, continuously acts from SP to L. For any
y € DR

b

1K yllz < lyllor - / r(s)ds,

a

therefore the operator K also continuously acts from DR to L. By applying the
theorems 1,2 and the existence theorem for the equation (7) presented in the
introduction we obtain solvability of the Cauchy problem (11), z(a) = a. The
proof of the theorem is completed.

One can easily see that there are no additional constraints in Theorem 3
compared with the corresponding existence theorem for the equation (7) with a
summable right- hand side, only it is to be noted that only piecewise monotone
functions ¢ are considered.

The following example shows that functional differential equations with im-
pulses may have solutions while the corresponding equation without impulses is
unsolvable.
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Example. The equation
Dz — (1) + 2(0) = 1 - 6

has the solution
x(t) =1~ X-li(t),

but the equation #(t)—z(1)+2(0) =1 has no absolutely continuous solutions.

Remarks. 1. Let the hypotheses of the theorem 3 be satisfied. Then (11) is
the equation with aftereffect and [12] the solution z has the representation of the
Volterra type

2(t) = /a G(t,s)f(s)ds + / Ci(t, 8)p(s)ds + X(t)z(a),

and Theorem 1 implies G = C, where C is the Cauchy function in the represen-
tation of the solution of (7). 2. Theorem 3 can be generalized to the case of the
sum of weighted composition operators, i.e. to the equation

n) no
Dz+Y BiSuDz+ Y AiShz+KDz=F.

i=1 i=1

In Theorem 3 the conditions g(t) < t—4§, h(t) <t, |JA(?)|| £ r(t) have to be
replaced by g¢;(t) <t — 6, hi(t) <t, ||A:i(t)|| £ ri(¢), where r; are summable.

These results can be applied to the investigation of functional differential
equations perturbed by discontinuous random processes.

Let Q(A,F, P) be a probability space and the equation (11) have the right-
hand side F' = f 4+ D¢, where f is a random process with trajectories in L, £ is
a random process with trajectories in SP,f(:,w) € L,&(:,w) € SP almost surely
(a.8). Such processes £ include, for example, Poisson random processes. It is to
be emphasized that jumps of process £ happen at random instants, therefore it is
necessary to consider £ as an element of a certain function space with discontinuity
points being not fixed. SP is exactly the space satisfying this condition.

The equation (11) perturbed by a random process of this type can be rewrit-
ten using (8) in the form

e .

P& d a,t|NH;
dz(t,w) + d/ 2%(3)B(n5(3))dz(s,w)+

+ (ASpz)(t,w)dt + [/tI((t,s)dz(s,w)]dt = fdt + d€. (16)
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By the solution of the equation (15) we will mean a measurable random
process z with trajectories from DS satisfying the following integral relation a.s.

b X du anH
2(tyw) — #(a,0) + [ A0 (6)Bu(s))dr(o,) +

a ;-

t t ¢ t
+ / (ASpz)(s,w)ds + / d(/ K(¢,s)dz(s,w) = / f(s,w)ds + &(t,w) .
a a a a (17)
Theorem 4. Let the hypotheses of Theorem 3 be satisfied. Then the Cauchy
problem (16), z(a) = o has one and only one solution in the space of processes

with trajectories from DS a.s. for any a € R™ and any processes f(-,w) €
L, ¢(,w)€ SP as.

Proof: For almost all w € Q(A,F, P) both f(-,w) € L and &(-,w) € SP. By
Theorem 3 the Cauchy problem (16), 2(¢) = a has the unique solution with a
trajectory from DS. Therefore 2(-,w) € DS a.s. To complete the proof of the
theorem it is enough to show that the process 2z is measurable.

By the proof of Theorem 1 z = 2 + y, where

k t
y(t,w) = V(I +BS,)"'DE = £(tw) + 3 (-1 / [(BS,) DE|(s,w)ds ,
i=1 e
since the weighted composition operator BS, is nilpotent. Here

/t (BSgDE)(s,w)ds

is the integral operator included in (16) (see (8)). One can easily see that y
is measurable as the sum of measurable processes. Similarly by the proof of
Theorem 1

2(t,w) = / C(t, 5)f(s,w)ds —

- / t C(t, s)[ASKV (I + BS,) " DE(-,w) — K(I + BS,) ' DE(-,w))(s)ds

is also measurable. Thus z(t,w) = z(t,w)+y(¢,w) is measurable, which completes
the proof of the theorem.
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Abstract

In this paper a problem of the asymptotic attainable set’s construction by
the perturbation of conditions is investigated. Conditions of asymptotic non-
sensitivity with respect to certain kinds of perturbations are obtained. A correct
extension in a special class of finitely additive measures is suggested.

1. Introduction

The perturbation of conditions is the typical phenomenon in many practical
problems. Therefore the investigation of various regularizations plays an impor-
tant role in extremal problems theory (see [1, ch. III] and bibliography [1,2]).
Not infrequently for regularization constructions the apparatus of extensions and
relaxations is exploited [1, ch. III, IV]. In particular, this approach is applied in
the present article. The immediate application of the construction considered is
the problem of domain of attainability investigation in the linear control systems
with integral restrictions [3]. See [4-7] in this connection.

2. General Definitions and Designations

We use quantors, propositional connectives, 2 (the equality by definition).
If X is a set, then denote by P(X) (by 2%) the family of all (of all nonempty)
subsets of X; Fin(X) stands for the family of all finite sets from 2%. If A and
B are sets, denote by B“ the set of all mappings from A to B; for ¢ € B4 and

C € P(A) let ¢*(C) 2 {g9(z) : = € C}. The expression

3 s1x #0)( ¥ SIX #0))

means: exist (for any) set X, X # 0. For a given set T the (DIR)[T] is the set
of all directions in T' [8,9]. If A and B are sets <€ (DIR)[4], f € B, then we
name the triple (4, <, f) as directedness in B; if moreover B is equipped with

topology 7 and B € B, then expression (4, <, f) = B means the convergence of
the directedness (A, <, f) to B in (B, 7)[8,9]. If (T, ) is a topological space and
H € P(T), then we denote by cl(H, 7) the closure of H in (T, 1), 7|y £ {HNnG:
G et} Let ¥ SIT # 0]

BIT|2 {He2”™ |VAe HVBeHICeH:CCANB}.
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If P,T are nonempty sets and 7 is a topology 7, then ®P(T) denotes the natural
topology of Tichonov’s product of copies of (7', 7) provided P is the set of indexes;

®P(T) is the topology of TF. Let R be the real line, A/ 2 {1;2;...};¥ym e N :
T, m2 {keN|k<m). Then we define ¥ S[T # 0] Ym € A:

2

If keN and (T, 1), T#0 is a topological space, then ®k[r]f—} ®i75(7.); (T*, ®k[rn
is the finite Cartesian extent of (T’ 7).

3. Finitely Additive Measures

We follow the stipulations of [10,11] in connection with finitely additive mea-
sures (FAM). Fix a nonempty set E and a semialgebra [11,12] £ of subsets E.
Let (add)4[L] be the cone of all real-valued non-negative FAM on £, and A(L)
be the linear subspace of R generated by (add),[£]. Let < be the pointwise
order in RS, If u € A(L), then denote by v, the supremum {u;—pu} in A(L)
with the order induced from (R%,<);v, € (add)4+[L]. Let B, be the family
of all sets H € P(A(L)) such that 3¢ € [0,00[Vy € H : vu(E) < ¢. Fix
n € (add)4+[L]. Denote by (add)*[L;7] the cone of all FAM p € (add).[L]
such that VL € £ : (n(L)) = 0 = (u(L) = 0). Let A,[L] be the linear subspace
of A(L), generated by (add)*[L; 7] (see [13,14]. Let Bo(E, L) be the set of all L-
step functionals on E [10,11]; denote by Bf (E, L) the positive cone of Bo(E, L).
Let B(E) be the space of all bounded functionals on E equipped with the sup-
norm || - || [15, ch. IV]. Let B(E, £) denote the closure of By(E, L) in (B(E), || |)
and B*(E, £) denote the positive cone of B(E, L). Then B(E, L) with the norm
induced from (B(E),| - ||) is the Banach space. The topological conjugate to
B(E, L) space and the space A(L) with the norm defined as variation are iso-
metrically isomorphic; the simplest integral [10, p. 75] (used below) defines the
natural bilinear form. Let 7. be the corresponding to duality (B(E,L),A(L))
*-weak topology A(L). Denote by 7g (by 75) the natural | - |-topology (the dis-
crete topology [8,9]) of set R. We denote 7g £ ®£(rw)h(£), 0 £ ®£(T3)iA(£),

A A A A
M = {1.;70; 78}, Tf = T*l(add)+[c], 7'0+ = Tol(add)+[q, Tg = T®l(add)+[q- Then

V H € B.: Tg|la = Tu|n. Besides, 7 =13 C 7.

4. The Property of Density

If f € B(E,L), then we denote by f % n the indefinite 7-integral of f [10,
p. 76], f *n € A(L). Denote by J the operator

f—fxn:B(E,L)—A(L).
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If g € RE| then denote by |g| the functional
o - lg(@)] : E — [0,00]
We have (Vf € Bo(E, L) : |f| € By (E,L))&(Vg € B(E,L): |g| € BY(E,L)).

The proof of the following statement is analogous to the arguments of [13,14].
Let V b € [0, o0of:

M2 {reBi(EL)| [ ran<b,
My 2 {fe BH(E.L)| [ fan<),
M) 2 {f € BHE,0)) [ fan=b},
M2 {f e BHE0| [ fan=b,
M2 {f e Bo(E£)| [ 17k < b},
M, 2 {fe B(E.0)| [ Iflan< ),

= 2 {u € (add)*[L; m) | w(E) < b},
E4(8) 2 {u € (add)*[L; ) | w(E) = b},
= £ {u € AL | vu(E) < b}

Then V H € P(B(E,L)) : JY(H) = {f+n: f € H}. It can be shown that the
following holds, V b € [0,00[,V 7 € M:

Ef = d(THM}),T) = (T M), 7), (4.1)
2y = L (TH (M), 7) = ¢l (TMy),7) , (4.2)
E4(8) = o (T (M4 (5)),7) = ol (T (M [o]), 7) (4.3)

Relations (4.1)-(4.3) define the density property in the class of integral bounded
subsets of B(E, L). Besides, V r € M:

(add)* L) = o (5 (BE (B, 0),7) =l (7 (BH(B,L))o7) . (44)

AL = d (jl(Bo(.E,ﬁ)),r> = d (j‘(B(E,E)),r) . (4.5)
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The relations (4.4), (4.5) have the sense of “weakened” approximate variants of
Radon-Nikodym property; (4.4) and (4.5) differ from the famous Bochner state-
ment [15, ch. IV]. The self Radon-Nikodym property is not valid in “universe”

FAM in its pure form; see [16]. Let ¥ b € [0, 00[: U(b) £ {p € A(L)|v.(E) < b}
Denote by 75 the family of all sets G € P{A(L)) such that V ¢ € [0, co[: U(c)NG €
Telv(c) (78 is the bounded x-weak topology of A(L)). Then

ALl = ol (T (Bo(B, ), 78) = o (7 (B(E, £)),75) -

Besides, ((add),,,[[j], TF ) is the locally compact Hausdorff topological space. Then
V H € P((add)+[L]) : c(H,7) = cl(H, ). In particular,

cl (‘71 (B(T(Evﬁ)% Tﬁ) = (jl (B+(E7E))7TE) = (add)*[L;7) .

5. The Relaxations of Admissible Set and
Problem of Asymptotic Attainability

Fix a nonempty set I', an operator
¥+ Sy:T - B(E, L) (5.1)

and the closed in (RT, ®F(TR)) set Y € P(RT). Let us consider the condition

feBo(E,E):</ESA,fdn) cv.  (5.2)

~er
(5.1) is a very non-regular condition. Therefore it is relevant to consider the
relaxations of (5.2). Let VK € Fin(T)Ve €]0,00[: Q(K,¢) £ {f € Bo(E, L) |
Jy € YV € K : |[(JgS.fdn) — y(v)] < ¢} Then T £ {Q(K,¢) : (K,¢) €
Fin(T')x]0,00[} € B[Bo(E,L)] (see section 2). The family 7 defines certain
asymptotics of the perturbed conditions. Let T'y € P(I') be the set such that

Vv €To: Sy € By(E,L); then I'y is the set of step-values of the operator (5.1).
Denote V K € Fin(T')Ve €]0, 00[:

Qo(K,¢) & {feBo(E,C)IEIer: (Vy e KNTy:

(/ESvfdn) —y(v)l Se)} :

[ St dn=yn)e(vy e K\Lo:
E
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Then Tp = {Qo(K,¢) : (K,€) € Fin(T")x]0,00(} € B[Bo(E,L)] is the various
asymptotics of the perturbed conditions. We suppose VH € B[Bo(E,L)] VT €
M:
(n-Lim)[#; 7] £ () el (J(H), 7). (5.3)
HeH

Besides, suppose that

Q2 {pen,L] (/Esq dp) o €Y} (5.4)

The connection between (5.3) and (5.4) (where H = 7 and H = Tp) is set in the
following statement [13,14]:

Q = (7 - Lim)[To; 7] = (7 — Lim)[T; 7] C (9 - Lim)[Zo; 7). (5.5)

The proof of (5.5) exploits the property of density from section 4 (see 4.5)). Let
Ve € [0,00[V K € Fin(T')Ve €]0, ool:

~ N

Q[I(; G‘C] = Q(I(,E) N Mc+e ’

QoK ele] 2 Qo(K, )N M. ,

Q(K,6) 2 K, )0 M, .
Then V¢ € [0, 00 :

T. 2 {QK;€|c] : (K, €) € Fin(T')x]0, o[} € B[Bo(E, L)] ,
T2 2 {Qo[K;€ld] : (K, €) € Fin(T)x]0, 00[} € B[M.] ,
7. £ {Q.(K, ) : (K, €) € Fin(T)x]0, o[} € BIM,]

~ A~ — p—
Q@:Qﬂ:cz{u€:c|(/ES~rd,“)7€F€Y}'

Theorem 5.1. Ve € [0,00[V 7€ M: QO = (5 - Lim)[T;; 7] = (g — Lim)[;fc(’;r]
= (- Lim)[7,; 7] .

6. The Asymptotic Attainability, 1.
Fix the Hausdorff space [8,9](0, 8),0 # ¢ and the continuous (in the sense
M & . la,[c)> @) operator w : A,[L] — ©. Denote by W the operator f
w(f*n): Bo(E,L£)™®. Then wl(ﬁﬁc)) coincide with the intersecting: 1) of all
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sets cl (WI(H),0), H € T.; 2) of all sets cl (W(H),8), H € T2; 3) of all sets
d (WY(H),0), H € 7T.. The proof exploits the construction of compactification
(4.2) where 7 = 7. Let ¥ S[T # ¢) : By(T,E, L, 77) {(g:)eer € Bo(E,L)T |
dce 0,00Vt eT: [5|g:]dn < c}. We suppose VH € B[Bo(E, L)]:

(BW — as)[H; 6] = {wEGIHS[T;éqb]H <€
€ (DIR)[T)3h € Bo(T, E, L,n): (YH € HIa €T (6.1)
VBET: (a< f)= (h(B) € H)&((T, <, Woh) 5 w)};

(6.1) is the corresponding H attractor of bounded convergence.

Theorem 8.1.
w'(Q) == (BW — as)[To; 0] = (BW — as)[T; 6] .

The proof of this theorem exploits the above-mentioned property of the set

w (247).
7. The Asymptotic Attainability, 2

Theorem 6.1 is the general statement about asymptotic insensitiveness of the
attainable sets by the perturbation of part of the conditions. This statement is
formulated in terms of attractors. We now consider the analogous statement in

terms of neighborhoods. We denote V K € Fin(I') : (Fin)[T' | K] 2 {K € Fin(T) |
K C K}.
Theorem 7.1. Let ¢ € [0,00[ and H € P(®) be the neighborhood (in(©,6))
[17, ch. 1] of the set wl(ﬁic)). Then 3K, € Fin(T')J e, €]0,00[VK € (Fin)[T |
K.Vee€l0,e]:cd (WYQLK;€|c]),6) C H.

The proof of Theorem 7.1 exploits the property mentioned in section 6, of

the set wl(ﬁ,(.f)), the construction of compactification with concrete values of the
parameter b in (4.2).

Until the end of this section let (@, 8) be the metrizable space. We suppose
that p : ©@ x ©® — [0, 00[ is the metric @ generating the topology 8. Let YA €

P(O)V e €]0,00[: Up(A,¢€) 2 {weO|Jac€ A:p(w,a) < €}. Then it is true (see
Theorem 7.1):

Theorem 7.2.

Ve € [0,00[V B €]0,00 [ K € Fin(I')3 € €]0, o[ VK € (Fin)[I' | K]V e €]0,4] :
W (Qo[K; €| c]) C WHQLK; €| c]) C U (W QoK €] ), B) -
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SPECTRAL PROPERTIES OF DISJOINTNESS PRESERVING
OPERATORS ON LATTICE-NORMED SPACES

Vadim B. Cherdak  and B. Cherdak
Dept. of Math. & Comp. Sci. The Research Institute
University of Haifa The College of Judea and Sumaria
Haifa 31905, Israel Ariel 44820, Israel
Abstract

The study of weighted shift operator spectral properties is the central prob-
lem in the investigation of Linear Differential Equations of Neutral Type. We
present a new approach to the study of spectral properties of weighted shift
operators in Banach spaces without Banach lattice structure. Our method is
based on the theory of majorized operators on lattice-normed spaces.

The idea of majorization means that if a linear operator is majorized by a
(positive) majorant, then the majorized operator should inherit “good” proper-
ties of its majorant. In this paper the hereditary spectral property for disjointness
preserving majorized homomorphisms (DPH-operators) is established: the mod-
ulus of the spectrum |o(T")| of DPH-operator is the trace of the spectrum of its
majorant on the half line:

|lo(T)] = o([T]) N [0;00) .

1. Introduction

Many works have been dedicated in recent years to the investigation of the
Linear Differential Operator of Neutral Type:

k k
(La)(t) = £() - Y Bi()algi(t)] — D_ Pi(0)a[hi(®)] = v(2),
i=1 i=1

t € [a,b],
and
z(§) = ¢(£), 2(§) = ¢(&) , if £ ¢ [a,d].

See, for example, [2] or [7].

The main part in the investigation of such equations is the study of weighted
shift operator

(Sy)(t) = B(t)y(g(2)) ,

where B(t) is a matrix-function, in different functional spaces (see, for example,
6]).
D In particular, spectral properties of such operators give useful information
about such properties of the operator £ as invertibility, existence of solutions,

asymptotics and others.
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In the present paper we present a new approach to the study of spectral
properties of weighted shift operators in functional spaces without Banach lattice
structure (= spaces of Banach valued functions, spaces of tensor products, etc.).
Our method is based on the theory of majorized operators on lattice-normed
spaces.

The theory of majorized operators on lattice-normed spaces was founded by
L. Kantorovich in the 1930s. Further development of this theory took place only
in the last decade (see [10], [11], [12]). The general idea of this theory can be
defined as follows: if a linear operator is majorized by a positive one, called its
majorant, then the majorized operator in some way inherits “good” properties
of its majorant. Within the framework of this situation the question naturally
arises: which properties of the positive majorant does the majorized operator
inherit? (see [12], [11]).

In this paper we discuss the hereditary spectral properties of disjointness pre-
serving majorized homomorphisms (DPH-operator). We note that all weighted
shift operators are included in this operator class.

These hereditary properties are based on the invertibility criterion for DPH-
operators (section 2) and on the generalization of Arendt’s theorem (1) about the
spectral decomposition of disjointness preserving regular operators on Banach
lattices (section 3): the DPH-operator T' can be decomposed into the direct sum
of its DPH parts with specific property: each DPH part is the restriction of T to
the image of spectral projection canonically associated with some clopen subset of
the spectrum o(7"). We show that certain spectral projections of a DPH-operator
have an ideal as image, and so one can decompose the operator while preserving
its properties. As a result the next hereditary rule is established: the modulus of
the spectrum |o(T')| of DPH-operator is the trace of the spectrum of its majorant
on the half-line:

|o(T)| = o([T]) N [0;00) .

Some consequences of this result for compact DPH-operators are discussed in
Section 4. The disjointness of eigenvectors corresponding to distinct eigenvalues
is established. This fact is analogous to the classical result of the orthogonality of
eigenvectors of a Hermitian operator on a Hilbert space corresponding to distinct
eigenvalues. This is a generalization of the main result of Wickstead [15] for
lattice homomorphisms on Banach lattices. We also obtain that the compact
irreducible DPH-operator possesses a strictly positive spectral radius (i.e. it can
not be a quasinilpotent operator) and the compact quasinilpotent DPH-operator

T generalizes the T-invariant order ideal in the lattice-normed space (see also

[4])-

Acknowledgement. The author is very grateful to Professor M. Drahlin and
Professor M. Sonis for useful discussions.
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2. Main Definitions and Properties

For the general theory and terminology of Banach lattices and lattice-normed
spaces we refer to [14], [8] and [10]. Throughout this paper we will denote by E
an order complete Banach lattice and by X a complex vector space.

An operator p : X — FE is called a vector norm on X, if it satisfies the
following conditions:

a) p(z) > 0; p(z)=0ifand only if =10 ;

b) p(z +9) <p(z)+p(y) (z,9€X);

c) p(Az) = |Ap(z) (A€l,z€X);

d) for z € X and for disjoint ey, ez € E; from p(z) = e; + €3 it follows that the

representation ¢ = z7 + 2 exists such that p(z;) = ¢; (i = 1,2).

A vector space X endowed with the vector norm p is called a lattice-normed
space and denoted by (X, p, E).

Example 2.1. a)If X is a Banach space, then we can consider X as a lattice-
normed space (X, || - ||, R) with vector norm | - |].

b) f X = E is a Banach lattice, then modulus of elements is a positive
operator |- | : E — E and all properties of vector norm are satisfied. Hence, we
can consider (E,|-|, E) as a lattice-normed space with the vector norm | - |.

c¢) Let Y be a Banach space, and X = L?(v,Y’) be the space of all Banach-
value functions f: @ — Y, satisfying fQ IfllPdv < oo, where Q is a compact. It
is easy to see that L?(v,Y ) endowed with a vector norm p: f(-) — || f(-)|| is the
lattice-normed space, normed by order complete Banach lattice L?(v).

The lattice-normed space (X,p, E) is a bo-complete if for each sequence
(zn) C X from p(z, — z,) —= 0 it follows that there exists such z € X that
p(z — z,) — 0. The bo-complete lattice-normed space will be called a Banach-
Kantorovich space ( BKS).

Obviously, if F is a Banach lattice, then a lattice-normed space (X,p, E)
endowed with the scalar norm ||z|| = ||p(2)||g is a normed space. If (X,p, E) is
a BKS then a vector space X endowed with such norm is the Banach space [11].

Definition 2.2. Let T € L(X). The operator T is called majorized if there
exists a positive operator § € L"(FE) (L"(E) is the space of all order bounded
- linear operators on E) such that

p(Tz) < Sp(z)
forallz € X.

Such positive operator § will be called a majorant of T. The set of all ma-
jorants of T is denoted by maj(T) C L7(E). This set has a lower bound in
L7(E) and hence it has the infinum in the order complete Banach lattice L™(E).
This infinum will be named the ezact majorant of T and will be denoted by [T)].
The space of all majorized operators on (X, p, F) will be denoted by M(X). If
(X,p, E) is a BKS, that (M(X), [], L"(F)) is a BKS too, endowed with the
vector norm [-] (see [12]). '
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Example 2.3. a) On a Banach space X all linear bounded operators T € L(X)
are majorized under our definition. Indeed, for bounded operator T with ||T|| =
¢ > 0 the linear operator Mz = cz for all z € R is the majorant of T.

b) On a Banach lattice E all order bounded operators T € L"(E) are ma-
Jorized by their modulus.

Two elements z,y € X are disjoint (denoted as zdy) if p(z) Ap(y) =0.If A
is a subset of X, then the disjoint complement of A is given by {A}? = {y € X :
ydz Yz € A}. Recall that a subspace J of X is called ideal in X if z € J, y € X
and p(y) < p(z) implies y € J. A subspace B of X is called a band if B4=B. A
band is always a closed ideal.

A linear operator T € M(X) is called a disjointness preserving operator if
zdy implies TzdTy and is called an orthomorphism on X if zdy imply Tzdy (
z,y € X). The set of all orthomorphisms on X is denoted by Orth(X). We will
need the following characterization of the orthomorphisms on X.

Proposition 2.4. [5] Let T € M(X). The following are equivalent:
a) T e€Orth(X) ;
b) [T]€ Orth(X) .

3. DPH-Operators and their Invertibility

In this section we will consider a special sub-class of disjointness preserving
majorized operators on a lattice-normed space, which generalizes the class of
regular disjointness preserving operators on a Banach lattice.

Definition 3.1. Let T € M(X) be a disjointness preserving operator. The
operator T' will be called a DPH-operator if for each z € X

p(Tz) = [T]p().

DPH-operators will be the central object of our investigation in the present
paper. Note that all disjointness preserving regular operators on Banach lattices
are DPH-operators. Indeed, from [1], 2.4.v it follows that all order bounded
disjointness preserving operators on E satisfy the following assertion: |T'| exists
and satisfies |Tz| = |T'||z| for all z belonging to Banach lattice X. In particular,
|T] is a lattice homomorphism.

Proposition 3.2. [5] Let T € M(X). The following assertions are equivalent:
a) T is a disjointness preserving operator;
b) [T] is a lattice homomorphism.
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Example 3.3. On L?(v,Y) (see example 1.1.c) we consider a linear operator

(Af)(t) =Ko (h- f{$(1)) ,

where ¢ maps the compact @ into itself, f € LP(»,Y),h € L*°(v) and K is an
isometric operator on the Banach space Y. Then A is DPH-operator. In fact,

P(AS) = |K(Rf(Dlly = ROy = R (Dl = Tep(f) »

where (Tpg)(t) = h-g(#(2)) is a weighted shift operator on the LP(v),i.e. Ty is a
lattice homomorphism (the sufficient conditions that operator T acts to LP(v),
can be found in [2]).

The dual space of a Banach space X is denoted by X'. I (X,p,E)is a
lattice-normed space, then (X',[], E') is also a lattice-normed space {11]. The
vector norm of a linear functional z’ is determined as the exact majorant of 2’ in
E' and denoted by [z']. If z € X and z' € X' then by [11] 4.3,

<$’x,> < (P(l‘)>[$']) (1)

Theorem 3.4. Let T € M(X). Then T' € M(X') . Moreover, if T is a disjoint-
ness preserving operator, then [T'] = [T]'.

Proof: First let us show that 7' is majorized. Indeed, let 7' € M(X) and
S € maj(T). Then for any z' € X' and 0 < e € E we have

<e[T'z']>=<ef2' oT]> < < Se,[2]] > = <e,82] > .

As e was chosen arbitrarily then [T72'] < §'[z'], i.e. T' € M(X').
Now let [T'] be the exact majorant of T and T be a disjointness preserving
operator. Then [T'] is a lattice homomorphism. For each fixed f' € E’

sup{Z [T'2]: (a}) C X ',Z [« </} < [T (2)

]

On the other hand, let e € E,, z € X and p(z) = e. As [T] is a lattice
homomorphism, then

(ersup(YoITal] : Yolal] = 1'}) 2 (essup{[T') :[o') = /'}) 2
> sup{[(z,T"2") | : [2'] = f',p(z) = e} =
= ( sup p(T2), 1) = ([T, f) = (e, [TV'F') -

p(z)<e

As e was chosen arbitrarily, we have

sup{Z [T’z : (a}) C X', ) [al] = £} 2 (11 (3)

7
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It follows now from (2) and (3) that

[T)f" = sup{D_[T'=]): (1) € X', D [ai] < f'} -

t

Now from [12] 4.2 it can be seen that [T'] = [T
The invertibility criterion for majorized DPH-operators can be formulated
as follows (we use the scheme of proof [1] 2.7).

Theorem 3.5. Let T € M(X) be a DPH-operator, such that T' is also DPH-
operator on X', then
a) The operator T is invertible in M(X) iff the operator [T] is invertible in
L"(E).
b) If T is invertible, then T~! is a DPH-operator and [T™!] = [T]™".

Proof: Suppose that [T] is invertible. Then for each z € X
ITzllx = |p(T2)l|e = I[Tlp(2)lle 2 M1 2l x (4)

It follows that T is injective. Moreover, [T] is a lattice isomorphism, hence
[T is a lattice isomorphism. By 3.3, [T'] = [T] , hence T' is a disjointness
preserving operator. It follows from invertibility of [T'] that T' is injective.
Therefore, (TX)° = KerT' = {0}. This implies that (TX)~ = X, i.e. T has
dense image in X. From (4) it follows that T is invertible. Let us show that
T-!' € M(X). Suppose that f € E,. Then

[T~1f =sup{[T™')g: 0<g< f} =
sup{ p(z): 2z € X,p(Tz)= [T]p(z) < f} =
= sup{ p(T7"2): p(z) < f} =[T7]f .

-1

Hence, [T '] exists, and moreover [T~!] = [T

We show now that T~ ! is a DPH-operator. Indeed, 7! is a disjointness
preserving operator, as [T~1] = [T]~! is a lattice homomorphism. To prove that
T-1 is a DPH-operator, we show that p(T~!z) = [T~!|p(z). In fact, for z € X
we have

p(z) = p(TT " z) = [TIp(T™"2) < [TNTYp(2) = [TIT] ' p(z) = p(z) -

It follows that p(T~1z) = [T~ !p(z) for all z € X.

To conclude the proof we show that if 7" is invertible then [T'] is invertible on
E. Suppose that T is invertible. Then for each e € p(X)(e = p(z)) it follows from
[Tle = 0 that p(Tz) = 0, that is equivalent to € KerT. Since T is invertible,
KerT = {0}. It follows that z = 0 and e = p(z) = 0. Moreover, for each f € p(X)
there exists z € X such that Tz = y and p(y) = f. Hence, f = p(Tz) = [T]p(z).
Since E, = p(X) (from the definition of a lattice-normed space; see, for example,
[11]), [T] is invertible.
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4. Spectrum rule for DPH-operators

We recall some standard definitions (see, for example, [1], p. 206- 209). Let
F be a Banach space and A be a bounded operator on F. We denote by 7(A4)
the spectral radius of A and by r,,(4) the real number

rm(A) = inf{|A]: A € o(A)} .

Note that 7,,,(4) = 7(A71)~1 if A is an invertible operator. For A € p(A4) we
denote by R(A, A) = (A— A)~! the resolvent of 4 in point . If |A| > r(A) , then
X € p(A) and R(), A) is given by Neumann’s series R(A, A) = Y o0 j A" /A"+L,

A spectral subset o7 of o(A) is by definition an open and closed subset of
o(A). To such a set the spectral projection P given by

1
P= / R(X, A)d)

is canonically associated, where c is the positively oriented boundary of a Cauchy
domain having o4 in its interior and o3 := o(A4) \ o1 in its exterior. P reduces
A, that is, PA = AP, or equivalently, PF and KerP are invariant under A. If
Aj(respectively, A,) denotes the restriction of A to PF(respectively, KerP), then
o(A;)=0; (1 =1,2).

In general, if T € M(X), order properties of T are lost in the spectral
decomposition. PX and KerP do not need to be sub lattice-normed spaces. The
next theorem, however, relates Arendt’s result [1] 4.1 to majorized operators on
lattice-normed spaces and gives a positive result.

For s € [0;00), we denote 'y = {z € C : |z] = s},and ' = T'y. Let T € L(X).
T, no(T) = {0} and r,(T) < s < 7(T), set 05 = {z € o(T) : |z| < s}. Thus,
os(T) is a spectral subset of o(T).

Theorem 4.1. Let T be a DPH-operator on X. Suppose that there exists an
s € (rm(T),r(T)) such that I'; N o(T) = {B}. Then the spectral projection
belonging to o,(T) has an ideal as image.

Proof: Let

L [ ro,mar, x=pPX
27 Jr,

and denote by T; the restriction of T' to X;. Since r(T7) < s, we have for z € X;

R(s,T)x = R(s,T1)z = i (S{_lrl)z = i (sle)z

n=0 n=0

P =

and

< 00

Z st || T 2_: sn-l+-1
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Since T™ is a DPH-operator, then for all z € X
p(T"z) = [T"]p(z) -

Hence, for y € X such that p(y) < p(z) we have ||T"y|| < ||T"z|| . Indeed, [T™]
is a lattice homomorphism, so

p(T™y) = [T"]p(y) < [T"p(e) = p(T"z)
It follows, that ||T"y|| < ||T™z|| by virtue of norm monotonity in the lattice-

normed space X.
Hence, for all A € T'; and all y € X such that p(y) < p(z),

Ty
Nt “ 5n+1 l <
Moreover,
o0 Ty
(A - T)Z Anﬂ = lim A-T)) 57 =
n=0 n=0
] Tm+ly
= Jim (v-Smm) =
that is

fniyl (A € T4, p(y) < p(2)) -

M8

R(\T) =

1l
=

n
Consequently, for y € X satisfying p(y) < p(z),

)d/\—ZQM/ /\an/\ Try=1y

(e o) TL

27rz (Z

(since the series is uniformly convergent for A € T',).

We have proved that y € X if p(y) < p(z) for some z € Xy; that is , X; is
an ideal.

If J is a closed ideal which is invariant under a bounded operator A on X,
then we denote by A|; the restriction of A to J and by A the operator on X /J
induced by A (thisis , Aj(e+ J) = Az + J forall z + J € X/ J). The ideal in
E respective to J by vector norm p we denote by I.
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Lemma 4.2, Let T be a DPH-operator on X. Let J be a closed ideal of X.
Then TJ C J iff [T C I. If TJ C J, then Ti; and T are DPH-operators.
Moreover, [T, J1 = [Tl = [T]1.

Proof: The first assertion follows from the definition of a DPH-operator. In
fact, suppose that TJ C J, we show that [T/ C I.

Let ¢ € J(p(z) = e,e € I), then Tz € J, but p(Tz) = [T]p{z) = [Te.
Hence, as Tz € J, then [T]e € I. Conversely, suppose that for each e € I we
have [T]e € I and let z € J, then p(z) = u € I and p(Tz) = [T]u € I. It follows
that Tz € J.

Let J be a closed ideal in X which is invariant under 7. We show that T,
and T’y are DPH-operators. Indeed, the restriction of T on the invariant closed
ideal J preserves the equality p(T'z) = [T]p(z) for all z € J, and [T] is a lattice
homomorphism on I, hence, T|; is a DPH-operator on J. Let z € J, then

[T]jp(z) = p(Tz) = p(T52) = [T)s]p(z).
Suppose that ¢ denotes a vector norm on X/J, then
(Ts(z+J))=q(Tz+J)=p(Tz)+I=[Tlp(z) + 1
= [T]i(p(e) + I) = [T]1(q(= + J))-

Hence, [T;] = [T];. Since [T]; is a lattice homomorphism, we see that Ty is a
DPH-operator on X/J. The proof is complete.

To show the use of Lemma 4.2 in our context let us assume that we are
in the situation of Theorem 4.1. Let J = PX, where P is the spectral projec-
tion associated with o(T). Then 7); and T are majorized DPH-operators and
o(Tyy) = 05(T) and o(Ty) = o(T) \ 05(T). In particular, 7(T};) < s < T(Ty)
. We have found a spectral decomposition of T into the two DPH-operators T’
and Ty;.
We will now use this property to prove a relation between o(T) and o([T]).
To simplify the notation we set
o] = {l2| : z € 0} C [0, 00)

if o is a subset of C.

Theorem 4.3. Let T and T' be DPH-operators on X and X', respectively. Then
lo(T)| = o([T))N [0,00) .

Proof: a) We show that #(T) = r([T]). First of all, for DPH-operators the
operator norm in Banach algebra L(X) coincides with one in M(X). In fact,

el )
ITlzc0 = sup "R = S22 @)

= su M_
T i< @) = [Tl -
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On the other hand, ||T|l, = | Tlimx) = NT]ll ( see, for example, [3]), hence

ITlzex) = IT]-
Second, for all DPH-operators [T™] = [T']". Indeed,

[T]"p(2) = [T]"'p(T2) = ... = p(T"z) = [T"}p(z).

Now, from the spectral radius formula, we have

w(T) = lim /Il o = lim o/l =
= lim /71y = (D)

In conclusion, we have r(T') = »([T]).

b) We show that r,(T') = 7, ([T]). By 3.5,r(T) = 0if and only if r,,([T]) =
0. Suppose now that r,,(T) > 0. Then T~! is a DPH-operator and [T~*] = [T]".
Therefore it follows from a) that 7,,(T) = r(T"1)™! = r([T]71)"! = r([T)).

¢) We show that o([T]) N (rm(T),r(T)) = |o(T)| 0 (rm(T),(T)). Let s €
(rm(T), r(T)) and suppose that s € |o(T)|. Then I';No(T) = {B}. By 4.1, there
exists a closed ideal J of X which is invariant under T, such that r(7T};) < s <
rm(T). It also follows from 4.1 and b) that [T'] leaves invariant the respective
closed ideal I of E (see 4.2 ) and r([T]js) < s < rm([T]s). Since o([T]) C
o([T)j5)Uo([T]s), we conclude that s & o([T]). Conversely, let s € (r,(T),r(T))
such that s ¢ o([T]). Since {T] is a lattice homomorphism, z € o([T]) implies
|z] € o([T]) (see, for example, [14] V.4.4). Therefore, I's N o([T]) = §. By 4.1
there exists a closed ideal I, which is invariant under [T'], such that r([T]j;) < s <
rm([T)r). 1t follows from 4.3 a) and b) that r(T};) < s < 7 (T) for respective
J C X. Since o(T) C o(T|5) U 0(Ts), we can conclude that s & |o(T')|.

d) We prove the equality in the theorem. Let s € o([T]) N [0,00). If s €
(rm(T),r(T)), then s € |o(T)} by ¢). If s = r(T) (respectively, s = r,(T)),
then s € |o(T)|, because I'yr) N o(T) # @ ( respectively, T, 7y No(T) # 0).
Conversely, let s € |o(T)|. Again, if s € (rn(T),r(T)), then s € o([T]) by ¢).
If s = r(T) = ru([T)), then s € o([T]) because r([T]) € o([T]). Finally, let
s = rp(T). If ry(T) = 0, then r,([T]) = 0 by b). Therefore, s = 0 € o([T)).
If 7(T) > 0, then 7, ([T]) = r({T]71)~L. Since r([T]7?) € o([T]71), it follows
that s = r([T]"1)71 € o([T]71)! = o([T]). The proof is complete.

Recall that a bounded operator T' on X is called irreducible if there exists
no closed ideal J # 0, X, such that TJ C J.

Corollary 4.4. Let T and T' be DPH-operators. If T is irreducible then

lo(T)| = [rm(T), n(T)] .
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Remark 4.5. a) The result of Theorem 4.3 extends theorem 4.4 [1] on ma-
jorized DPH-operators on the Banach-Kantorovich spaces. The proof of this one
was modified for the work with majorized operators.

b) In the case of weighted shift operators on the Banach modulus over uni-
form algebras a similar result was announced in [9].

5. Compact DPH-operators

In this section we show some interesting consequences of Theorem 4.3.

We begin with a statement about compactness of exact majorants for com-
pact DPH-operators. The full discussion about the existence of compact majo-
rants for compact majorized operators can be found in [3].

Proposition 5.1. Let T be a compact DPH-operator on the BKS X. Then [T
is a compact lattice homomorphism on F.

Proof: Let Bg be the unit ball in E and let (e,) C Bg be a sequence. Suppose
that (z,) C X such that p(z;) = e;(i = 1,2,...), then (z,) C Bx, where Bx is
a unit ball in X. Hence, since T is compact, from (z,) we can choose a subse-
quence (T, ), such that (Tz,,) converges in X. We show that, for corresponding
subsequence (e, ), ([T']en, ) converges in E. In fact, for any k and m

I[T]em — [Tlexlle = [T]p(zm) ~ [Tlp(zi)ll = [2(T2m) — p(Tzr)l| <
<p(Tam — Tar)lle = |Tzm — Taxllx -

It follows that ([T]ey, ) is Cauchy sequence in E and, by virtue of completeness
of F, it converges in F.

We show that for a compact DPH-operator the eigenvectors which corre-
spond to the different eigenvalues are disjoint.

Theorem 5.2. Let T be a compact DPH-operator. Suppose that A and p (
[A| # |u| # 0) are eigenvalues of T and z,y € X are corresponded eigenvectors,
then zdy.

Proof: Since T is a compact DPH-operator, by virtue of 5.1, [T] is a compact
lattice homomorphism. It follows from 3.3, that |A|, |u] € o,([T])(0,([T]) denotes
the point spectrum of the linear operator [T]), and p(z), p(y) are the correspond-
ing eigenvectors of [T]. Now from [15] we have p(z) A p(y) = 0. It follows that
zdy.

Recall that a linear bounded operator T is called quasinilpotent if its spectral
radius r(T) = 0.

Proposition 5.3. Let T € M(X). If T has quasinilpotent majorant, then T is
quasinilpotent operator.

Proof: In fact, let S € maj(T), r(S) = 0. For each n € N we have ||T"|| <
I|S™|l. Hence, by the spectral radius formula, r(T') < 7(95).
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We notice that if T is a DPH-operator, then, by 4.3, we have r(T) = r([T]).
We now formulate sufficient conditions for a compact DPH-operator that
guarantee 7(T) > 0.

Theorem 5.4. If T is a compact irreducible DPH-operator, then 7(T') > 0.

Proof: If [T]is exact majorant of T, then [T'] is a compact (by 5.1), irreducible
(by 4.2), positive operator and by 4.3 r(T) = r([T]). By virtue of de Pagter’s
theorem [13], 7([T]) > 0 . It follows, that (T) > 0.

We conclude this section with a statement about the existence of nontrivial
invariant ideals for DPH-operator (s.f. [4]).

Theorem 5.5. Let T # 0 be a quasinilpotent compact DPH-operator on X.
Then a T-invariant nontrivial ideal exists in X .

Proof: Indeed, suppose that T is irreducible; then by 5.4, 7(T') > 0. Hence, a
T-invariant ideal exists in X.
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NEW CONCEPT IN THE STUDY OF
DIFFERENTIAL INEQUALITIES

Alexander Domoshnitsky

Department of Mathematics
Technion — Israel Institute of Technology
Haifa 32000, Israel

Abstract

New assertions on differential inequalities for systems of functional-differ-
ential equations are proposed. Main results are based on constructing a cor-
responding scalar functional-differential equation for single component of the
solution vector.

Tests of positivity of elements of Green’s matrix for some boundary value
problems are discovered.

1. Introduction

Let us consider the following functional-differential equation (FDE)
(Mz)(t) = &(t) + (Tz)(t) = f(t), t € [a,B], (1
where T : C — L is a linear bounded operator, L is the space of summable
functions y : [a,b] — R"™, C is the space of continuous functions z : [a,b] — R".

The main reason for consideration (1) is the use of equations with delayed
argument, integro-differential equations and some of their “hybrids” in the math-
ematical description of real processes (see for example [9,17]). Note another use
of FDEs, namely, they are an important instrument for investigations of ordinary
differential systems. The principal results of this paper are connected with the
idea of constructing a corresponding scalar FDE of the first order for a single
component z, of the solution vector z, and using known results for this scalar
equation. In this connection the importance of the study of scalar FDE essentially
increases.

Differential inequalities for FDEs were considered in the monographs of
N.V. Azbelev, V.P. Maksimov, L.F. Rakhmatullina [1], V. Lakshmikantham,
S. Leela [13], J. Schroder [18]. Note the recent results on the scalar FDE of
the first order [2,6,7,8,11,12,15]. Some analogues of theorems known for ordi-
nary differential equations due to de la Vallee-Poussin [19], S.A. Chaplygin [4],
J.E. Wilkins [21], T. Wazewsky [20] are obtained in the paper.

The research was supported in part by a grant from the Ministry of Science and Tech-
nology, Israel, and the "MA-AGARA” - special project for absorption of new immigrants,
in the Department of Mathematics, Technion.
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Let ! : C — R™ be alinear bounded functional. If the homogeneous boundary
value problem Mz = 0, [z = 0 has only trivial solution, then the boundary value
problem

Mz=f, lz=0 (2)

has, for each f € L, a unique solution, which has the representation [1,3]

b
ot)= [ 6lt,9)f(s)ds 3)

where matrix G(¢, s) is called Green’s matrix of problem (2).

From formula (3) it is clear that the key problem in the consideration of dif-
ferential inequalities is that of the positivity of Green’s matrix. If Green’s matrix
of boundary value problem (2) is positive, then it follows from the conditions

(Mz)(t) > (My)(t), t€[a,b], lz =1y, that z(t) > y(t), t € [a,b] (4)
Property (4) is also known as Chaplygin’s problem [4,14].

2. Main Results

Let C(t,s),G(t,s), P(t,s) be Green’s functions of the boundary value prob-
lems

(Mz)(t) = f(t), t €a,b], z(a)=0,
(M’C)(t) = f(t)’ te [a’b]’ :E(b) =0, (5)
(Mz)(t) = f(t), t€la,b], z(a)—2z(b)=0. (6)

We define an operator K : C' — C by the formula (Kz)(t) = ftb(Tz)(s)ds.
Theorem 1 determines relations between the following assertions for the
scalar FDE of the first order:
1) there exists a nonnegative absolutely continuous function v such that

b
o(b) - /t (Mv)(s)ds > 0,

2) the spectral radius of the operator K is less than one,

3) problem (5) is uniquely solvable and its Green’s function is negative for
a <t < s<band nonpositive for a < s < t < b,

4) the Cauchy function C(t, s) of equation (1) is positive,

5) a nontrivial solution of the homogeneous equation Mz = 0 has no zeros on
[a’ b]’

6) problem (6) is uniquely solvable and its Green’s function P(t,s) is positive
for t,s € [a, b].
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Theorem 2. Let
1) Ti; (3,5 = 1,2) be Volterra operators,
2) Ty be a negative operator, T;; be positive operators for other indices,
3) a nontrivial solution of the scalar equation

21(t) + (Taiz )(t) = 0, ¢ € [a.b], (12)
have no zeros,
4) there exist a function v = col(vy,vy) such that vy(t) > 0, (M;v)(t) < 0 for
tela,b],i=1,2,v1(a) <0.
Then we have Cyy(t,8) > 0, Caa(t,s) < 0, Ryi(t,s) <0, Rea(t,s) > 0
for t € [a,b] and almost all s € [a,b].
Formulate several corollaries for system (7) of the second order (n = 2).

Corollary 1. Let conditions 1) and 2) of Theorem 2 hold,

g11(t) > max[gi2(t), g21(t), g22(1)]
and let there exist k > 0 such that

k
|p21| + P22 < P < pu— P12

Then 1) Cq1(t,s) > 0,C52(t,s) > 0 fort € [0,+00) and almost all s € [0,+0), 2)
for each b € (0,400) we have Ry1(t,8) <0, Re2(t,s) <0 fort € [0,b] and almost
all s € {0,0].

Corollary 2. Let conditions 2) of Theorem 2 hold and
Ip21| + p22 + p12 < pur (13)

Then, for the system of ordinary differential equation assertions 1) and 2) of
Corollary 1 hold.

Inequality (13) is best possible in the following sense. For arbitrary positive ¢
there are constant coefficients [p;;], 7,7 = 1,2 such that |p21]+p22 + P12 < P11 +e,
but all roots of the characteristic equation are imaginary and so each element of
the Cauchy matrix changes its sign.

For boundary value problem (5) in the case n = 2 we propose the following
resuit.

Theorem 3. Let
1) Th11, T2 be positive, Ty3,T2; be negative,
2) Green’s function G1(t,s) of the scalar boundary value problem, which con-
sists of equation (12) and boundary condition z1(b) = 0, be negative,
3) there exist a function v = col(vy,vy) such that

(Miv)(t) >0, (Mav)(t)<0,v1(b)=0, v2>0, tE€la,b].
Then we have Ga1(t,8) > 0,G2,(t,s) < 0 for t € [a,b] and almost all s €
{a, b].
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3. Proofs

Proof of Theorem 1. We prove the first part of Theorem 1 according to the
following scheme 1) = 2) = 3) = 1).

1) = 2). The function v satisfies the integral equation v = Kv + 9, where
P(t) = v(b) — ftb(Mv)(s)ds,t € [a,b]. Since ¥ > 0, then by virtue of [10] the
spectral radius of the operator K is less than one.

2) = 3). The equation z = Kz + g, where g(t) = — ftb f(s)ds, is equivalent
to problem (5), which is uniquely solvable and its solution can be represented in
the form

b
2(t) = g(t) + / (Gt 5) - Golt, s)) f(s)ds ,

where Go(t,s) = —1 fora <1 < s < b,Go(t,8) =0 for a < s <t <b. Here, if
f £0, then 0 < g < z. Consequently, G(t, s) < Go(t, s).

3) = 1). The function v(t) = — f; G(t, s)ds satisfies condition 1.

4) = 6). Problem (6) is uniquely solvable if and only if z(a) # z(b) for
nontrivial solutions of the equation Mz = 0. Since T is a nonzero operator and
any nontrivial solution has no zero (let z be positive),then

b

&(t)dt = z(a) — / (Tz)(t)dt < z(a) .

a

b

2(b) = z(a) + /

a

The positivity of P(t, s) follows from the representation

C(b,s)

P(t,s) =C(t,s)+ C(t,a)m .

6) = 5). Setting ¢ < s in the last formula, we obtain that the function
C(t,a), which is directly proportional to any solution of Mz = 0, cannot have
zeros on [a, b].

To prove the implication 5) = 1) it is sufficient to set »(t) = C(t,a). The
implication 2) => 4) has been proved in [6].

Proof of Theorem 2.  Let us express z; in terms of 2, from the first equation
of the system (11):

21(t) = — / Ca(t, )(Trawa)(s)ds + / Ca(t, $)fu(s)ds + Ci(t, a)1(a) ,

where Cy(t, s) is the Cauchy function of the scalar equation (12).
Substituting this expression of z; into (11) at i = 2, we obtain the first order
equation of the following type:

2(t) + (Tz2)(t) = u(t), t € [a,d] (14)
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where T : C — L is determined by the formula

(T2)0) = (o)) ~ (Tn [ (Tue)do)0)

¢
u(t) = fa(t) — (T21/ C1(t, s) fi(s)ds)(t) — z1(0) (T Ca (2, 0))(2) -
Since v1(0) < 0, M;» < 0 for 7 = 1,2, the function v, satisfies the inequality
02(t) + (Tve)(t) £0, te€(a,b].

Using the equivalences 1) < 5) and 1) <> 3) of Theorem 1, we obtain the positivity
of the Cauchy function Cr(%,s) of equation (14) and the negativity of Green’s
function Gr(t, s) of the boundary value problem

Ea(t) + (T22)(t) = u(t), t€lad], o(b)=0.

Using formula (3) of the solution’s representation we obtain

/at Cr(t,s)u(s)ds = ]{lt Ca(t,8) fi(s)ds + /j Caa(t, s) fa(s)ds ,

b b b
/ GT(t,s)u(s)ds=/ Rgl(t,s)fl(s)ds-}-/ Ray(t,8) f2(s)ds .

If f1 >0, f2 >0, then u > 0. Since Cr(t,s) is positive, then Cy(t,s), Ca2(t,s)
are also positive. Since Gr(t,s) is negative, then Ryi(t,s), Raa(t,s) are also
negative.

To prove Corollaries 1 and 2 we substitute v; = —e
condition 4 of Theorem 2.

The proof of Theorem 3 is similar to the proof of Theorem 2.

—kt kt

, U3 = e " into
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OSCILLATION PROPERTIES OF DISCRETE DIFFERENCE
INEQUALITIES AND EQUATIONS: THE NEW APPROACH

Yuri Domshlak *

Ben-Gurion University of the Negev
Beer-Sheva 84105, Israel

Abstract

This paper presents a new approach to the investigation of oscillatory prop-
erties of discrete difference equations and inequalities.

New conditions are obtained, which guarantee that all solutions of dif-
ference equation having one or two argument delays are oscillatory (including
equations with oscillating coefficients). Upper estimates are derived for sign
preserving intervals of the solutions. It is shown that most of conditions and
estimates cannot be improved.

0. Introduction

Recently, interest in the qualitative theory of delay difference equations (in
discrete and continuous time) has increased. The research concentrates on the
study of oscillation properties of these equations. In this direction the group of
researchers headed by G. Ladas was very productive (see [1] for the present state
of the art of their work). Research in this field was also carried out by the author
and his collaborators (see [2] for their main results; detailed bibliography can
be found in [1] and [2]). The present paper continues the research of oscillation
properties for discrete difference equations started in [3]. The research method
is based on elaborating discrete analogues of the classical Sturmian Comparison
theorem, the Sturmian Oscillation theorem and the Sturmian Zeros-separation
theorem for the second order differential equation. More exactly, the discrete ana-
logues of the theory developed by the author in [4] for delay differential equations
is presented here.

1. Sturmian Comparison Theorem

Consider two delay difference inequalities:

N M
llz)i = 2(i+1) —a(D)a(d) + Y _ P (@Da(i-k)+ ) (@i +1) <0, i 2o (1)
k=1

=1

and

* Results of this paper were presented at the seminar “Functional-differential equa-
tions” (1992, Ariel, Israel). A complete version of the results will be published in two
papers in the journal “Differential and Integral Equations” (Y.Domshlak, Sturmian com-

parison in oscillation study for discrete difference equations, Part I and Part IT)
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N M
Iyl = y(i-1) - @()y()+ > B+ k)i +k)+ Y e -Dy(i—1) 2 0, i > io

k=1 =1
(2)
where a(2); a(?); bk(i);zk(i), k=1,N;cV, &) 1 =1, M are defined on i > 4.
Here we use the following notations: the segment (n,m} is defined as
-1
(n,m)={n,n+1,...,m—1,m} C N and Zk ' (3)
i=p

Lemma 1. For arbitrary sequences of numbers {z(¢)},{y(¢)} on any segment
(n,m) the following identity holds:

STl = Y Mla(i)+ Y (@@ — a(@)lz()y(i)+
i=p+1 i=p+1 i=p+1

N q _ p+k
+Z{ S BRG6) - TPl - by + Y B - k()

k=1 “i=p+k41 i=p41
g+k M q—1
=3 TR - Ry z)}+2{ S (i) - &l (i + Dy(i)+
i=g+1 =1 i=p+1

+ Y @+ Dy~ D E(i)z(i+l)y(,-)}..

i=g41-1 i=p-1

z(p + Dy(p) + z(g + D)y(q) - (4)

The proof is carried out by means of the following equalities:

Y a4+ Dy = Y 2(@yi—1) -ap+ Dy(p) +2(g+)y(9);  (5)
i=p+1 i=p+1
1 q q
- Y a@=() = Y [@6) - a@GyG) - Y @@)z(y();  (6)
i=p+1 i=p+1 i=p+1

Y W@ - Ry = D 8O+ k)a(i)y(i+ k)+

i=p1 i=pt1
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p+k

+ Y WG =W - Ry + Y b8P - k)y()-

i=p+1+k i=p+1
gtk
- Y W¥(i)e(i- ky(3), k=T,N; (7)
i=g+1
q q q-—1
> D@a(i+Dy() = Y &i-Da(@y(-0+ Y 06 - (@)%
i=p+1 i=p+1 i=p+!
q
xe(i+ Dy + Y. O@y@)e(i+1) =Y @)l +Dy(), I=T, M (8)
i=g41-|

The following comparison theorem is a discrete analogue of the classical
Sturmian Comparison theorem. More precisely, this is an analogue of our com-
parison theorem for differential inequality with mixed delay ([8], Theorem 1, or
[4], Theorem 4.1)

N M
() + 3 bit)alt - (D] + 3 eult)alt + ()] < 0. (9)
1 1
Theorem 1. Letg—p > R = max{N, M}. Suppose that the following conditions
hold:
L. b8 (6) > 0,i€(g+1,q+k)k
()20, ielp+1-1p)1
2. There exists y(i) satisfying (2) on the segment (p, g) such that
y(i)> 0, i€ (p+1,9); y(i) <0, i€ (p— M,p)| g+ Lg+N)  (11)
3. The following inequalities hold:
a(i) <), i € (p+1,9) (12)

=1,N;
=1,M (10)

() > ~ =
PR 2 {b('“)(i), ie{pt+k+1,q) k=15 (13)
. aOGy. -1 —_—
) > c (Z), 1€ <p+ l’q ) —
)2 {0, i€{g—1+1,q9)° f=LM (14)

4. At least one of the inequalities (12)-(14) becomes a strict inequality for some
number i. Then there is no solution z(i) of the inequality (1) for which
z(3) > 0 on the segment (p— N,qg+ M)

Proof: Suppose that there exists a solution z(z) > 0 of (1). Let us write the
identity (4) for z(i) and y(¢), satisfying (2). In view of the conditions of Theorem
1, all terms of the right-hand side of (4) are non-negative and at least one is
strictly positive. At the same time, the left-hand side of (4) vanishes.
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Corollary 1.1. If the conditions of Theorem 1 hold, then there are no solutions

of the equation
lz]i =0, 12> 1o (15)

preserving the sign on the segment (p — N,q+ M).

Corollary 1.2. If there exists a sequence of segments (pr, ¢r), Pn — 00, satis-
fying the conditions of Theorem 1, then there is no positive solution of inequality
(1) and non-oscillating solution of equation (15) on (i, 00).

Remark 1. We impose conditions on segments (p, — R, ¢, + R) only. For the
segments (g, + R+ 1,pn41 — R — 1) no limitations are imposed on the coefficients
of inequality (1)!

2. Sturmian Oscillation Theorem and Sturmian
Zeros-separation Theorem

Definition 1. The segment (p,q) C N is called the large half- cycle of the
equation 5
Tyl =0, i (16)

if ¢ — p > max{N, M}, and if there is at least one solution y(i) of (16) satisfying
(11). The segment (p — M,q + N) is called eztended half-cycle of (16).

If for any po there is a large half-cycle (p, ¢) of (16), po < p < ¢, we say that
equation (16) is regularly oscillatory.
The next statement follows from Theorem 1:

Theorem 2. Let Z(z) >0, () > 0,k =1,N, | = 1,M,i = T,00. If the
equation (16) is a regularly oscillatory equation and conditions 3-4 of Theorem
1 hold, then all solutions of equation (15) are oscillatory. If there is at least one
non-oscillatory solution of equation (15), then there is no regularly oscillatory
solution of equation (16).

This statement is an exact discrete analogue of the classical Sturmian Oscil-
lation theorem for the second order differential equation, and (more exactly) is a
discrete analogue of the Corollary 4.1.2 in [4] for the first order delay differential
equation (9).

Put in (16) @(3) = a(i), 5F)(3) = b*)(3),dD(z) = D (5) :

N M
y(i— 1) = a(i)y()+ Y _bB(E+ k(i + k) + Y Di-Dei-=0 (17)
k=1 =1

Theorem 3. Let

b9 (i) > 0,V >0,k =T,N,i=1,M,i=T1, . (18)
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Then there is no extended half-cycle of equation (17) in the half- cycle of (15),
and vice versa.

This statement is an exact discrete analogue of the classical Sturmian Zeros-
separation theorem for the second order differential equation and of Theorem 4.5
in [4] for delay differential equations.

Theorem 3 makes it possible to estimate the length of the sign-preservating
segments of the solutions not only from above, but from below as well (for large
half-cycles). The exact formulation of the relevant statement is as follows:

Corollary 3.1. Suppose that
1. (18) holds.
2. The segment (py,q1) is a half-cycle of equation (17), and

Mm<p-R<g+R< @5
3. z(i) is a solution of equation (15), such that
z(i)<0on (p— R,q) and 2(i) >0 o0n (p+ 1,p+ R)

Then z(i) preserves the positive sign on the segment (p + R,q1).

Let us demonstrate this statement for a simple case, i.e. for the equation
z(i+1)—a(t)z(d)+b(3)z(t—1)=0 (19)

Corollary 3.2. Let b(i) > 0 Vi, ¢ —p > 3, and the segment (p, q) is a half-cycle
for the equation

y(i—1)—a(y(e) + bz + Dy(i + 1) = 0. (199

If py > p+ 1 and z(i) is a solution of (19), for which z(i) < 0 on (p1 — 1,p1),
z(2) > 0 on (p1 + 1,p1 + 2), then z(i) preserves the positive sign on the whole
segment (p1 + 2,q).

3. Applications to Some Special Cases

Theorems 1 and 2, as well as any comparison theorem, have relative char-
acter. The problem is that in each particular case we must formulate sufficient
conditions to guarantee the fact that the inequality (2) has the solution y(7),
possessing the properties (11). These conditions must be formulated in the terms
of the properties of coefficients ?i(i),?;(i),E(i). This problem is a difficult one. A
special method has been developed in [4] for the analysis of the analogical prob-
lem for delay differential equation. We describe below the discrete version of this
method.
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3.1 Inequalities and equations with one lag.
3.1.1 Consider the inequalities

lz)i=2z(i+1) — a(d)z() + b()z(i—k) <0, 214 (20)

Tyl = y(6 — 1) = @E)y(E) + b(i + k)y(i + k) 2 0, > (21)

for a given number k € N.
Suppose that the sequence {m(7)}, m(¢) # 0, and the bounded sequence
{¢()}, 1 > ip and 0 < v < vy are given.

Choose the sequences {a(i)} and {b(:)} such that the sequence

y(i) = m(i)sin(v 3 o(n)) (22)

n=p+1

will be a solution of (21).
Substitute (22) into (21):

m(i — 1) sin(v z—j () — @(i)m(i)sin(v Y @(n))
n=p+! n=p+1
_ i+k
+b(i + EYym(i + k)sin(v Y (n)) 2 0
n=p+1

From this inequality one obtains

B itk
[m(i — 1) cos(ve(2)) — a(i)m(z) + bz + k)m(i + k) cos(v Z cp(n))}

i+1

itk itk
sin(v Z e(n))+ [—m(z — 1) sin(vp(3)) + b(i + k)m(s + k) sin(v Z (,p(n))}
p+i i+1
itk
cos(v Z w(n))>0 - (23)

p+1

Inequality (23) undoubtedly holds if the expressions in the square brackets
are equal to zero. From these equalities we obtain:

Tl . m{i-1} 8in ve(4) .
b(z + k) ~ m{i+k) sinquI{Cp(n) » 12P

. itk
~r o _ mli=1) smu}ji«’_l @(n)
M= s

(24)

i2p
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and
'm'(z - 1) _ nz+k SlIl(V zn_{.ﬂ ‘P( )) ~

mEi+ k) = (e S o(m)) “a(l),izp (25)

sin(v Ziif go(n))} sin(ve(i — k)) , 1> (26)

b(i) =i l
B(i) = Mizio k[ (® Ik sm(vz,_,,l x P(n))

sin(v 24 p(n))
The following statement is true:

Lemma 2. Let a(z) # 0 in (21), and the bounded sequence {¢(n)}$° satisfy the
following conditions:

i+k i+-k
Ecp(n) > 0 and Ego(n) > 0 for Vi . (27)

i+1

Then the sequence

l 1 sin(vzi""‘so(n))) i S o
y(4) = Mispys (a(l)sin(VZfifgo(n)) ( gw( ) (28)

is the solution of (21) for sufficiently small v > 0, where b(l) is defined in (26).

Theorem 4. Let 0 < v < vy, ¢ — p > k and the following conditions hold:
1. The sequence {¢(n)}{° is bounded and

2) OSZMn)S L ie(p+1,9) §<Z¢(n)<— i€(qg+1,q+k)

p+1 p+1
(29)
b) p(i)20,i€ (¢+1-k,q) (30)
i+k i+k
c) Zcp(n) >0, Zcp(n) >0,V: (31)
i+1
2. a(t) >0Vi (32)
,  i€(p+1p+k)
3‘ 02 {5, e oiriig (32)

where (i) is defined in (26), @(i) = a(i).
Then there are no solutions z(i) of inequality (20) such that z(i) > 0 on (p—k, q).

Proof: The proof is based on Theorem 1, with @(:) = a(i), and on Lemma 2
which guarantees the existence of a solution y(7) of the inequality (2), satisfying
conditions (11).
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Corollary 4.1. Let the sequence of the segments (pm,qm), Pm — 00 be such
that all conditions of Theorem 4 hold. Then all solutions of the equation

z(1+1) - a(d)z()+ b(A)z(i—k) =0 (34)
are oscillatory.

Remark 2. In our opinion, it is important to mention the following three facts.
First, the suggested method makes it possible not only to derive the conditions
of oscillation of all solutions but also to estimate from above the length of the
sign-preservating segments of any solution as well. Second, Theorem 4 gives the
whole family of criteria of oscillation (for each sequence {¢(n)}5° we obtain a new
criterion). Third, in the theorems on oscillation of all solutions, the conditions
for coefficients are required on segments (pm — k, ¢m + k) only.

Thus, Theorem 4 solves completely the Ladas’ problem 8.6 ([1]) for equation
(34): to find the conditions which imply the oscillation of all solutions of Eq. (34)
with a(i) = 1 and oscillating coefficients b(7).

Let us rewrite condition (33) in the following form:

b(3) > C,)i)eli — ) (35)
where we designate
N sin(v D)l ¢(n)) v sin(vi(i — k)
GO = Mok oD T o | S0 S ) o= B)
(36)

It is easy to see that lim,_o C,(z) = Co(%), where

; I+k
n;=i+1—k(zlil @(n)) i

CO(") = : Tk Mk a’(l) . (37)
nf:i—k(21+ ¢(n))
Therefore, if
b(z) > Coli)p(i - k) (35")
holds, then also (35) holds for sufficiently small v > 0.
Put
p(3) = bo(i + k), 0 < bo(2) < b(3) for Vi. (38)
Then (35) turns into inequality
sin(v Yif k1 bo(m) | v sin(vbo(3))

Co(i) = Mizige |a(l)

sin(v 33,52  bo(n)) | sin(v ity bo(n))  vbo()
(39)
Let us formulate the Theorem 4 for this choice of the sequence {¢(n)}.
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Theorem 5. Let ¢ — p > k, and the following conditions hold:
1. a(3) >0, b(i) >0 foric (p—k,qg+ k)
2. There exists the sequence {bo(n)}, 0 < bo(n) < b(n), such that for0 < v < 1y
and ¢ € (p— k,q+ k), inequality (39) holds;

3. LI ) <, 2y b(n) <2, e (g+1,q+ ) (40)

= pr 7 = Ty

Then there are no solutions z(i) of inequality (20) such that z(i) > 0 on the
segment (p — k,q + k), and any solution of the corresponding equation (34) has
at least one change of sign on this segment.

Proof: It follows from (40), that (35) (and (33)) hold as long as b(i) > 0 V.

Remark 3. In Theorem 4 we did not demand a priori that all ¢(2), ¢ > i,
should be positive. Condition (31) makes it possible for some of them to be
negative (for & > 2). Thus in Theorem 4 we do not demand that all (i) should be
positive even in the segments (P, —k, gm +k). On the segments (g, +k, prmy1—k),
no conditions are imposed at all.

Notice also that if lim sup;_, ., C,(7) < 1, then (35) holds for sufficiently small
v. Then the following statement is true:

Corollary 5.1. Let a(i) > 0 Vi, and there exists the sequence bg(i), 0 < bp(7) <
b(2) Vi, such that the following conditions hold: :

1. 3% bo(n) > 0 for Vi,
2,

H 42k
) (k41 (Zlik-}-l bo(n))
hm sup - ey
oo My (Zl+k bO(n))

3. The series Y. bo(n) is divergent.

Ni_a(l) <1 (41)

Then all the solutions of equation (34) are oscillatory.

This statement is a discrete analogue of our Corollary 4.2.4 in [4]:
Suppose that r(t) < ¢ is the increasing function, and there exists bo(t), 0 <
bo(t) < b(t) such that the following condition holds:

t ¢ ¢
]i}t_l}ilgf {exp [/r(t) bo(f){/r(g) bo(s)ds}"ld§] -/r(t) bg(s)ds} >1 (42)

Then all solutions of the delay differential equation
z'(t) + b(2)z[r(t)] = 0

are oscillatory.
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Remark 4. If, in particular, (i) = 1 and there exists im;_,o bo(¢) = b, then
condition (41) turns into
k*

> W . (43)

It is known (see, for a example, [9]), that (43) is a sufficient and necessary
condition for oscillation of all solutions of the equation (34), where a(7) = 1 and
b(i) = b. However, making use of condition (41) we can state of oscillation of all
for solutions of equation (34) in those cases when no other criteria are suitable.
Tt applies equally to condition of Ladas-Philos-Sficas [5] (LPS-condition):

n+k

lim inf - Z{;lb(z) > &F 1)k = (44)

We shall discuss below in more detail the advantages and shortcomings of

different conditions of oscillation of all solutions for equation (34) and for more
general equations.

Example 1. Put in Theorem 4 for k£ > 2
{Sp(n’)}(lm = {0!, ﬂa -7, &, ﬁ7 =75 '}, 0< Y < min{a’ ;B} (4’5)
Then {Co(n)}{° = {p¢,7,P, 4,7, ...}, where

_B-e—y) _(e=(eth) _(a+B(B-7)
(a+B=7P " (e+B-7P " (a+B-7)P

Condition (35) turns into

b(3i—2)>p-B, b((3i—1)> —qv, b3 >ra, i > . (46)
Thus, if in equation (34) a(¢) = 1 and condition (46) holds, all solutions of (34)
are oscillatory.

3.1.2 Case k = 1. Consider a particular case of inequality (20) with k' = 1:

(i + 1) — a()e(s) + b()e(i ~ 1) < 0, i > 4o (47)

Corollary 4.2. Let ¢ —p > 1 and {¢(n)}{° be a sequence of positive numbers

such that
q P g41
Z‘P(") Soy oS Z‘P(") <—
p+l r+1
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Then, if (p+ 1) > 0 and fori € (p+ 2,q)

sinvp(i — 1) -sinvp(i + 1)
sinv[p(i — 1) + (4)] - sinv[e(s) + (i + 1)]

the inequality (47) has no solutions z(3), for which (i) > 0 on (p—1,¢+ 1) and
all solutions of the corresponding equation

z(i+1)—a(Dz(i)+b()z(i-1)=0 (49)

b(¢) > a(i)a(i - 1) (48)

are oscillatory.
In particular, putting ¢(¢) = 1 one obtains
Corollary 4.3. Let 0 < v < § and the following condition hold:

i) > WD) i py1pe D)) (50)

Then the statement of Corollary 4.2 is valid with ¢ = [Z].

Corollary 4.4. Suppose that condition (50) holds on the same sequence of seg-
ments (p,+1,p,+[Z]), pn — co. Then any solution of equation (49) is oscillatory.

It is useful to reformulate the previous statements in such a form that enables
us to obtain the estimates for the lengths of the segments of which the solution
preserves its sign. The first statement of the next Corollary 4.5 was obtained in
[6] (Theorem 5) and in [7].

Corollary 4.5. Suppose that the following condition holds:

2 M b(i)
7’ OV S A ——
L{I]Hlf o ali=T) =C >

(51)

BN

Then
a) all solutions of (49) are oscillatory; ‘
b) there are no solutions of (49) preserving the sign on any segment {p, g),

T ) 1
g—p>—+2, V:arcsm”l———.
v 4

Put in (49) a(i) = 2, (i) = 1 + p(¢ — 1), and write of (49) in a canonical
form
A?z(i)+ p(i)z(3) = 0, i> i, (52)

where Az(i) = z(i + 1) — z(4).

The following statement follows from Corollaries 4.3, 4.4 and 4.5;
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Corollary 4.6. If 0 < v < ¥ and p(i) > 1> — 1, then all solutions of (52)

- COB YV
are oscillatory and there are no solutions of (52) preserving sign on any segment

(pa), a-p> % +2.
We have already mentioned that the constant § in (51) cannot be improved.
However, the statement of Corollaries 4.3, 4.4, 4.5 may be improved even in the

case when lim,_, ., b(n) exists.
Putting in Corollary 4.2 ¢(n) = L, one obtains

sin ——= - sin =%~ 2
eS| n-1 = % (1 g1 : ty ) +o(n7?). (53)
sin (27 + £) -sin (£ + 7%7) "
Then Corollary 4.2 implies
Corollary 4.7. If
L |
b(n) > Za(n) ca(n—1) 1+ ol R Rz (54)

then all solutions of (49) are oscillatory, and any solution has at least one change
of sign on any segment (p — 1,[pexp(Z)] + 1), where v = {/d — 1.

For equation (52) this statement turns into an ezact discrete analogue of the
classical Kneser’s Oscillation theorem for second order differential equation:

Corrolary 4.8. Let

hﬂigif n? . p(n)=d> 21;' . (55)

Then Corollary 4.7 is valid for equation (52).

Remark 5. It is impossible to put d = 1 in (54) and (55) because the se-
quence z(n) = 4/n is a solution of (54), where p(n) = 2\/1 +1- \/1 +2-1,

and lim,_.o n’p(n) = 1.

Remark 8. It is not difficult to obtain a condition which is even more accurate
than (54) or (55). For example, it is sufficient to put in (54)

1

1
oln) = i $) = o o

Let us discuss now the meaning of the condition (41) for oscillation of all
solutions of the equation

z(i+ 1) —2(3) + b(d)z(: - 1) =0 (56)
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and its connection with Hooker-Patula’s condition (51) (see [6]):
lim inf b(n) > - (57)
minfb(n) > 7

(the LPS-condition (44) with k& = 1, is equivalent also to HP- condition (57)).
Let us write condition (41) for k¥ = 1:

bo(n + 1)
(Bo(n — 1) + bo(n)][bo(n) + bo(n + 1)]

lim sup d,, = lim sup < 1, bo(n) < b(n)

(58)
and consider the following
Example 2. Put in (56)
b(i) = {p, A\, Ay}, A, > 0.
Then the HP-condition (57) becomes
. 1
min{A, p} > 2, (59)
and our condition (58) becomes:
max{\, p} < (A + p)?, (60)

which is equivalent to

T-A+/E- 0<a<:
> 1 (61)
F2 Y VA=), 1<a<
0 A>1

?

It is obvious that condition (61) is less restrictive than the HP-condition
(59).

In this example it is possible to determine the ezact domain {), u} for which
equation (56) is oscillatory, because it is possible to transform it into a third
order difference equation with constant coefficients and to use the sufficient and
necessary condition (the corresponding characteristic equation has no real positive
roots):

2E1-nF, 1<a< (62)

1-32)3 ) jo<acl
p>
0, A>1.
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3.2 Inequalities and equations with two delays.
Consider the inequalities

rli = 2(i+ 1) — a(d)z() + b1(Dz (7 — k1) + bao(D)z(i — k1) <0, t €N (63)
for by +1 < kg, ki, k2 € N, and
ek = y(i—1) ~@()y() + Bali+ka)y(i+ ka) +Bali+ ke)y(i-+ha) > 0, i 2 0 (64)

Suppose that the sequence {m(i}$°, m(:) # 0, the bounded sequence {((7)}5°
and the small number 0 < v < g are given.
Choose the sequences {a(i)} and {b;(7)}, j = 1,2, such that the sequence

i

y(i) = m(i)-sin(w 3" (n)) (65)

n=p+41

is a solution of (64).
Substitute (65) into (64):

m(7 — 1) sin(v i: (n)) — a(i)m(:) sin(v E e(n))+

p+1

itk

p+1

i+ ko

+by (i+k)m(i+hy) sin(v Y @(r))+ba(i+ka)m(i+ke)-sin(v Y ¢(n)) > 0 (66)

p+1

p+1

Inequality (66) undoubtedly holds if

bi(i+ ki) - mi+ kr) - sin(v SR e(n) =
= a(i)m(3) sin(v TR ¢(n)) = m(i - Vsin(v TiT o(n))

- 67
ba(i + ko) - m(i + kg). sin(v 2:1’,:;_1 w(n)) = . (67)
= —a(i)m(i)sin(v Tii1" e(n) + m(i = Dsin(v T (n))
Denote _Tu)_ d(7) and define r(¢) by means of the equality
a(iy = L G T o)+ (5 D p(m) + (D) sin(§ Bifits o(n)
i@ sin(f it e(m) + (5 Tir* o) .
(68)
Then from (68) we obtain
= sin vo(i)+r(i) sin(v Y 722 (n))
b k) = t+k1d A it
l(z + l) ( (n)) sin(v Z'“‘l @(n))+sin(v Z'+k2 @(n)) (69)

By(i + k2) = ( '+’°2d(n))

The following statement is true:

sin v(i)—r(i) sin(v E:I:l @(n))

sin(v )i 111 p(n)+sin(v )0 172 ¢(n))
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Lemma 3. Let in (64) a(¢) > 0 and for the bounded non-negative sequence
{¢(n)}, n =1, 00, satisfy Ezifl @(n) >0, Vi. Then the sequence

Y(8) = (Mh=pyad(n)) ™ -sin(v Y @(n)) (70)

p+1

is the solution of (64) for sufficiently small v > 0 (the sequence d(3), b1(3), ba(4)
are defined in (67),(68)).

Theorem 6. Let ¢ — p > k; and the following conditions hold:
1. For some sequences {a(i)}, {¢(i)} the conditions of Lemma 3 hold;
2. For the sufficiently small number v > 0

: . : o
Do) < ie(plah <Y n(n)S i€ g+ Lgtks) (1)
et v v T v

3. The sequence {r(i)} satisfy the condition

___ sinvp(i) (i sin(v(¢)) 79
ST ) S S DR e(m) (72
4. bJ(z) 2 31(1)71’ € (pa q)& (73)

where Z,(z) are defined in (69), and a(7) = a(¢).
Then there are no solutions z(i) of (63) such that z(i) > 0 on the segment
(.p - k27 q)'

As an application one obtains the oscillatory properties of all solutions of
the equation

IE(Z + 1) - a(z):c(z) + b](Z)IB(Z - kl) + bg(l).’l‘(i - kg) = 0, i Z ’io (74)
with two delays:

Corollary 8.1. Let the sequence of the segments (Pm,qm), Pm — o0 be such
that all conditions of Theorem 6 hold. Then all solutions of equation (74) are
oscillatory.

Consider further a few particular cases.

3.2.1 Put ¢(n) = 1, m(i) = m* (d(i) = m), r(i) =7, —klz <r< kl—2 Then
from (72) it follows that for sufficiently small ¥ > 0 the condition -—sis;"u‘;z <
(i) < -88% holds. The equalities (68) and (69) turn into

sin vk,

~( ) 1 sin V(2+k21+k2) + rsin V(k22—k12
alt) = —_-
m sin E1tka)

= A(v,m,r)
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1 sin v + rsin vky

by(i = . = s 75
b1(3) mk1+1  sinvk; + sin vk, Bi(v,m, 1) (75)
~ . 1 sinv — rsinvk; _
ba(i) = mF2+1 " in vk, + sin vk, B (v,m,r)
Theorem 7. Let
1 1
v>0,m>0, ——<r<—, q=p>k (76)

ky — k'’
and on the segment (p,p+ 1+ [Z]) the following conditions hold:
a(i) < A(v,m,r), b;(3) > Bj(v,m,7), j=1,2.

Then there are no solutions z(3) of inequality (63) such that z(i) > 0 on (p,p +
[Z] + 1+ k2), and any solution of corresponding equation (74) has at least one
change of sign on this segment.

Corollary 7.1. Let (76) hold, and

. . 24 ki 4+ ka4 (k2 — k1) )
li =a® < A(0,m,r)= A=
mopeld= o < A0,m ol ¥ )
o N O RS - B = 14+ 7k
liminf by(2) = by ' > B1(0,m,r) = By i (4 F2) : (77)
.. ~ _ 1(0) e 14 rky
liminf b2(2) = by’ > B2(0,m,7)= By = i (k4 Fa) ,
-a©® + 50 + 5 > —A+ B, + B,. (77"

Then all the solutions of the equation (74) are oscillatory.

Remark 7. When all the inequalities (77) are strict, then Corollary 7.1 turns
(for M = 2) into Ladas-Gyori’s theorem:

Theorem 8. ([3]) Consider the delay difference inequality

2(i+1) — 2(i) + f:b,-(i)z(i —k;)<0,i>ig, k; €N (78)

=1

and the delay difference equation with constant coefficients
M
2i+1)—2()+ D Piz(i—k;) =0, i>d (79)
J=1

where liminf;_,o, b;(¢) > P; >0 forj =1, M,

Suppose that all the solutions of (79) are oscillatory. Then (78) has no eventually
positive solution.
The connection between Corollary 7.1 and Theorem 8 follows from the fol-

lowing
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Lemma 4. The characteristic equation
Fgl) = A—a® 4+ 62k L 52—k = g (80)
of the difference equation
z(i+1) - a®z() + b8V - k) + (i~ kp) =0, i > 1 (81)

has no positive roots if and only if there exist numbers m > 0 and r such that
strict inequalities (77) hold.

Proof: Put Fo(A) =X — A+ ByA"% + By gl™2. It is easy to see that F()) >
Fy(A) and FJ'(X) > 0 for all A > 0. This implies that equation Fj(gl > 0 has a
unique (positive) root gly, i.e. Fo(Ag) = miny>o Fo(A). On the other hand, it is
easy to see that
Fé(%) =1~ k1B1m1+kl - kngmHk? =0

which implies that Ay = m™1.

One can check that Fy(Ag) = Fy(m™!) = 0. Therefore, for any A > 0,
F()\) > Fo(/\) > minA>0 F()(/\) = Fo()\o) =0.

Now let us prove that the condition F(A) > 0 for any A > 0 is sufficient. Let
F(X) > 0 for any gl > 0. Then minxso F(A) = F(X) >0, F/(X) = 0.

Put g = A— AX, where AX > 0 is sufficiently small. Due to the monotonicity
of F'(X)

Fllp) =1 =0k 1 ko= 1= —e < FF(X) =0 (82)
Define m and r as m = p~! and bgo) = (-}f{—% + 2—,i;)m‘(1+k1). Then (82) implies
that L
1—7 €
3O 1, €\ (k) 83
2 (k1+k2+2k2)m ( )
ie.,
¥ > B;, j=1,2 (84)

It is easy to see that F(u) = F(X)40(A)). But F(p) = m™! —a0+b§0)mk1 +

b m*: = A — ay. Thus ag < A as long as F() > 0.

In fact, we obtained here another proof of the Ladas-Gyori theorem.

3.2.2 Suppose (for simplicity) that a(i) = 1 in (63) and (74) and put (i) =
1. Then (69) turn into

1sinv + (%) sinvky

bi(i + k1) = (MEd(D)” sin vky + sin vk,

(85)

1sinv — 7(3) sin vk,

ba(i + ko) = (MiZF2d(1))" sin vk; + sin vk,
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where
gin 2tEitka k2 k2 4 7(7) sin Ukz=k1) k’;k‘

d(i) =
@) sin 21tka) k12+k2

(86)

Sometimes the Corollary 7.1 (and Ladas-Gyori’s theorem as well) do not
provide a good result if the coefficients of (63) are essentially nonstationary. At
the same time, a more delicate choice of the sequence {r(n)} (r(n) # const)
allows us to obtain more subtle results concerning the oscilatory properties of the
solution of (63) or (74). Let us illustrate this fact:

Example 3. Consider the inequality
z(i + 1) — z(3) + b(3)z[i — p(:)] < O (87)

and the corresponding equation

(i +1) - =)+ b(D)=li = p(9)] = 0, (88)
where .
)= ison (89

To simplify the notation, we assume that by and ky are odd. The inequality
(87) can be written in the form (78), where b1(2n) = b2(2n-1)=0,5;(2n—1) =
b(2n — 1);b2(2n) = b(2n). Since the liminf; ., by(¢) = iminf; o ba(?) = 0, it is
impossible to apply the Ladas-Gyori theorem and even the Corollary 7.1.

Put in (85)—(86)

_sinl/ ) T |
Y — gin u_kl ? L
") { —gihy | i=2n (%0)

Then b1(2n — 1+ k1) = by(2n + k2) = 0,

- B sin vk; - sin vky Lo S R
bi(2n + kl)_(sinz/(k1+1)-sinu(k2+1) T =¢q . (91)

ba(2n— 14 k)= g5

and the following statements hold:
1) Suppose that for v > 0 the following condition holds:

ky+1 .
b(i)» 9,5, 0 L=l 92
()_{Jql,izwt | (92)
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Then there are no solutions of (87) preserving the positive sign on any interval
(p,—p+ [Z] + 1+ k2);

ki+1
2

2) Suppose that liminf, ., b(2n+ 1) > [(—,cl—Jr';)(kac;—_n—)] )

(93)

E1ko ]"2“
)

hﬂgfb(Qn) > [(kl )0k £ 1

Then all the solutions of the equation (88) are oscillatory.

3.3. Inequalities and equations of the mixed type with one delay and

one advance.
Consider for k,l € N, the inequalities

Hzli=z2(i4+ 1) —2(@) + b(Dz(i~ k) + c(D)z(i+1) <0, 1 > 1, (94)

el = y(i = 1) — y(&) + B + Ky + k) + i = Dy(i - 20, i2 1 (95)
and the corresponding equation

lz]; = 0. (96)

(For simplicity, we consider only the case a(i) = () = 1).
As in Section 3.2, one can demonstrate that the sequence

Y(i) = Miepprd(n) -sin(v Y o(n)) (97)
n=p+1
is a solution of (95) if
d(i)sin(v iy p(n)) = sin(v T2, ¢(n))

: Tk
sin(v :'-.':1.1_1 (P(n))

ey d(@)sin(e TEF e(n) = sin(v T ¢(n))
C(i - ‘) = U—]n:‘-l—-l’i'ld(n)) : Sin(V ’i+k SD(n))
i—i4+1

B(i + k) = (Mithd(n)) ™

(98)
where {d(n)} is the positive sequence. Therefore the following statement holds:

Lemma 5. Let {d(n)} be a positive sequence and {p(n)} is a non-negative
sequence, which satisfies Z:If @(n) >0, Yi> iy. Then the sequence (97) is the
solution of (95) for sufficiently small v > 0 where b(i) and &(3) are defined in (98).

Theorem 9. Let v > 0 be sufficiently small, ¢ — p > k + ! and the following
conditions hold:
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1. The non-negative sequence {¢(n)} satisfies the conditions of Lemma 5 and

i T T ‘ 2
< = 3 +1 s - < < — 2 +1,¢+k);
Ecp(n)_y,ZE(p ’Q),V_§<P(n)_yal€(q q )

p+1 r+1

s : .
p+1

2. The sequence {d(i)} satisfies the condition

sin(v o p(n)
sin(v 314 ()’

d(i) > > o

b(s) > b(3) Vi € (p,q)
e(é) > €(3)

where b(i) and (i) are defined in (98).

(99)

(100)

(101)

Then there are no solutions z(t) of (94) such that z(i) > 0 on (p — k,q+ 1) and

there is no solution of (96) preserving the sign on this interval.

The theorem on oscillation of all solutions of the equation (96) follows from

Theorem 9.

Corollary 9.1. Let the sequence of the interval (P, ¢m), pm — 00 be such that
all conditions of Theorem 9 hold. Then all solutions of the (96) are oscillatory.

Consider some particular cases:

3.3.1 Put ¢(n) = 1,d(n) = d > &1, Then (100) implies that for sufficiently

small v > 0 d > 224540 16145, The equalities (98) turn into

sin vk

sin v{k+1)

(i) =dTtEmEE ) = C(n,d)

{b(i) — d-—k-—] dein vi—sin V!l—-‘l! = B(V,d)

Theorem 10. Let
v>0,a2 2L g pskqy,

and on the segment (p,p+ [Z] + 1) the following conditions hold:

b(i) > B(v,d), c(i) 2 C(v,d).
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Then there are no solutions z(i) of inequality (94) such that z(i) > 0 on (p —
l,p+ [2] + 1+ k) and any solution of (96) has at least one change of sign on this
segment.

Corollary 10.1. Let (103) hold,

hmmf b(z) = b(o) > B(O, m) = d_(k+1) dal -1 +1

100 —_—k + l
dk—k—1 (105)

liminf e(i) = ¢ > C(0,m) = &'~ =,

and 5® + ¢ > B(0,m) + C(0,m). Then all the solutions of equation (96) are
oscillatory.

Lemma 6. The characteristic equation
FOO)=A-1+0xF% 4 O\ =9 (106)
of the difference equation
2(i+1) —2()+ 02— k) + D2 +1)=0,4i>0

has no positive roots if and only if there exists d > 0 such that the strict inequal-
ities (105) hold.

The proof is similar to the proof of Lemma 2.
3.2.2 Put in (98), ¢(n) = 1. Then (98) turn into

-1 d(d)sinvl —siny(l - 1)

b(i + k) = (NitE d(n))

sinv(k + 1)
N . (107)
i )= () ppad(n)) TR B )

The choice d(n) = const (as in 3.3.1) is often too crude and does not lead
to the desired results in those cases when the sequence {b(n)} and {c(n)} are
essentially non-stationary. For these cases, the choice of d(n) must be more
subtle.

Example 4. Consider the inequality

z(i+ 1) —2(d)+b()z(i— k) + c(d)z(i+ 1) <0 (108)
and the corresponding equation

2(i+1) = 2(8) + b6(3)z(i — k) + c(d)2(i+ 1) =0 (109)
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wherec(i):{g’ :igzﬂl,0>0.

Since lim inf; ,_,oo c(z) = 0 the application of Corollary 10.1 will demand nec-
essarily that d = , and condition (105) becomes

kk

lim inf b(¢) >
1—00

In other words, nothing new has been obtained comparing to the case ¢(i) = 0.
T'he same can be said about applicability of the Theorem 10.
On the other hand, let ! be even and k odd. Then putting in (107)

t=2n-1

sin vk ?

where d > 0 is the positive root of the equation

r sinv(k+1) ) sinv(k + 1) sin vk
7 2. d? -C- .
sin vk sin vk

sinl/(k-l-l))’z_ =0 (112)

One obtains ¢(¢) = ¢(7), and

k41 )
sin vk 2 dsinvi—sin v(I-1 .

T (dsin u(k+1)) ) sin v(k+1) , 1=2n-1

b(i) =

k41
sin vk 2 sin v .
(dsinuTk+1)) T sinvk ° 1=2n.

(113)

Therefore, the following statement holds: Suppose that k and [ are odd and
even numbers, respectively, and b(s) > b(i), Vi, where b(i) is defined in (113).
Then for (108) and (109) the statement of Theorem 10 holds.

Example 5. Put in (109) | = 2, and suppose that

o k* k+1 k(k+2)]"
o Kk k+1 Be+2)]
lninfon) > e T [1 YOy 1)”]

Then all the solutions of (109) are oscillatory.
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ON CONVERGENCE OF SEQUENCES OF
INTERNAL SUPERPOSITION OPERATORS

Michael E. Drakhlin

The Research Institute
The College of Judea and Samaria
Ariel 44820, Israel

Conditions for convergence of sequences of internal superposition operators
in some spaces of measurable functions are considered.

1. Introduction

The theory of functional-differential equations is based on studies of the
properties of an internal superposition operator in different function spaces [1].
In particular, the question of correct solvability of boundary value problems for
functional-differential equations requires the establishment of conditions for con-
vergence of sequences of such operators.

For instance, investigation of dependence of absolutely continuous solution
z :[0,00) — R™ of the Cauchy problem for a functional-differential equation of
neutral type

#(t) + B(t)z (9(t)) + Az (h(t)) = f(t), te[0,00),

) =2()=0, I £<0

on function g : [0,00) — R, leads to the necessity of determinating condi-
tions of convergence of sequences of internal superposition operators in spaces of
summable functions. Analogous problems arise in the study of integro-differential
equations in these spaces. For instance, one could consider the following equation

y(t)+ B()y(g(1)) + /OtR(t,S)y(S)ds =ft), tel0,00),

y(f):oa if €<0.

In this paper we generalize and extend the results of our research [2,3,4] on
the convergence of sequences of internal superposition operators in some spaces
of measurable functions.

For the formulation of the central statement we need the following notation
and definitions.
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Denote by R™ the space of n-dimensional real vectors @ = (ay,...,a,) with
the norm [la}| = max;<i<n |ai|. The same symbol ||-]] will be used for the norm of
n X n-matrix coordinated with the norm in R™. The triple (E, ¥, m), consisting
of a set E C R", some o-algebra 3 of subsets of E and a measure m defined on %,
will be called the space with measure. Assume measure m to be complete positive
o-finite and non-atomic. Let L,(E,R", ¥, m) (or briefly L}), 1 < p < oo, be the
space of functions z : ¥ — R"™ with components summable on E with degree p,

felle, = /. llw(on”dm(t))”p .

Define an internal superposition operator S : L, — L, by the equality

(Sz)(t) = B(t)(S,2)(t) , teE, (1)
where ( )
_Jz(e(®), 9@)eE,
(S0 = {500 L @)
Here B is an n X n-matrix of measurable functions b;; : £ - R, 4,7 = 1,2,...,n,

and function ¢ : E — R™ satisfies the condition
(VeeX) m(e)=0=m(g7'(e)) =0. (3)

Let a measurable function z : E — [0, oo[ be defined in space (E, X, m), and
H € X. Let us define on X a function px(z,g, m) by the equality

ur(z,9,m)(e)= / z(s)dm(s) , e€ .
{teH:g(t)ee}

Below (see Lemma 1) it will be shown that there exists a measurable function
Yu(z,9,m) : E — [0,00] connecting the measures pg(z,¢9,m) and m by the
equality

pr(e,9,m)(€) = [ a9, m)(s) dm(s) ()
Consider a sequence of operators

{Sk:Ly; - L7}, 1<r<p<o,

(Sk2)(®) E Bu()(Suz)(t), teE.
Here By, k = 1,2,..., are n X n-matrices of measurable scalar functions, g,

k=1,2,..., satisfying condition (3). Denote by ||B(2)|| % bi(2), || B(2)|| £ b(2)
for t € E. Let A be the symbol of symmetric difference.
The central statement of the paper is established by the following
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Theorem 1. Let (VH € X, m(H) < o0) the following conditions be valid:
1) klim m({teH : b(t) # 0,gx(t)€E} A {t€H : b(t) # 0,9(t)€E}) = 0;

2) for any o > 0
Jim m({te HNg™(E):b() # 0, llgw(t) — g()| 2 0}) =0

3) the sequence {Yn(1,gx, m)}3>, has equipotentially absolutely continuous
integrals;
4) for any o > 0

Jim m ({t € Hng™(E): ||Bx(t) - Bl 2 0}) =0;

T
5) Sup Uloe®,gm)ll, } <o

Then the sequence of operators
(Se:IP—LMR,, l<r<p<oo,

strongly converges to the operator § : Ly — L7.

The proof of the theorem consists of several steps, each of them will be
formulated below as a separate statement.

Let us point out that criteria of continuity of the operator § : L} — L were
derived in our paper [5].

2. Convergence of the Sequence in Measure

We begin with the proof of aforementioned

Lemma 1. Let functions z : E — [0,00], g : E — R"™ be measurable, where g
satisfies condition (3), then (VH € ¥):
1) there exists a measurable function ¥g(z,9,m) : E — [0,00], connecting
measures pg(z,g,m) and m by equality (4);
2) for any measurable function f : E — R" the following equality holds:

/{temgmee} A a®)ldrm() = [ 1) ea .. m)s)m(s) . (5)

Proof: If m(H) < oo, then the statements of the lemma are a consequence of
the Radon-Nikodym theorem and the rule for change of variables. If the measure
H is o-finite, then H may be represented as

H=|JH;, HieX, HiCHC..., mH)<o, i=12,...
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Let us construct on I a sequence of functions {um,(z,g, m)}f:1 The mea-
sures py,(z, g,m) are o-finite, since z is an m-almost everywhere finite function.
By virtue of the Radon-Nikodym theorem, there exists a sequence {¥'5,(z, g, m)}zoz1
such that for every 1 = 1,2, ...

uii(z, 9, m)(e) = / b, 9, m)(s)dm(s) .

It is worth pointing out that we do not claim here the integrability of ¥y, (z, g, m),
i=1,2,.... Since pug,(2,9,m) < pn,(2,9,m) if i < j, then m-almost everywhere

¢H,.(z,g,m)(s) < ¢H,-(Z,g,m)(s) , SE E.

This implies that the function
Yu(z,9,m)(s) = 'liglo z/;H..(z,g,m)(s) , S€EE,

is measurable on E, and for every e € ¥ equality (4) holds.

For the proof of the second statement of the lemma it is enough to use the
B. Levi theorem, by virtue of which the passage to the limit while n — oo in the
equality

/ 2O /Odm(®) = [ 176 (2,9, m)(s)dm(s)
{teH;:g(t)€e} e

is possible and leads to the equality (5). Q.E.D.

Denote by M(E,R", X, m) (or M" in short) the space of functions z : E —
R™ with the topology of convergence in measure m on every set H € £, m(H) <
0.

Lemma 2. For convergence (Vz € M") of a sequence of functions {S,,x}72,
to the function Syz in the space M", it is necessary and sufficient, that on every
set H € I, m(H) < oo, the following conditions hold:

1) kh_)ngom({t €H:gi(t)eE}A{te H:g(t)e E}) =0;

2) for any o > 0
Jim m({te Hng™"(E): lgc(t) — gl 2 0}) = 0;

3) the sequence {9r(1,gx, m)}52, has equipotentially absolutely continuous
integrals.

Proof: Necessity. Let z;(t) = (1,1,...,1),¢ € E. Then (Vo > 0,0 <1,VH €
T, m(H)< oo,Vk > 1)

{t € H:||(Spu2)()~(S,21)(®)]| 2 0} = {t € H : gu(t) € E}A{t € H : g(t) € E} .
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Consequently, from the convergence of a sequence {Sg, 2z1}52; to the function
S,z1 in measure m on every set H € X, m(H) < oo we get that (Vo >0,VH €

L, m(H) < o)

kl_i_)n;om({tEH:gk(t)EE}A{tGH:g(t)EE})=0,

i.e. the first condition is satisfied.
Let z5(t) = (||tll, .- lIt]]), t € E. Then

{t € H:|I(Sg.z2)(®) = (Sez2)(t)| 2 0} C
c {te Hng " (E) g (E): llge(t) - (Ol 2 o}V
U{t € H : gi(t) ¢ E,9(t) € E, [lg(t)]| > o }U
U{t € H : gi(t) € E,g(t) ¢ E, llgx(t)]| > o} .

Since,
{t € H:gx(t) ¢ E,g(t) €E,|lg(t)l| > o }u
U{t € H:gx(t) € E,g(t) ¢ E,|lgr(t)| 2 0} C
C ({tEH:gk(t)EE}A{tGH:g(t)EE}) ,

and the measure of the last set tends to zero, then

lim m({t € HNg™'(E): llgu(t) - g(¥)| 2 0}) =0,
i.e. the second condition is satisfied.
Consider the function z3(t) = x.(t),t € E, e € . The sequence {Sq, 23},
converges in measure to S,z3 on every set H € ¥, m(H) < oo, moreover,
I1Sg. 23|l < 1,t € E. Then from the Lebesque theorem we get

Jim [ a0, g0 m)(e)im(s) = Jim [ [(Supza)Olldm(e) =
_ / 1(S,23) ()| dm(t) = / bu(L, g, m)(t)dm(t) .
H e .

Since e C E is arbitrary, the sequence {¢g(1, gk, m)}$2, has equipotentially
absolutely continuous integrals.

Sufficiency. Let H € £, m(H) < oco. We will show that providing the
conditions of the lemma hold, the sequence {Sg, z}52, for arbitrary function
z € M" converges on H in measure to function S,z. Evidently, w.l.o.g. the set
H is bounded. Given ¢ > 0, choose a bounded set @ € &, m(Q) < oo in such a
way, that

m({t € H:4(t) e E\Q}) <¢/4.
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For an arbitrary function x € M™ there exists the function y € M"™ with uniformly
continuous on ¢ components, which differs from z only on a set ¢g C @ of
arbitrary small measure.

The following inequality holds:

(S0 2)(8) = (Sez) (DI < [I(Ser)(2) = (S v)(O)I+
HI(S5.9)(1) — (Sey) DI + [1(Sey)(#) - (Se2)(DN -

As a consequence of the equality

pir(L, gy m)(e) = / $r(1, g m)(s)dm(s) ,

we get that the equipotential absolute continuity of integrals of the sequence
{¥u(1, gk, m)}32, is equivalent to condition: px(1, gk, m)(e) — 0 uniformly in &
when m(e) — 0, e € £. Hence, starting from some K7,

m({t € H : [(Sg.2)(t) ~ (Suy)()| 2 0/3}) < £/4

for any given o, ¢ > 0. Since pg(1,g,m)(e) = 0 for m(e) = 0, e € X, then for
small enough measure of the set eg

m({t € H : [|(S,2)(t) = (Sgu)()ll > 0/3}) < /4.

The uniform continuity of function y on @, and conditions 1) and 2) imply an
existence of such K5, that for k£ > K,

m({t € H : [|(S5,9)(t) - (Sey)()| > 0/3}) < /4.

Therefore, for arbitrary x € M", H € ¥, m(H) < o0, and arbitrary given
o,€ > 0 there exists K = max{K;, K,} such that for £ > K

m({t € H : [[(S5,2)(t) — (Sgz)(®)]| 2 0}) <€ .
The lemma has been proven.

3. Conditions of Strong Convergence of the Sequence
A criteria of the pointwise converge of operators is determined in the follow-
ing
Theorem 2. A sequence of operators {Sy, : Ly — LP}R.:, 1 <r<p< oo,

strongly converges to the operator Sy : Ly — L} if and only if the conditions 1)
and 2) of Lemma 2 are valid, and

sup{[|¥e(1, gk, m)ll;1  }=ec<oo. (6)
k>1 p/(p—r)

88



Proof: Necessity. Since the sequence of operators {5, }32, converges to the
operator §, in every point € L}, then the sequence of functions {Sg 2}32,
converges to the function S,z in measure on every set H € X, m(H) < oo.
Therefore the conditions 1) and 2) of Lemma 2 hold. By virtue of the equality

(see [5)) 1
1Saullzg—zz = e ommIy

we get from the Banach-Steinhaus theorem the boundedness of the sequence of
norms

(e gmmlly 32 -

Sufficiency. The boundedness of the sequence of norms {||¥g(1, gk, m)|| L, )},‘2?_:1
p/ip—r

implies, by virtue of the Valle-Poussin theorem, that the sequence of functions
{¥e(1, gx, m)} 2, has equipotentially absolutely continuous integrals. Since

(VH € E)’tb}{(l,gk,m)(S) < "pE(lv.qk’m)(s) ’ sekE, (7)

the conditions of Lemma 2 hold, hence the sequence (Vz € L7) of functions
{Sg.2}%2, converges in measure to the function S,z on every set H € &, m(H) <
0o. Besides, the sequence of functions {{|(S,, z(:)||"}52; has equipotentially ab-
solutely continuous integrals. It is justified using (6) and (7) by the following
arguments. Let e € ¥ then

/e 1(Soe2)(®)Imdm(t) = /{ le(gr()II" dm(t) =

tée:gr(t)EE}

- / ()" (L, gy m)(s)dm(s) <

< / lz(s)|I" $e(L, gi, m)(s)dm(s) <

< ([1)Pan) r,,,( / wE(l,gk,m)(s)lpﬂp-”dm(s))(M”’ <

<o [Iatelipam(s)) " ®)

Thus, while m(e) tends to zero, the left hand side of (8) tends to zero uniformly
with respect to k. Let us choose a set e = E\H (H € X, m(H) < oo) from the

condition p
[lelram(s) < (£)™

Then, (8) implies (Ve > 0) an existence of set H € X, m(H) < oo such that
simultaneously for all £ € {1,2,...} the following inequality holds

/ (S 2)(OI"dm(t) < e .
E\H
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Hence, the sequence of functions {S,, z}{2, satisfies all the conditions of [6,
Theorem 6, chapter 3-3], and therefore converges in the norm of the space L? to
the limit function Sgz. That completes the proof of the theorem.

Lemma 3. Let (VH € £, m(H) < o) the following conditions hold:
1) kli_ilgom({teH:b(t);é() y () EEYA{t € H:b(t)#0, g(t) e E})=0;

2) for any o > 0

Jim m({t € Hn g™ (E):b(t) £ 0, llgr(t) - 9(t)l| 2 0}) = 0;

3) the sequence {¥m(1,gr, m)}3>, has equipotentially absolutely continuous
integrals;
4) for any o > 0

Jim m({t € HNng™(E): ||Be(t) - Bt 20})=0.

Then, (Vx € M"™) the sequence of functions {(Sxz)}32, converges in the space
M™ to the function Sz.

Proof: Use imbedding:
{t € H: [(Skx)(1)—(S2)(®)ll 2 0} C {t € H : (Ska)($)- BO)(Sp2)DIl 2 0/2}U

U{t € H : || B()(Sa2)(t) — (S2)(B)]| 2 0/2} C
C {t € HNg_1(E) : 1Be(t) - BO)llla(ge(®))]l > o/2}0
U{t € H : b(#)||(Sg.2)(t) — (S2)(D)I 2 0/2} .
Conditions 3) and 4) imply

Jim m({t € H0g™'(E):[|Bx(t) - BO)lll=(9:(®)l| 2 o/2}) = 0.
Conditions 1), 2), 3) by virtue of Lemma 2 imply
Jim m({t € H : 5(1)[|(Sp.2)() ~ (Se2)(B)l| 2 0/2}) = 0.
Thus, (Vo > 0,VH € %, m(H) < o)
Jim m({t € B : |(Ske)(®) = (Sz)D| 2 0}) = 0 .
Q.E.D.
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4. Proof of the Main Result (Theorem 1)

A consequence of Lemma 3 is that (Vz € Lp) a sequence of functions
{Skz}2, converges in measure to the function Sz on every set H € £, m(H) <
0o. Similarly to the proof of Theorem 2 one could justify that (Ve € X)

/e I(Skz)(D)I"dm(1) < d(/ ”a:(S)”pdm(s)) N

analogous to inequality (8). This implies that for any ¢ > 0 there exists a set
H € ¥, m(H) < oo, such that simultaneously for all k € {1,2,...}

/ 1(Skz)(@)||"dm(t) < € .
E\H

Reference to [6, Theorem 6, chapter 3-3] completes the proof of Theorem 1.

5. Conditions for Uniform Convergence

Theorems 1 and 2 establish conditions of the strong (pointwise) convergence
of sequences of operators {Sx : L} — L3R S i Ly = L2}, 1 <r<p<
0o. Let us consider now conditions for uniform convergence of these sequences.

Let J be a pre-compact family of functions in space Lj. Then, under the
conditions of Theorem 2 the sequence of operators {§,, : Ly — L}}52,,1 <7 <
p < oo, converges uniformly on the set J to the operator §;. The assumption
about the pre-compactness of the set J is essential for the uniform convergence
of the sequence {5y, }32, to S,.

Example. Let E = [0,1], gx(1) = t = 1/k, t € [0,1], ¥ = 1,2,.... Then,
since the family of functions is compact in space L},([O, 1]), 1 < p< oo, if the
sequence of operators {5, }52, uniformly converges on the set 3 C L1([0, 1]) to
the identity operator, then the set J is pre-compact.

In [2] it is shown that the assumption about compactness of the family of
functions J in measure is essential for uniform convergence S, — Sg on every
element z € J in measure.

Definition.  Let us say that a measurable function ¢ : E — R™ possesses
property Ny if there exists a set G C g~!(E) such that m(G) = m(¢~(E)) and
every measurable set e C G, m(e) = 0 then m(g(e)) = 0.

Note that a function g possesses property Ny if Luzin’s N-condition holds.
Particularly, it holds for absolutely continuous functions.

For a measurable function ¢ : E — R"™ possessing the property Ny the
set g(e N ¢"1(E)) is measurable for any measurable e C E. According to the
theorem of Luzin (VH € ¥, m(H) < co) there exists a sequence of functions
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gk : E — R" continuous on H, such that m{t € H : g(t) # gx(t)} < m(H)/2F,
and by virtue of continuity of the measure m there exist sets Hj such that

k-1
Hy C {t € H\ U H;:g(t) = gk(t)} and m(Hg) = méfl) ¢

Note that H; N H; = 0, i # j, and m(Uyo, Hx) = m(H). Denote by Hy def

H\URZ, Hx. Then m(Hp) =0. Let e € £, e C H. Then

g(e) = U g(en Hy) = [ U gk(eﬂHk)] Ug(en Hy) .
k=0 k=1

Since m(e N Hy) = 0 we conclude using [6, ch. 3] that every set gi(e N Hy) is
measurable. Then g(e) is measurable.

6. A Sequence of Operators in LY,

In Theorems 1 and 2 we exploited the restriction p < oo. In what follows we
will show that the question about convergence in L7 has a negative answer.

Consider a sequence of operators Sy, , k = 1,2, ..., acting in space L.,, where
ECR!, g;:E—R! k=1,2,...,. The convergence in space L., is the uniform
convergence m-almost everywhere on E. Assume that for functions gx,g : E —
Ry, k =1,2,..., condition Ny holds. Choose such e € ¥ that e C g(G), m(e) > 0
and m(g(G)\e) > 0. Consider the function z:

“W={3 g o*s

For the uniform convergence of the sequence {S,, }72, almost everywhere on E

to Sgz it is necessary that, starting from some number, the following equality
holds

m(g; (e) A g™ (e)) =0, (9)
otherwise k]im |5gs7 = SozllLy, = |a— 8| > 0.

Since e is an arbitrary set from g(G), then for convergence (pointwise and
uniform) of the sequence {S,,z}72, to S, on some “good” set (for example, the
sphere, a densely closed set in L., etc.) it is necessary for the number K to
exist, such that for ¥ > K condition (9) holds for every measurable set e C g(G).

Let us show that condition (9) implies that beginning from some number K
for every H C G

m(gn(H) A g(H)) = 0 (10)
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Assume that (10) does not hold for some measurable set H C G, m(H) > 0. Let
g(H)=U, gx(H) = Ux, m(U A Ug) > 0. Let m(U") > 0, where U’ = U\U,.
By virtue of (9) m(g;}(U') A g='(U)) = 0, and thus the sets g; '(U')n H, and
g~ Y (UNNH coincide to within a set of zero measure. Moreover, m(g~}(U')NH) >
0, since the function g possesses property No. Then m(gy'(U')n H) > 0 and
gx(grH(UYNH) = U' C Uy, this contradicts gx(H) = Uy. Therefore, m(U") = 0.
Consequently, for every measurable set H C G for k > K equality (10) holds.

Now we will show that providing condition (9) holds, for k > K, g*(¢) = g(t)
m-almost everywhere on G. Assume the contrary, i.e. that for every number
K; > K there exists k > K; such that m({t € G : gx(t) # g(¢)}) > € > 0.
Denote H' &' {t € G:g*@t) > gt)}, H" = {t € G : g*(t) < g(t)}. Then
either m(H') > ¢/2 or m(H") > £/2. Assume the first, i.e. m(H') > /2. Using
definition (4), consider functions of the set pg(1, gk, m) and pg (1, g, m). From
(10) we have that g(H') coincides with gp(H') to within a set of zero measure.
Condition (9) implies

/ (1, g, m)(s)dm(s) = / $i(1,g,m)(s)dm(s), e C g(H') .

Hence (1, gk, m)(s) = ¥u(1l,9,m)(s) almost everywhere on g(H'). Since
gk(t) > g(t),t € H', the following inequality holds

/ g(t)dm(t) > / o(t)dm(2)
H! H'

/ s (1, gk, m)(s)dm(s) > / s (1, g, m)(s)dm(s) .
g (H") g(H')

On the other hand,

/ spur (1, g, m)(s)dm(s) = / s (1,9, m)(s)dm(s) .
g:(H') ]

a(H

The contradiction shows that for k > K, gx(t) = g(¢) almost everywhere on G,
aid consequently almost everywhere on g 71(E), since m(G) = m(g~}(E)).

Thus, the sequence of operators {5, }32, does not converge in the space
Loo(E,R), X, m) excluding the trivial case when functions g, beginning from
some number K equals g. The same holds (using the same arguments) for the
sequence of operators {5, }72, in the space Lo(E,R", X, m) of vector-functions
z:E—-R", where ECR, g1, g: E—-R", k=1,2,...
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Abstract

We study the stability of equilibrium states of nonlinear functional-differential
equations describing pulse modulated control systems. The frequency-domain
criteria of the Popov type are obtained.

1. Introduction

In the past three decades, a lot of effort has been devoted to the study of
sample-data systems such that their mathematical description can be reduced to
discrete-time models. However, numerous pulse-modulated systems of theoretical
and practical interest do not admit a discrete-time reduction. The systems of this
kind involve a modulated parameter (e.g. frequency, width, amplitude, phase)
which depends nonlinearly on a modulated input function. So their study leads
to functional-differential or functional-integral equations.

The present communication is concerned with the stability of the equilib-
rium states of nonlinear closed-loop pulse-modulated systems. It follows in the
footsteps of papers [1}-{3]. The approach based on averaging of a modulator
output function and on the Yakubovich-Kalman lemma is proposed for solving
the problem. The frequency conditions obtained generalize the classical Popov
stability criterion. The method proposed here resembles the equivalent areas in
principle but avoids the mathematical non-rigorism of the latter. It is applicable
to all kinds of modulation where an upper bound of a sampling period is known.
The advantage of the present approach is that the form of the impulse may not be
known exactly, so the criteria provided guarantee good robustness to variations
of the modulator’s parameters.

2. Problem Formulation

The main element of a pulse-modulated system is the modulator. It is de-
scribed with a nonlinear operator M which transforms a continuous output func-
tion o(t) into a piecewise continuous output function f(%):

f=Mo (1)
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The operator M satisfies the causality condition: the value of f at a point
t depends on values of o at preceding points 7, 7 < t, only. The description of
f(t) involves an increasing sequence of sampling moments tg,%1,%2 ...(t, — +00
as n — +00). When t, < t < t,4; the function f(t) presents the form on the
n-th impulse. Suppose that f(¢) does not change its sign on a sampling interval
(tnstn+1), and a sampling period T}, = t,41 — 1, can be estimated

K/OTSTnST’ (2)

where kg, T are positive constants; i.e. upper and lower bounds of T}, exist.

Let vector z(t) of dimension m describe the system’s state at a moment ?.
Consider a functional equation (1) together with a linear differential equation
with constant coefficients written in vector form

gf=Aar:—+-bf,cr=c"‘:z:. (3)
dt

Here A is a real constant m X m matrix, b, ¢ are real constant m-dimensional
vectors, and * denotes vector transpose. In technical applications equation (3) is
commonly described by the rational complex-valued function W{(p) of a complex
variable p: W(p) = ¢*(A — pI,,)~1b, with I, being the identity matrix of order
m. It is called the transfer function from —f to ¢. Suppose that polynomi-
als det(pl,, — A) and W(p)det(pI,, — A) have no common roots (such transfer
functions are said to be nonsingular). Denote

p=1lmpW(p), r=lm pW(p), x(p)= pW(p) — k.

Let us consider the sequence {v,} of mean values of f(t) at sampling intervals

1 tnt1 J
VUp = -ﬂl f(t) t.

»

Require v, to be bounded for n > 0. For many kinds of modulation a nonlinear
" function ¢{c) can be constructed so that for any sufficiently large n, n > 0, 3
moment %, satisfying ¢, <t, < 1,41 and

Vp = ¢(U(‘{n)) (4)

exists. This function ¢(c) will be called an equivalent nonlinearity. Let us show
that an equivalent nonlinearity exists for commonly used kinds of modulation.
1. Pulse-amplitude modulation (PAM). In this case ¢, = nT,

ft) = {a("("T))/T, aT <t<nT+r,
o, e+ <t < (n+1)T,
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with 7, T positive constant, 0 < 7 < T. Here a(c) is a continuous bounded
function, a(0) = 0. Obviously v, = a(o(nT))/T, and (4) holds for i, = nT
and ¢(o) = a(0)/T.

. Pulse-frequency modulation of the first kind (PFM-1). Here t,41 = t, +
3 (lo(ta)l),

(1) = /\(a(tn))/r, t, <t<ty+T1,
B 07tn+T<tStn+1’

Alo) = 0 for |o| < A and A(o) = sign(o) for |o] > A, 7, A are positive
constants. The function ®(u) is continuous, nonincreasing for ¢ > 0 and
®(p) —» P = const > 0 as p — +00, 0 < 7 < ®,,. Apparently v, =
Me(tn))/®(Jo(,)]) and (4) holds for 2, = t,, and (o) = A(o)/®(|o]).
. Pulse-frequency modulation of the second kind (PFM-2). In this case t,,4; is
the minimal root of the equation t, 41 = tn +®(]o(tss1)]), the functions f, A
and ® are the same as those for PFM-1. Evidently v, = /\(a(tn)) /® (Io(tn+1)|).
Since A(o(n)) # A(0(ta41)), relation (4) does not hold directly. To solve
this problem let us consider the sequence f, = t, + 7 instead of ¢,. Then
tnt1 — tn = Tn = ®(|o(tny1)]) and (o) = A(o)/®(|o}) turns out to be an
equivalent nonlinearity with t, = tot1-
. Pulse-width modulation of the first kind (PWM-1). Here t, = nT (T =
const > 0),

(1) = { sign (a(nT)) , T <t<al +r,,

0, nT+7m, <t<(n+1)T,

Ta = F(|o(nT)|). The function F(u) is continuous and nondecreasing when
g >0, F(0O) = 0, F(p) < T for all p > 0. Evidently v, =
F(lo(nT)|) sign (¢(nT))/T and (4) holds for ¢(c) = F(|o|) sign(o)/T and
Zn =nT.

. Pulse-width modulation of the second kind (PWM-2). In this case t, =
nT, 1, is the minimal nonnegative root, satisfying 7, < T, of the equa-
tion 1, = F(la(nT + Tn)l), if it exists; otherwise, 7, = T. The func-
tions f(¢) and F(u) are the same as those for PWM-1. It is obvious that
vo = F(|lo(nT + 1,)|) sign (o(nT))/T. The modulation law implies that
T < P(lo(nT + 7)|) for 7 € [0,7,). Hence o(nT + 7) # 0 when 7 € [0, 7,)
and therefore sign (o(nT')) = signo(nT + 7,,)). So (4) holds when ¢(o) =
F(|o|) sign(c)/T and t, = nT + 7.

. Integral pulse-width modulation (IPWM). In this case t, = nT,

0, nT <t< T+, _ T
f(t):{sign (tn(tn)) ,nT + 7 <t < (n+ 1T, “n(")“/o o(nT+s)ds.

Here 1, is the minimal positive root, belonging to the interval (0,7}, of
the equation |u,(7,)] = A (with A a positive constant). If such a root
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does not exist, then f(t) = 0 for n7 < t < (n+ 1)T. It is evident that
vy = (T — 1) sign (,un(rn))/T, if the root 7, exists, and v,, = 0 otherwise.
Apparently pu,(7,) = o(nT + (; )7, for some middle point {,, 0 < (p < 7.
Hence, if the root 7, exists, then 7, = A/|o(nT + (,)| and

A .
Up = [1 - m] sign (U(?’lT + Cn)) .

If the root 7,, does not exist, then a number 7, such that nT < 7, < (n+1)T
and |o(7,)| < A/T can be found. Therefore (4) follows by setting

_ { (1= A/(Tlo])) sign(o), o] = A/T,
o) = {3 jo] < A/T,) ’

with either ,, = nT + (n or In = N
The equivalent nonlinearity can also be constructed for some more compli-
cated types of modulation (combined, linear integral pulse-width, phase) [4].

3. The Main Results

Suppose that for any sufficiently large n, n > 0, a number 1, exists such that
tn <t < tngr and
(a(tn) - a*vn)vn >0, (5)

where o, is a nonnegative constant. If an equivalent nonlinearity ¢(o) exists,
then (5) is evidently guaranteed by the conditions: ¢(0) = 0 and

1< XD L (6)

for all 0 # 0 (if 0. = 0 then 1/0. = +00). The restriction (6) means that the
graphic of the function y = ¢(o) lies in the plane sector bounded by the straight
lines y = 0 and y = o/0.. The Popov stability criterion is known for systems
with nonlinearities satisfying (6) [5]. We will formulate the stability criterion for
pulse-modulated systems which is converted to that of Popov as T tends to zero.
The first theorem is concerned with systems having stable linear part.

Theorem 1. Let matrix A be stable, i.e. all its eigenvalues lie in the open left
half-plane, and let numbers 1, €, 8, (1, € positive) exist such that the following
conditions hold.
1. Provided @ # 0, an equivalent nonlinearity ¢(o) exists which satisfies (4),
with t,, being the same as in (5), and the Lipschitz condition

[¢(01) = ¢(02)| < Lloy — o] (7)
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for all 01, 0,. (Here L is a positive constant.)
2. The algebraic inequality

Out0k>7 46 +61K (8)

takes place.
3. For all real numbers w, 0 < w < +o0, the frequency-domain inequality

0s + ReW (iw) + 8Re(iwW (iw)) — T — &3 — e1w? | W (iw)]* -

—-(T2/(12T))lx(iw)|2[451(a* —T—g)wl+ 0t +1]>0 (9)

holds. (For w = +o0 this inequality is considered as a limit relation.) Here
the numbers €4, € are defined by formulas

T2

iy 2
& = ;{3;[1 + —2'|9|L|li|] + , e2=¢e+Tlx|. (10)

210|LT
e

Then for all the solutions of (1) and (3) the limit relations v, — 0 as n — o0,
o(t) — 0 ast — +oo take place.

It is of interest to observe that if T — 0, 7 — 0, € — 0 so that 7%/ — 0,
T? /7 — 0, then (8) and (9) are reduced to the Popov frequency-domain condition:
0. + ReW(iw) + 0 Re(iwW (iw)) > 0 as 0 < w < +oo.

We proceed by treating the case of a system with a neutral linear part.

Theorem 2. Assume that matrix A has one zero eigenvalue while all then other
eigenvalues have negative real parts. Let p > 0 and numbers 7, ¢, 8 (T, € positive)
exist such that conditions 1-3 of Theorem 1 hold. (For w = 0 inequality (9) is
considered as a limit relation.) Then for all the solutions of (1) and (3), the limit
relations v, — 0 asn — 0, 0(t) — 0 ast — +oo take place. Here o is a finite
number depending on initial conditions, if an equivalent nonlinearity exists, then

#ow) = 0.
The above formulated theorems can be strengthened for some important
special cases.

Theorem 3. If for all sufficiently large n, n > 0, either t, = t, or 1, = tnt1
holds, then Theorems 1 and 2 remain valid if we use the formulas

T2 2|0|LT
€1 = +

— 6:
w2¢ r 2

instead of formulas (10).

As shown previously, the condition ,, = t,, takes place for PAM, PFM-1 and
PWM-1.
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We shall define for positive numbers n, such that ¢, < i, < tn+1, two values

—~

Tn 1 tni1
/tn f@O)ldt,  Na=—1 j[ F()d.

tn+1 - tn

1

n ==

n 1]

Theorem 4. Let for all sufficiently large n, n > 0, satisfying t, < tn < tntis
one of the following conditions holds:

1. k>0and M, > N,;

2. k<0 and M,, < N,.

Then Theorems 1 and 2 remain true for gy = €.

Evidently M,, N, are mean values of a function |f(¢)| on intervals (tn,tn)
and (n,%tn+1), respectively. The inequality M, > N, takes place when |f(?)] is
nonincreasing on (t,,n41) or f(¢) = 0 on (t,,tn41). The inequality M, < N,
holds when | f(t)| is nondecreasing on (t,,%n41) or f(t) = 0 on (i,,t,).
Example. Consider the equation of the first order dz/dt = —ax — kf, o0 =2z,
where k, o are positive parameters. In this case W(p) = k/(p + a). We shall
apply Theorem 1 with # = 0. Frequency inequality (9) can be reduced to two
algebraic inequalities:

(0w = T — 3 — £1k?) — eT? k%% (0, — T — €3)/3 > 0,
(0. — T — €2)a® 4+ Tha — T?k*a? /12 > 0.
Selecting 7 = akT?/(7/3), € = (0. — Tk)/2, it is straightforward to check that
the conditions of Theorem 1 hold if

0w > (14 2/m)KT + 20kT?/(7V/3).

If either Theorem 3 or Theorem 4 is applicable, then by choosing ¢ = 0./2, the
inequality
0y > 2kT /7 + 20kT? /(7V/3)

is obtained.

4. Proofs of the Theorems

Let us consider a piecewise constant function v(t): v(t) = v, as &, < t <
tnt+1. We shall change the variables in equation (3) with the help of Liénard-type
transformation:

t
u:/ (f(s) = v(s)) ds, y=z—bu, 0=0+Ku.
to

Taking into account that k = —c*b, it leads to the equations
%:Ay+Abu+bv, g=c'y (11)

for t > t9. Let us define piecewise continuous functions £(¢) = &(¢) —~5(?n),
n(t) = (1) — o(t,) when ¢, < t < t,41. Evidently 7(t) = &(t) + ru(t,) for
tn <t < tyyq1. First we prove three lemmas.
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Lemma 1. The inequality
[u(t)] < Talon] (12)

holds for any t, t, <t < t,41, and the following relation holds

tni1 1
/t u(t)? dt < §”§T3 . (13)
Proof of Lemma 1. Under the assumptions above the function f(t) does

not change its sign on (¢,,%,41). We shall consider the case when f(¢) > 0 only;
otherwise the proof is analogous. Let an interval (a, 8), i, < @ < § < t41 exist
such that u(a) = u(3) = 0 and u(t) does not change its sign on («, ). Provided
f(t) > 0, the following inequalities hold when a <t < §:

u(t) = / (f(s) —v)ds > —v,u(t — @), (14)

B
u(t) = — /f (F(5) = vn) ds < va(B — 7). (15)

If u(t) > 0 on (e, 3), then (15) implies 0 < u(t) < v,(B - t), so

B 5}
/ w(t)? di < 02 / (8~ dt = 203(6 - o)’ .

[ 4

If u(t) < 0 on (e, ), then we obtain from (14)

/f W) dt < o2 /aﬁ(t _a)dt= %vg(ﬂ —a)?.

Consider the set of points ¢ belonging to (t,%,+1) for which u(t) # 0. Since
u(t) is a continuous function, this set is open and can be partitioned in not more
than countable number of intervals (ay, 8x), ¥ = 1,2,..., which do not intersect

cach other. Then
B

/: - w(t)? dt = i / u(t)? dt .

k=1 %k

Obviously u(ax) = u(Bx) = 0 and u(t) does not change its sign on (ay, Bk).
Therefore, as shown above,

Be 1
/ u(t)? < §v§(ﬂk —a)?.

ag
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For an arbitrary integer N, N > 1, the estimate

N N
D (B — o)’ < [Z(ﬂk — o)
k=1 k=1

3
<7

holds, whence
(e e]
Z(ﬂk — )’ < TS .
k=1
Thus, inequality (13) is proved. Inequality (12) follows immediately from the
estimate —v,(t — tp) < u(t) < vp(tnpr — 1) as i, <t < fpyr-
Lemma 2. The following inequality holds

fata 4T? i [d(1)]°
/t () dt < —= /t [—dt——] dt .

n

This inequality represents a version of the known Wirtinger inequality. It
may be proved by slightly modified arguments given in [6].
Consider two real quadratic forms

Fy(u,v) = 7(v? — 3u?/T?)
F(y,u,v) = (c'y — 0.v)v + Bvc*(Ay + Abu + bv)+
+e1 (c"(Ay + Abu + bv))2 + 90°

Lemma 3. Let n be a sufficiently large positive integer, and conditions of any
theorem of those formulated above hold. Then for functions y(t), u(t), v(t)
satisfying (11) the following integral-quadratic relations are valid:

tnia
/t Fy(u(t),v(t))dt >0, (16)
/'tn+1 [;(tn+1
1) (y(t), u(t), v(i)) di > 8 /~ ¢{o)do . (17)
/tn d(t )

Proof of Lemma 3. Inequality (16) evidently follows from Lemma 1. De-
note A = 2T /x. In order to prove (17), it suffices to show that there exists a
nonnegative number 8y such that

Fa(y,u,v)> o¢(o)— + 6o [N[‘fl‘t’] —€2J (18)

for sufficiently large ¢t. Then Lemma 2 can be applied.
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Rewrite (18) in the form of

5 o\ d5 ds]?
@ — awv)v + 0(v — ¢(a))d—‘t’ + (61 — 8o A?) [7‘:] Feav? + 0220, (19)

Taking (5) and (7) into account, one sees that
(@—owp2zm, |v-¢@) <Lyl

So (19) is ensured by the inequality

nv — |6]L|n]

d~ 2
+ (81 - 00A2) [d—:] + 62'02 + 0052 >0. (20)

do
7

Let the conditions of Theorem 1 be fulfilled. In view of (12), the estimate
Inl < [¢] + T«]|v] (21)

can be obtained. Hence for inequality (20) to hold, it suffices to ensure the
inequality

o~

2
(61 = 00 [2] -+ (2 - The)o? + 00" - lelol-

do
~tiziel| 7| - itz

do
LN

Using ¢ = g3 — T'|«| we derive

v1el]

1
o2 = [tz

do d
ev? = i1+ ellioer |57 7

So (20) holds if the condition

_Llgrapee g a2 dz]* I
[51 SOL TR — 62| |22+ 60— | €

1 do
- — —11€l >
[IGlL + 2Elﬁ‘lLTlKI] 7 €l >0

is fulfilled. Ensure the quadratic form, with arguments |£|, |do/dt|, written in
the left-hand side of this inequality to be positive semidefinite. Then 6y should
be selected so that

8 > 1/(4e),  e1 - (1/(4€))0*L2T?* > GyA?, (22)

103



4(ey — 02 L2T? k% /(4e) — 6o A%) (6o — 1/(4e)) > 02 L% (1 + Tsl/(26))* . (23)

Define o by the formula 8y = (4ey — 82 L2T?x? /e + A?/e)/(8A%). Substituting
the right-hand side of this equality for 6y in (23) provides

(dey — B2 L*T?K? e — A% [e)? > AN L2 (2 + T|x|/€)? . (24)
Inequalities (22) and (24) are satisfied if
4e1 > L Tk e + A /e + 2A|6|L(2 + Txl/¢),

which is equivalent to £1 > A|0]L + (A + |0|LT|«|)?/(4e). This inequality is
obviously valid when ¢, is defined by (10). So relation (17) holds.

Under the conditions of Theorem 3 we obtain u(%,) = 0 and £(t) = 5(t). So
we can use the relation |{| = |7| instead of (21) and the preceding arguments can
be repeated as if x = 0.

Let the assumptions of Theorem take place. It is easily seen that when
t, <t < thy the relation

Tou(t) = (tns1 — 1) /t f(s)ds = (1 - tn) /t " f(s)ds (25)

holds. Under the assumptions imposed on f(t) we have v, f(t) > 0 when ¢, <
t < thy1- Put t = %,. Relation (25) and the conditions of Theorem 4 yield
nu(?n)vn > 0 when n is sufficiently large. Then vn > v€ and the above proof is
valid for €5 = €. The proof of Lemma 3 is completed.

Proof of Theorem 1.  Consider the real quadratic form F(y, u,v) = Fy(u,v)+

Fy(y,u,v), where Fy, F, are introduced earlier. Denote by f’(%j, 4, v) the hermi-
tian form (defined for complex ¥,u,7) obtained from F(y,u,v) by extending it
to a hermitian form. For any real w we define the 2 x 2 matrix function II(iw)

by the formula
f( — (A - iwl,) (b7 + Abﬁ),ﬁﬁ) = - [ ] M(iw) { ] .

L -

ST
< 2}

(Here * denotes hermitian conjugation.) By direct computations we obtain that
. II:1(w) Iio(iw
Tl{iw) = [Hi;%zwg H;Zgzwg] ?
where
I3 (iw) = 37/T% — e10° |x(w)I?
2 (iw) = 04 — T — €3 + ReW(iw) + ORe(iwW (iw)) — e1w?|W (iw)|? ,
Mz (iw) = x(—iw)(1/2 - §iw/2 — e10* W (iw)) .
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Condition 2 of Theorem 1 means that II33(c0) > 0. It is straightforward to
show that condition 3 ensures the inequality det II(iw) > 0, 0 <w < 40c0. By
the Sylvester criterion and the continuity of II(iw), the hermitian matrix II(iw)
is found to be positive definite for 0 < w < +o0o. Then, by the Yakubovich-
Kalman lemma in the nonsingular case (see Theorem 1.2.7 {7]), there exist a real
symmetric matrix H and a positive number §y such that

2y*H(Ay + Abu + bv) + F(y,u,v) < —§pv? (26)

for all real m-dimensional vectors y and real numbers u, v. Define a Lyapunov
function

c"y
V(y)=y"Hy + 0/0 ¢(o)do .

It follows from (26) and Lemma 3 that for any solution of (11) and for sufficiently
large n, » > 0, the inequality

V(y(tn+1)) - V(y(tn)) _<_ —60Tnv12z (27)

holds. Under the above assumptions a sequence v,, is bounded and, consequently,
so are functions v(t), u(t) for t > t;. Therefore the stability of the matrix A
ensured that all the solutions of (11) are bounded for ¢ > t;. Hence the function
V (y(t)) is bounded as well, and (27) implies that

iTnvi < 400 .

n=1

Since, from (2), T, > koT > 0, we conclude that v, — 0 as n — o0o0. Then
inequality (12) yields u(t) — 0 as t — 400. As the matrix A is stable, we obtain
y(t) — 0, o(t) — 0 as t — +00. This completes the proof of Theorem 1.

The next lemma seems to be generally known. It will be useful in proving
Theorem 2.

Lemma 4. Let v(t) be an absolute continuous function, g(t) be a piecewise
continuous one, and

(1) - () <0 (28)

for allt > 1. (At discontinuity points, (28) holds for both one-side limits.) Then
the following statements are valid:

1. If g(t) is bounded for t > 79, then so is v(t).

2. If g(t) — 0 as t — +o0, then v(t) has a finite limit as t — +oo.
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Proof of Lemma 4. Let B be a number such that g(¢) < B for t > 7y and
v(19) < B. Show that v(t) < B for ¢t > 19. Suppose not; then there exist numbers
71, T2 for which (1) = B, v(t) > B as 14 <t < 7. Then v(t) — g(t) > 0 for
71 < t < T2 and, consequently, (28) implies dv/dt < 0. So v(t) < v(r) = B as
71 <t < 1. The contradiction proves B to be an upper bound of v(t). The lower
bound of »(¢) may be obtained similarly.

Further, let g(t) — 0 as t — +oo. If dv/di does not change its sign for
sufficiently large ¢ then »(t) becomes monotone, and hence it has a finite limit as
t — +o00. Let dv/dt take both positive and negative values when ¢ is large. Then,
in view of (28), the function v(t) — g(¢) cannot preserve its sign as ? increases. Let
for some positive numbers € and 71, T, > Tp, we have g(t) < € ast > 7. Then
for some sufficiently large 7, 7 > 7, the inequality v(m2) — g(72) < 0 holds.
Hence v(7;) < ¢ and, as shown in the first part of the proof, v(t) < ¢ fort > .
Similarly it can be shown that for all sufficiently large ¢ the inequality v(¢) > ~¢
holds. Since ¢ may be chosen arbitrarily small, we obtain v(t) — 0 as t — +o0.

Proof of Theorem 2. The transfer function W(p) admits a representation

W(p) = Wi(p) + p/p, (29)

with the function Wi(p) having all the poles in the open left half- plane. Then
ReW(iw) = ReW;(iw) and it becomes obvious that the matrix function II(iw)
defined in the proof of Theorem 1 depends continuously on w when 0 < w <
+00. So, as shown in the proof of Theorem 1, II(%w) is positive definite for
0 € w < +00. However, the Yakubovich-Kalman lemma in the nonsingular case
is not applicable, since W(p) has a zero pole. We use the singular case of this
lemma (see Theorem 1.2.6 [7]). Let us consider the 2 x 2 matrix II(iw) for which
ﬁll = Hu, ﬁ]g = le, ﬁ22 = H22 - (50 with 60 being a pOSitiVe number. It is
easily seen that II(iw) is positive definite for 0 < w < +oo when &y is sufficiently
small. So there exist a matrix H satisfying (26), and therefore (27) takes place.
Further, by changing variables, the system (11) can be reduced to the system

%—:Alyl-{-Alblu-l—blv, Q:v, g =ciy — pv— Ku . (3v)
Here y; is a vector function of dimension m — 1, A is a stable m X m matrix,
b1, ¢; are m-dimensional vectors, kK = p — ¢}by, (A1 — pln—1)"101 = Wi(p)
where Wi (p) satisfies (29). Show that all the solutions of (30) are bounded when
t > tp. Since a sequence v, is bounded, we obtain that so are functions u(t),
v(t) for ¢t > t. The matrix A; being stable, we conclude that y;(¢) is also
bounded. Under assumption (5), we have o(tn)vn > 0 for sufficiently large n.
Since v(t,) = v(t) + (tn — t)v, for t, <t <i,41 and p > 0, inequality (28) holds
with N 5 N

9(8) = (cin @) - wu(n)/p + valfn — 1)
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as t, <t < tp41. By the first statement of Lemma 4, the function v(t) is bounded
for t > t5. Thus, the solutions of (30) are bounded, and so are the solutions of
(11). Similarly, as in the proof of Theorem 1, it can be shown that v(t) — 0,
u(t) — 0 as t — +o0o. Then y;(t) — 0 as t — +oo. Applying the statement of
Lemma 4, we conclude that v(¢) has a finite limit as ¢ — +oco0 and, consequently,
so does o(t).

The assertions of Theorem 3 and Theorem 4 follow immediately from Lemma

3 and the previous proofs.

[y
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THE PROCESS OF NORMALIZATION
AND SOLUTION OF BIFURCATION PROBLEMS OF
THE OSCILLATION AND STABILITY THEORY: A SYNOPSIS

Yakov M. Goltser

The Research Institute
The College of Judea and Samaria
Ariel 44824, Israel

Abstract

A synopsis is presented describing a new method of normalization for some
classes of ordinary differential equations including autonomous and non au-
tonomous systems continuously depending on a vector parameter. The article
especially concentrates on the application of a new normalization algorithm to
the study of the birth of steady resonance modes, of stability changes during
systems passing through the resonance, as well as the resonance danger.

1. Introduction

Consider a system of ordinary differential equations in R™

(—% = A(p)z + F(t,p, ), F(t,p,0)= %? (t,p1,0)=0 (1.1)
where the matrix A(u) and the vector-function F are continuously dependent on
a vector parameter u € DD C R, where D is a closed domain in R containing zero.

Let C be a set of functions from ¢, u, continuous and bounded in R x D.
Assume that the nonlinearity F could be represented by a Taylor series with
respect to  and with C-coefficients.

Let A(p) = ((A1(#),.--An(p)) be a spectrum of the matrix A(p). For each
fixed value of p € D this spectrum could be divided into two parts: a critical
part {As(n)|ReAs(u) = 0}, and a non-critical one. In this paper we concentrate
on the study of systems (1.1) with a non-empty critical part. Different stability
cases could be realized in the system (1.1) depending on the amount of spectrum
points from the critical part of spectrum, i.e., situated on the imaginary complex
plane axis, and on the structure of the elementary divisors of the matrix A.
Investigations of the different aspects of the stability theory for critical cases
could be found, for instance, in [1-7]. Recently special attention was paid to the
study of stability of solutions for systems with internal resonance [3, 8-11].

Our paper deals with a study of bifurcation phenomena when the parameter
4 is moving within the domain D. Let us assume that for g = 0 the critical
part of the spectrum for the system (1.1) is non-empty. When the parameter u
is moving from 0 into the domain D* = D\{0}, two main situations are possible:

a) the amount of the eigenvalues from the critical part of the spectrum and the
structure of the elementary divisors of A(p) are the same;
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b) the change is taking place in the critical part of spectrum and in the structure
of the elementary divisors.

In both situations different bifurcation phenomena in the neighborhood of
the stationary point are possible. In situation a) the Hopf bifurcation was studied
more thoroughly for autonomous and periodical systems (see [12], [13]).

The main results of our study are connected with the more general bifurca-
tion phenomena:

1) the birth of steady modes;
2) the stability changes on passing through the inner resonance.
To solve such problems the system (1.1) can be presented in a quasi-linear

form
dz _ A = i pli+1) 1
= = Az + Fo(t,p) + Z (t, 4, 2) (1.2)
where ¢ is a small parameter, FU*Y is a vector- form in z of the degree j with
coefficients from C.
System (1.2) could be immersed into a family of quasi-linear parametrically

perturbed systems

-‘% = A(p)s + Folt, ) + > € Fy(t, ) (1.3)

i=1

where Fy(t, ) € C, F;(t,p, z) is a vector-polynomial in z of the degree n; with
coefficients from C. (Under the vector-polynomial degree we mean a maximal
degree of its components).

System (1.3) emerges in different problems of the oscillation theory [4, 14, 15,
16] where autonomous and periodical systems were most deeply studied. Even
for F; with n; = 1, a parametric resonance problem is an interesting one [17].

One of the most effective methods of studying bifurcation phenomena proves
to be that of normal forms which were introduced by A. Poincaré (see [3], [18]).
This method was developed in detail for the autonomous and periodical systems
(1.1), (1.2) independent of the parameter p. However, the notion of resonance
terms used in the Poincaré process of normalization is not applicable for the
non-autonomous systems with coefficients from C. For example, the resonance
normalization cannot be applied when the spectrum consists only of zero eigenval-
ues. Let us underline further that the resonance normalization of the autonomous
and periodical systems (1.1), (1.2) do not in general possess the continuity in p.

In Section 2 a new normalization process suitable for obtaining the normal
form of the system (1.3) continuous in D is described. It is possible to obtain
such a normal form of the resonance type continuous in g for the autonomous
and almost periodical systems with zero spectrum (see Section 3).

In Sections 4 and 5 we produce some results of solving problems 1 and 2 in
which a developed normalization method was used. Systems of the type (1.3)
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will further be referred to as the C-systems and the P-system in all cases when
the coefficients of (1.3) are almost periodical in ¢ functions uniformly in .
2. The Normal Form of C-Systems

In this Section a complete description of a new normalization process is given,
based on the generalization of the Poincaré homological equations.

2.1 General scheme of normalization.  Consider a C-system (1.3) and the
following C-transformation:

o0
z=y+Bo(t,p)+ ) (1, p,y) (2.1)
i=1

where F; and ®; are the vector-polynomials of n; and m; degree (m > n;). The
C-transformation (2.1) transforms the system (1.3) into the system

=1

where F}; are vector-polynomials of m; degree.
Let us introduce operators L4, £ 45 such that:

0% 0P
La® = A(p)® - 'd—y‘A(#)y Ty

0d
Lac®=L4P - —a—yGo(t,u)

where g—‘: is the Jacoby matrix. Both operators convert each vector-polynomial
into a vector-polynomial of the same degree.

Let us assume that (2.1) transforms (1.3) into (2.2). This means that for
every u € D the following equations should be fulfilled:

La®o=—-F+Go, Lac®;=V¥;+G;, j=12,.. (2.3)
where ¥y = —Fy(t, 1,y + ®0),

. =1 63,
U, = —F;(t,pu,y)+ E a_y Gj-s(t, 1, y)
s=1

In the formation of 13’1-, only the functions Fy and @, for £ < j, ¢ < j -1
participate.

Definition 2.1. The C-system (1.3) is formally equivalent in D to C-system
(2.2), if there exists a C-transformation (2.1), such as that for each j the vector-
polynomials ®; satisfy the identities (2.3). o

110



Note. In the construction of a normalization process all series are considered
formal.

Definition 2.2. Equations
['A@ = H(tv.u'a y) 9 »CAG@ = H(t,,u,y) (24)

with a given vector-polynomial H € C are called C-solvable if they allow the
existence of the solution in a form of vector-polynomial form with coefficients
from C. o

Equations (2.4) are analogous to the homological equations that appear in
the Poincaré resonance normalization (see [3]). We will call them the generalized
homological system of equations. The proposed normalization procedure is based
on the consequent use of these equations, starting from a given concrete system
(1.3), determining ®¢ and Gg for j = 0, and calculating consequently the vector-
polynomials ®; and G for j > 1. On each step the C-solvability on D is ensured.
Because of the non-uniqueness of solutions for the generalized homological system
(2.3), for the determination of the normal form of the system (1.3) one should
choose among all formally equivalent systems the system with a minimal number
of non-zero terms in each polynomial Gj.

Thus, the construction of a normal form continuous in D is reduced to obtain-
ing C-solvability conditions of the generalized homological equations. They are
dependent essentially on the spectrum properties of the A(x) matrix and should
meet the demand of choice of the transformation class with the above-mentioned
minimality conditions.

The first step of the normalization process consists of reducing A(p) to some
normal form. For a fixed p it is usually the Jordan normal form. For a parameter-
dependent matrix, the Jordan form does not always have the continuity property
in g [3]. Thus the normalization process is essentially dependent on the possible
structure of the matrix A(y) normal form continuous in D.

2.2 A case of the Jordan form continuous in p.  Let us assume that
matrix A(x) in D has a continuous Jordan form

Ap) e 0 - - - 0
Aw=| O W e oo
0 0 0 - - - Aup)

To obtain C-solvability conditions for generalized homological equations (2.4),
let us consider the equations for the vector-polynomial ® coefficients. A set
of coefficients could be ordered in such a way that the corresponding equation

system will have the following form:
9 ~ o~ A
— = Alpe+ H(t,p) (2.5)
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where ® is a vector of vector-polynomial & coefficients, 2( 1) is a triangular matrix

and H is a known vector. The triangularity of the matrix 2(;1) allows reducing
the problem to obtaining the C-solvability conditions for a scalar equation:

% = a(u)+h(t,p),  h(t,u)€C. (2.6)

Definition 2.3. Equation (2.6) is called a regular equation in D if it has one

and only one solution in C for any heterogeneity h(t,u) € C. o
It is quite obvious that the regularity criterion in D is that for each y € D
Rea(p)#0 . (2.7)

Let us describe some sufficient conditions of the C-solvability for non-regular
equations. Assuming that

a(p) =n(p)+itk(p), D=DoUD,UD_
Do={peD|nu)=0}, Dyy={peD|n(m)>0(<0)}

let us introduce the following functions

t

fe(t,p) = /0 exp (+ a(u)r)h(r,p)dr, pe Dy

i

f(t,p) = /0 exp ( — ik(p)7)h(r,p)dr , peD

and a limit
17
My = Jim o [ e,

Lemma 2.1. Let the function h(t,u) € C in (2.6) be such that

i) f(t,p) € C,

i) there is an average uniformly in p and £

+T

) 1
M(p) = lim o - f@p)dt.

Then (2.6) has the only one solution in C-class and this solution is defined
by the equality

o1, = exp (a0)) (B + [ oxp (= sl riir) @9
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where

E(p)=¥My(p), for peDy, E(u)=M(p), for peDo. o

Consider a vector-polynomial F;, where f(J )(t, u)z? is some term of its s-th

component; g(J )(t, wy?, ¢>§,j3)(t, 1#)y®? have the analogous meaning for the vector-
polynomials G, ;. Here z?,y? are of a multidegree, p = (p1,...,pn). In the
process of normalization for each term of the equation (1.3) there is a correspond-
ing equation (2.6):

(5) o
d¢ +(p — 65, A()) ) = B (8, 1) + £ (2, ) — g5 (8, 1) (2.9)

where 24 (¢, ) € C is a known function.

Definition 2.4. The vector p € Z}, the correspondent to it terms of the
s-th equation systems (1.3), (2.2), as well as the transformations (2.1) are called
regular (non-regular) in D if the corresponding equation (2.9) is regular (non-
regular) in D. o

To normalize in D we should find for each j, p, s a consequent solution (2.9)
in C-class according to the following alternative:

1. If p is a regular vector, then we assume in (2.9) gé’s)(t,p) = 0 and find
o4 )(t ) as its only C-solution,

2. If p is a non-regular vector, then we choose g(]) (t,p) € C to satisfy the

conditions of Lemma 2.1 then determine according to (2.8). (In general,the

choice of g(J)(t, i) is not unique).
Let us formulate a normal form theorem, defining the set of p non-regular
vectors of j-th order in € by N;,(0 < |p| < m;) from the s-th equations.

Theorem 2.1. Consider the equation (1.3) with the A(u) matrix which Jor-
dan form is continuously dependent on p € D. Then there exists a formal C-
transformation (2.1) which transforms (1.3) into its normal form

dys
=2 = A(1)ys + estiort + 9870, 1) + Zeﬂ S gDt my? (2.10)
Jj=1 PENU
containing only the non-regular in D terms. o

The structure of the normal form is closely dependent on the domain D.
Let us consider two domains D and D* such that DN D* # 0 and to which
correspond different non-regular vector-sets. Then the system (1.3) will have
different normal forms in D and D* and in the domain D N D*. This appears to
be very important for the study of bifurcation problems (see Section 5).
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3. The Normalization of Almost Periodical and Autonomous Systems

3.1 P-systems with a Jordan matrix. Consider the systems (1.3) assuming
that all its coefficients belong to the class P-almost periodic functions ¢, uniformly
in p € D. It is known that the spectrum of such functions does not depend
on g. The normalization problem will then be considered in the class of P-
transformations (2.1). In this case in the equations (2.6) h(¢, ) € P and Lemma
2.1 provide conditions for the existence of P-solutions.

In the procedure of finding the normal form coefficients from (2.9) the alter-
natives for their solutions change. This is connected with the appearance of new

possibilities of choosing g(J )(t, ) in the non-regular equations (2.9).

All non-regular equations (2.9) in an almost periodical case could be divided
into resonance and non-resonance ones. Here are the necessary definitions.

Let us consider the spectrum of the heterogeneous and non-linear part of the
system (1.3) in the j-th approximation in . It is formed as a union of spectrum §;
of corresponding coefficients. Let §; be their closures and M(5;) be a2 minimum
module whose elements v could be represented as follows: v = > kv, ve €
S;, k; are integers. Let, further, M,(S;) be such y-sets that 3__[k.| < ¢ .

Definition 3.1. The vector p and the corresponding terms of the s- th equa-
tions of systems (1.3), (2.2) as well as a transformation 2.1 are called the resonance
ones in D in the j-th approximation in ¢, only if for some pg € D the following
condition holds:

<p—6s,A (o) >€ Mp,(5;) (3.1)
where 6, is a s-th unit vector in R", <, > is a scalar product and m; is a degree
of the vector-polynomial @; . o

Denote by P,; the set of resonance vectors of an s-th equation in the j-th
approximation in ¢. The alternative for the equation solution is as follows:

1) If p is a non-resonance vector, then assume that g )(t,u) = 0 in (2.9) and
determine qS(’ )(t ) from the formulas (2.8).
2) If p is a resonance vector then let us choose g(J)(t, p)eP

in
the conditions of Lemma 2.1 are met. Then ¢§,’3)(t,;z) are d

accordance with (2.8).
The above-mentioned choice is performed according to the following scheme:

Let 3-(1) be the closure of the spectrum of the function h(] )(t,p,) + f,(,f;)(t,u) in
(2.9). Divide it into resonance Rf,,’s) and non-resonant parts. The choice should
be made in such a way that the resonance part of spectrum function iz;j,) (t,p)+
f,gf,) (t,n) - g(J )(t, p) will remain empty.

Theorem 3.1. If the matrix A(p) in the P-system (1.3) has a continuous Jordan
form in D, then there is such formal P-transformation which transforms it into
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a normal form continuous in D:

d s * . .
Be s+ et + 00w+ Y @@y (33
j=1 pepsj

which contains the resonance members only. o

Consider a situation when the P-system (1.3) in D has only one internal
resonance connecting with purely imaginary eigenvalues of matrix A(y). Let us
also assume that for all p, j, s the resonance part of the heterogeneity spectrum
has no limit points in (2.9). In such a situation the choice can be accomplished
in such a way that makes it possible to reduce the normal form (3.3) to an
autonomous form. For systems (1.1) not dependent on p the similar reduction is
established for periodic systems and for the systems with coefficients that could
be represented as finite trigonometric sums [19].

3.2 Autonomous systems. The normal form systems with a nilpotent
matrix. Let system (1.3) be an autonomous one. Then C is the set of functions
continuous in D. The problem of normal form construction is reduced to study
of C-solvability in D of the generalized homological equations

La® = H(t,p), where LA®= A(u)® - %—%A(u) (3.4)

If the matrix A(p) is a non-singular one in D and has a Jordan form continuous
in g in D, it is possible to construct a resonance type normal form continuous in
D, similarly in the case of P-systems.

Consider the case when A(0) is a singular matrix and has two zero eigenvalues
with a non-simple elementary divisor. Therefore, without the loss of generality,
the situation can be considered only for the two-dimensional system.

Consider the following normal form of the A(x) matrix:

A(p) =

/A\;EZ% é“ s, A(0)=22(0)=0, Af(p)+A3(w) £0, #(0 |
3.5

The specifics of this case lie in the fact that the resonance normalization
does not simplify this system within the C-transformation class. The study
of C-solvability of equation (3.4) is complicated since the system of equations
for the determination of the normal form coefficients is an algebraic system of
linear heterogeneous equations with a singular matrix. For the effective normal
form construction we need an elaboration of a suitable algorithm for the solution
of these systems. In the case under investigation such an algorithm has been
obtained. Here is the structure of the corresponding algebraic systems and the
theorem of the normal form.
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Consider the equation

La®Y) = HO)(p,y) (3.6)

where HY) is a vector-form of the j-th order with the coefficients from C. To

determine a form ng), s = 1,2, from (3.6) one obtains the following algebraic
system:

Azjra(1) 2542 = Yoj42(p) + Gajya(p) (3.7)
where Agjyo(p) is a (25+2)-matrix, 3541, Gj4+2 are the (25+2)-vectors depend-

ing on the coefficients of forms <I>(3j), ng ), s = 1,2, ¥y;42 is a known C-vector.
Matrix Aj;12(p), corresponding to A(p) has the following block structure:

L; E;
Ao = J+1 J+1
21+2(“) Kj+1 Pj+1
where K11 = M(#)Ejy1, Pj+1 = Ljp1 — A2(p)E;j41 and all the blocks are

square (j + 1)-matrices, E;41 is an identity matrix, and L;4, is a three-diagonal
matrix

- -1\ -2 0 0 0 0

-7 -G -1 —2X2 0 0 0

0 (-1 -G -3 0 0 0

Liy1= ) (]. ) G . Hh . )
0 0 0 -2 0 —jk

0 0 0 0 -1 X\

Note that the matrix Aj;42(0) is a singular one for all j.
The structure of the matrix Ay j4+2(p) made it possible to obtain an algorithm
for a construction of the C-solution for system (3.7) and prove the following:

Theorem 3.2. There exists a formal C- transformation

o0
z=y+) 89 (u,y)

=2

of -

which reduced the two-dimensional autonomous system (1.1) continuously in D
with a matrix (3.5) to the one form the normal form types:

~ dy,

i) ;tl =My +u2, dyt Ma(imn + 7(m 1) + vt 1)

vy O dys

i) éltl =M@y +v2 + (8, %), dt = da(W)yr + (it 1) + 127 (1t 1)

vy A1
i) = =M(pn +y2+ 8, n),

dt

dt
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where Y@, Y37y, B, 7 are formal series with coefficients from C which do not
contain any free or linear terms. o

Let us note that for g = 0 the existence of normal form types i) and ii) is
found in [20, 21] and of the type iii) in [22]. The normal forms obtained in D,
together with those obtained in D\U,(0) where U(0) is an open neighborhood
of zero , could be used for studying bifurcation phenomena, in particular, the
cases of the birth of limit cycles.

4. Birth of Steady Resonance Modes

Consider a P-system (1.3) such as that F;(t, u) = Fj(t, ,0) = 0, and suppose
that the normal form can be reduced to an autonomous form. Let us further

suppose that:
i) A matrix A(g) in D has ! pairs of different eigenvalues

os(p) £ ips(p), s=1,2,...,1

where 0,(0) = 0, ps() # 0 for each 4 € D and the other eigenvalues have
negative real parts for each p € D.
ii) For p = 0 the critical eigenvalues are connected by a single internal resonance
(k,p(0)) € M,,,(51) of the order @ = |k| < m; + 1.
Under these assumptions the “polar coordinates” normal form can be pre-
sented as

dr g

28— § : IR

dt US(:“‘)TS + o € RS](,U" T, ¢) (41)
dy _ ZOO iv.

dt - 6(/") + =~ € Wj(uv U 'l/))

dgs — _

7 —As(u)+j2_le ®,i(p,r,9), s=1,2,...,1

where 9 =< k, A(p) > is a resonance phase, 7, are the radial variables, R,;, ¥;,
®,; are polynomials in r = (ry,...,7¢), whose coefficients are trigonometrical
functions 9, () =< k, A(p) > is a detuning of the resonance, A,(u) = p,(u) —
ps(0), A(p) = (Ar(p),...,A(p)). The equations for non-critical variables are
not given.

The following statement gives us the conditions of birth in (1.3) of a steady
mode in a situation when the main role belongs to a vector-polynomial Fj(t, s, ).
A steady mode could be presented as

rs(p, By€) = r3(1,B) + > elri(u, B) (4.2)

=1
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P, B,€) = " (1, B) + Y /9D (u, 8)
Jj=1

where 8 = [[lo(u)||e~1]7=
Functions r; > 0, ¥* satisfy the equations

s(/"‘) 5(p)

—r,+ Rsl(/‘ar ¢) 0 + ‘I’I(/‘ary "l’) =0 (43)

and 7} have the forms: r* = d,()8 + o(B). Functions r,(u, ), ¥\ (u, 8) are
consecutively defined in the following form

r{) = BUd () + oY)

) = gl )(u) + o(8%), g;-natural numbers ,

from the equations

os(1) Gy, ORL () . OR% (i) _ i)
eT’+0rr+3¢¢ =F

ov; oYy
87-1 r9) 4 ¢1 9 = FI(+J-)1
where F{9) (s=1, 2 ., 1+ 1) are the functions of the same structure as R,;, ¥

which depend on r zb( %) for i < j; * - means that all derivatives are calculated
for r = r*, % = ¢*. Denote by ¢; the minimum function Fs(J ) degree in 3.
Theorem 4.2. Consider a system (1.3) satisfying all the above requirements,

and suppose that its normal form (4.1) is such that
a) The following limits exist

03(“)
m ———= =p, #0, s=1,...,1
u=0 ||lo(p)li
8(p)
m =P+l
a—oo lo(p)]] ~ 7

b) The lower polynomials R, , ¥; terms have the order of @ — 1, Q — 2 corre-

spondingly; denote them R(Q -1 ‘II(Q 2)
¢) The system of equations

pads + ROV(0,d,9)=0, s=1,...,1
pre1 + ¥%72(0,d,9)= 0
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has a solution d® > 0, ¥ = ¥9;
d) The Jacobi matrix of the system of functions Rg?”l), ‘II(IQ'z) is invertible in
zero:

det J(0,d°, ¥°) # O;

e) Q;j > Q — 2 for each j;
f) The eigenvalues of the matrix J(0°,d, ) are different and have negative real

parts.
Then for a sufficiently small p and all € < ¢y = 0(||o||'/?) the system (1.3)

has a stable steady resonance mode. This mode has a formal representation (4.2)

in which d4(0) = d°, ¥*(0) = ¢°. o
5. Stability Change During Passing Through the Internal Resonance

5.1 Two types of normal forms. Consider the P-system (1.1) such that
for p = 0 the spectrum of the matrix A(u) is purely imaginary and the system
has a single internal resonance. It is also assumed that the normal form can be
reduced to an autonomous form. Consider the situation when during the change
of parameter g in D, the critical part of the spectrum remains on the imaginary
axis (situation b) in Section 1). Let *ip,(u) be critical eigenvalues connected
with the following resonance

v =<k,p(0)>e M(S).

Consider the set of the parameter resonance values T' : (k, p(1)) = v and define
D* = D\T.

Our aim is to describe the stability property behaviour caused by the change
of parameter g in D. We will describe this behavior with the help of an example
of the four-dimensional system (1.1) (n = 4) with the resonance of the third order

v = p1(0) + 2p5(0) (5.1)

Let us assume that the original system is normalized on the sets D and
D* up to the third order terms inclusive. After the transfer to the autonomous
system, one receives the following normal form in D in complex variables:

dz, . _
33—5 = iAs(p)ws + as(p)7172 + ws(@awr + apnws) + 0(]2]]*) (5.2)

and the following normal form in D*:

— dzs
“a

where ws = 2,Z;, ws = 257;, s = 1,2.

= il (p)ws +wy(e5wf + agw) + O(]2" 1) (5.3)
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Introduce the notations: 6(u) = Ay(p) + 2A2(p) is a detuning of the reso-
nance, §(u) — 0 for p — T, A(p) = Im(e1(p)aa(p)), B(p) = Reas(p)Reaz(p)
(orB(p) = Imaz(p)Imas(p) if Reay(p)Reaz(y) = 0).

There is the following connection between the coefficients of both normal
forms:

ofy(p) = am(w), oy () = ena(p) + 2ien (w)@(u)s ™! (5.4)

g () = aa1(p) +iea(p)@(u)™!,  afy(p) = ez + @ (w)ea(p)d ™
One sees from (5.4) that the coefficients of the normal form (5.3) are unbounded
if p — T and (5.3) could not be used on I'. At the same time, both normal forms
there exist in D".

5.2 Strict resonance stability (z € I').  To study stability on the resonance
set I' the normal form (5.2) can be used. We begin with the study of a model
system obtained from (5.2) by retaining its first nonlinear terms. In this study,
use is made of the resonance real integrals of the linear approximation

V = Cexp(—ibt)z 22 4 C exp(ibt)z 73, C = const,
which are dependent on time on I' and are the particular solutions of the “instable
ray” type. Very important here is the proof of the “roughness” of the unstable
model system. '
Theorem 5.1. Ifin (5.2): a) A(u) # 0 or b) A(p) =0, B(u) > 0 then the
zero solution of the system is unstable.

Ifc) A(p) = 0, B(u) < 0 then the zero solution is stable in the second
approximation, the system (5.2) permits the positive definite integral

V = laa(p)|wr + |aa(p)|ws
If the domain D is sufficiently small then conditions a) or b) are fulfilled for
4 = 0, and the zero solution of system (5.2) is unstable for all p € T'. o

5.3 Near-resonance stability. In the following analysis, use is made of the
normal form (5.3) and the equalities (5.4). Define

a55(1) = Reayj(p),  h(p) = ann(p) + 2021(n)
We restrict ourselves to the description of the results in the following basic
case:
A(0)h(0)a11(0) #0 (5.5)
Theorem 5.2. If the system (5.3) satisfies the conditions (5.5) then there exists
a neighbourhood U(0) of the point u = 0 such that the existence of the asymp-
totic stability of zero solution for u € D* N U(0) is equivalent to the conditions
(necessary and sufficient conditions):

a) a;;(0)<0, b) A0 '(u)>0, ¢ h(0)<O. o
For the analysis of the system (5.3) with a fixed 4 € D* the Molchanov

theorem [7] could be used. However, in the case of n = 2 the following theorem
is correct:
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Theorem 5.3. a) The necessary and sufficient conditions for the asymptotic
stability of a zero solution of the system (5.3) with a fixed p € D* independent
of terms of order > 4 are: af;(p) < 0, a3,(p) < 0 and, moreover, one of the
following conditions is fulfilled:
1) KK, < 0;
2) KiKy >0 andif K;<0, Ky;<0 that KK, <1
(Here K1 =a3aii'(n), Kz =ah(p)as; (n)-
b) In the above conditions there is a Lyapunov function
V = —mn(per = 12(p)wz
with the positive definite derivative. o

5.4 Stability change. In the basic case (5.5) the above formulated theorems
allow the description of the stability property behaviour in a sufficiently small
neighbourhood of point p = 0. This description is presented in the following Table
1.

Table 1. Stability changes for the basic case (5.5)

sgna1(0) | sgnh(0) | D* | ' | D}
- - I I AS
- + I I I
+ + I I I

Here D} _) = {pulp € D*NU(0), A(0)6(p) > 0(< 0)},I - denotes the instabil-
ity, AS denotes the asymptotical stability.

As can be seen from the two last lines of Table 1, there are no instability
changes here. However, the analysis shows that the instability type might change.
The third line of Table 1 singles out the case when full instability in D* changes
for the instability in a zero neighbourhood zone.

5.5 Resonance stabilization.  The basic case (5.5) is characterized by the
fact that on the resonance set the system is instable. However, there might
be cases when for §(u) — 0 a system, instable near the resonance, becomes
stable (asymptotically) with a strict resonance. This phenomena appears under
certain limitations of the normal form coefficients. Let us give one of the possible
conditions for the appearance of such resonance stabilization.

Theorem 5.4. Let the conditions
a)  A(0)=0, B(0)<0, a1u(0)h(0)#0;
b) lim,—o A(p)67(u) = oo be fulfilled for the system (5.2), and
¢) Quadratic form
lazlayiw] + (lozlarz + |og|ars Jwrws + |agazws
with p = 0 negatively definite in the cone {w; > 0, w; > 0}.
Then, if D is a domain small enough, the instability in p € D* changes to the
asymptotic stability on the resonance set T'. o
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5.6 The resonance danger. The results described above are correct only
under the conditions where domain D is sufficiently small (or, more precisely,
when the detuning of the resonance §(u) is sufficiently small). Let us assume
that the system (5.2) is strongly unstable in D, i.e. the zero solution of the
system is unstable for each y € D.

If the system be asymptotically stable “far from the resonance”, then the
problem arises to determine the critical value 6* of the resonance detuning at
which the change in stability (as the system approaches the resonance) is taking
place.

For the derivation of the conditions of asymptotic stability “far from the res-
onance” one may act in the following way. Let us exclude the internal resonance
terms from the normal form (5.2) and demand that the remaining system be
stable asymptotically (the same as presuming that in (5.3) and (5.4) 6(p) = 00).
The necessary and sufficient conditions for the asymptotic stability of the system
are either

a:1l) a11<0, 2) a2<0, 3) a;2<0 or ay <0
or

ﬂ : 1) a1 < 0, 2) aqs <0, 3) a2 >0, a:1 >0, A <0
where A = d31d92 — A12021.

The fulfillment of one of these conditions (o or 8 ) implies the asymptotic
stability for the sufficiently large values 6(u). The decrease of §(u) implies a
change of asymptotical stability for instability at some time. The values of é*
corresponding to this time are presented in Table 2.

Table 2. The conditions of transfer from asymptotical stability to instability

A6 <0 |6*] = |Aay,
[4
A5>0, an >0, h>0 [6°] = min{2]A~Jaz, RAA-T}
a) Ab<0, h2>0
b) A6 <0, h<0, 2an|>an | [6*]=|Aay
g
) Ad <0, h<0, 2Zay|<an
d)A6>0, h>0 |6*] = [RAA~Y

Table 2 does not include the cases when §* = 0. The system works as follows:
the asymptotical stability for A§ > 0 transfers to the instability for § = 0; this
instability is preserved for A§ < 0 until the condition || < |6*| holds, where 6*
(for A6 < 0)) is determined according to the corresponding line in Table 2.

The value of §* could be considered as a quantitative characteristic of the
resonance “danger”. Moreover, in the system (5.2) there is an additional con-
structive parameter whose variations greatly influence the value of §*.
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To reveal this parameter, let us write down the coeflicients oy (p), ap(p) with
the internal resonance terms in the system (5.2) in the following way:

as(p) = i|as(p)| exp ibs(u), s=1,2

Then, in all cases we will have §*(u) = C(u)sin(6; — 8,), where C(u) is a known
function.

A shift A8 = 6; — 0, in the resonance phases regulates the changes in the
value of §*(p). The most “dangerous” resonance corresponds to the resonance
phase shift A§ = £. For A# = 0 the stability (instability) of the system near
the resonance does not depend on the presence of the resonance in the system.
In this case the resonance is the weakest and its existence is guaranteed on the

resonance set I" only.

Conclusion

The main subject of the paper is the non-autonomous (in particular almost
periodic) system of ordinary differential equations, dependent on two types of
parameters - the vector parameter p € D, describing the equation family con-
tinuous in D, and a small parameter ¢, defining the quasi-linear structure of the
system. With the fixed degrees of ¢ the non-linearity is represented as polynomial
of phase variables with the coefficients continuous in ¢ and p.

For the indicated class of equations the normalization procedure is developed,
generalizing the Poincaré resonance normalization process and allowing the nor-
mal forms continuous in D to be obtained. For the class of non-autonomous
system these normal forms contain the non-regular members only. The proposed
procedure allows normal forms of the resonance type for the autonomous and
almost periodical systems to be built, as well as normalizing the systems with
nilpotent matrices of linear approximation that could not be simplified with the
help of the Poincaré resonance normalization.

The normalization procedure is illustrated by two main examples: 1) The
almost periodical systems, when a linear approximation matrix has a non-singular
Jordan form continuous in D, and 2) The autonomous systems with nilpotent
(for 4 = 0) matrix of the 2nd order.

The normal forms method has been further applied to the study of the
following bifurcation problems. Consider the case when the spectrum of the
linear approximation matrix A(u) for 4 = 0 contains n pairs of purely imaginary
eigenvalues. Then the following situations arise:

a) under the change of p the spectrum leaves the imaginary axis, acquiring
small real parts;
b) with the changing of y the spectrum stays on the imaginary axis.
In both situations, it is supposed that the A(0) matrix spectrum resonates with
the non-linearity spectrum and that the normal form could be reduced to an
autonomous type.
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In situation a) the conditions for the appearance of the stable stationary
mode and its asymptotic representation under resonance of the arbitrary ¢) order
have been obtained. It is only natural that for the resonance to be substantial,the
conditions of the degeneration (identical in p) of the normal form coefficients up
to the §) — 2nd order hold. It could not be excluded that the replacement of the
identical degeneration condition by the degeneration with y = 0 only will give
the conditions for the appearance of several established modes.

In situation b) a four-dimensional system was taken as an example to de-
scribe the results of stability and changes instability investigation during systems
passing through a 3rd order resonance. In this investigation substantial use was
made of two normal forms: one of them is continucus in I, while the other in
D\T', where I is a set of parameters’ resonance values.

An important point of this investigation is the establishing of interconnec-
tions between these two normal forms. This allows us to find the stability condi-
tions near the resonance (1 € D\TI') under the strict resonance (¢ € I') and, as a
result, to describe the behavior of the stability properties at the set D according
to the normal form properties for u = 0.

In the process of investigation, we reveal the resonance stabilization effect: a
system which is unstable near the resonance becomes asymptotically stable under
a strict resonance. This is an unexpected result since, as a rule, the system under
the strict resonance is non-stable.

It is also important to mention an attempt to introduce the quantitative
characteristics of the resonance “danger” §*(u) corresponding to the changing
stability time in a situation when the system is asymptotically stable far from
the resonance and unstable under the resonance. It has been found that by
changing the resonance phases shift only, it is possible to regulate the value §* ()
making it as small as desired.
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THE GENERAL REPRESENTATIONS OF SOLUTIONS
OF SOME PARTIAL DIFFERENTIAL EQUATIONS

A.A. Khvoles and A.R. Khvoles

Dept. of Mathematics and Computer Science
Bar-Ilan University
RamaGan 52900, Israel

The theory of general representations of the solution of elliptic partial dif-
ferential equations has been developed by S. Bergmann [1] and I. Vekua [2].
This theory has many applications in mathematical physics, the theory of shells,
elasticity theory, etc. As usual, the problem of construction of general represen-
tations is not trivial. These representations are useful in solving boundary value
problems.

In this paper, general representations for some differential equations are ob-
tained. We consider differential equations which arise in complex analysis, elas-
ticity theory and the theory of shells.

1. The first problem which we consider here is to find the solution of the
following equation:
1
A =2 ——(A - 2A)u = f(2). 1.1
(8= )58 =2 = £(2) (L1)

Here ¢(2) and f(z) are analytic functions in the complex plane, A is a
Laplace operator A = —3-@:—2 -+ ;%?g, z = ¢ + iy, A-real number.

A boundary value problem for these types of operators arises in integral ge-
ometry. Namely, a free boundary problem for a Laplace operator is related to a
well-known Pompeiu problem (see survey by L. Zalcman [3]). The Pompeiu prob-
lem with two holomorphic weights leads to a boundary value problem, associated
with the differential equation (1.1) [M. Agranovsky, personal communication).

The general representation for the solution of equation (1.1) is given below.
This representation depends on four arbitrary holomorphic functions. In order to
obtain the general representation, let us first consider the homogeneous equation:

(A - Az)s-o(l:{—)(A -~ A =0. (1.2)

Introduce the complex conjugated variable ( = z — iy. Then equation (1.2)
can be written in the form:
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Let

1
A-X)u=V. (1.4)
<P(Z)( )
So problem (1.3) can be reduced to the system of A. Bizadze type [4]
L~ - p(a)V =0 )
(92V - AZV =0 )
9:9¢ .
The general representation of the solution of the equation
%
-2V = 1.6
020¢ 0 (1.6)

is as follows:
V(:l?, y) = aofo(/\T) + /oz (b(t)Io(i/\\/ C(Z - t))dt
¢
+ /0 ¢* (O To(iAy/2(C — Dyt (1.7)

where ¢(t), $*(t) are arbitrary analytic functions, To(t) is thwe Bessel function of
the first order of the imaginary argument.

One can show that the solution of equation (1.5) can be represented in the
following form:

w20 = 35V 0) [ plds, (18)

where V(z, () satisfies equation (1.6). So the general representation of the solution
of equation (1.3) is:

W0 = (0 + V0 [ o(2)dz (19)

where u;(2, () is the general solution of equation (1.6) and solution (1.9) contains
four arbitrary analytic functions.
The nonhomogeneous equation (1.1) has the following partial solution:

us(z0) = 3 f()e2) (1.10)

So we have obtained the general solution of equation (1.1) which is a sum of
functions (1.9) and (1.10).
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2. On some elasticity theory equations with singularities.

Let us consider a prismatic shell which has a middle surface in the plane and
which is bounded by straight lines y = 0 and y = a.

Values of stress on the boundary are given. Assume that the dependence
of shell thickness on the y-coordinate is given by formula: A = hoy® (ho,a are
constants).

I. Vekua’s equations system has the form [2]:

0 i ) i )
2 -
Y AAp — 2ay%A<p —va(a+ 1)51_—2 + a(a + 1)—@—2— =0 (2.1)
ov A
AV +a—=0,v=—ro, 2.2
y %5y T (2.2)
when volume power is ignored, ¢ is the tension function and ¥ is the normal
displacement.

We are locking for a solution which satisfies the following boundary condi-
tions (I. Vekua [2]):

P00 = @), w@0=LE), Inrg a6 @9
Pe,0)= @), p(ea)=£6), Inrgi =@, (24

The crucial point in proving this representation is the fact that the left side
in (2.1) can be decomposed in the following way (8 = v/(a + 1)(va — 1)):

J J 0 0
(18455 - @+ 12 ) (29— - (@+DFE) =0. (29

It turns out that the general solution (2.1) can be represented as the sum
(in case a # 1)

P =¢l+¢; (2.6)
where ¢; and ¢, are solutions of the following equations:
2 97
* —_— 1)— = 2.7
vAGi + 858 —(a+ D) =0 (27)
. dp? 0y
yAgs — ﬁ% —(a+1) a‘f} =0. (2.8)

Rewrite the boundary equations (2.2)—(2.4) in the form:
¥ o [O0F OF
(== O35¢ ~ 3 (‘5‘; - 79?) =0 (29)
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Jim -0 (G2 - 52) =2 5 @) (2.10)
tm -0 (5 - 52 ) = 2 5@ (21)

The general representation of a real solution of equation (2.9) is (due to
Darboux)

1 o o
V(0= (-0 [l -tz - Opta-nta
1 . .o
+/0 welz+ (- 2)tz7 (1 -¢t)z 7 dt
+ (-2t /0 wlC+tz-O1 21 —-1t)"Fdt

1 @ @
+/0 WlC+t(z = ONE1(1- )31 dt . (2.12)

When y = 0 we obtain the equality

2IC-0) 0. (2.13)

“) = B a0 —a)sm =

Using (2.13) and (2.12) we obtain from equation (2.11) the following integral
equation

/0 {wilz + (1 - 2t)ai] — whlz — (1 = 2t)ad]}t2 1 (1 - 20) (1 — )2 dt =

= iF(z). (2.14)

and we can express F(z) using the function f3(z) and f3(z).
Now we want to find w}(z). Denote 1 —2¢ = u. Then equation (2.14) implies
the following identity:

1 .
/ wh(z + ai)(1 —u?)2tudu = —;—F(z)

-1

Since

1 oo irz
wo(z) = T [_oo m(r)e'™ dr (2.15)

we get:
L /00 m(7)e'™® d‘r/1 e (1 - u?)e ludu = lF(a:) .
V21 J o -1 2
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Denote .
K(r)= / (1-u®)E lue v du .
-1

Then

——‘/;_—? /_:oo m(T)K(1)e' dr = -;—F(a:) .

Using the inverse Fourier transform, we come to the relation:

1 had .
—_— F T dr . 2.16
= / P s (2.16)

Having determined m(7) from (2.16), we can find the function wy(z) from
(2.15). Now problem (2.9)—(2.11) is solved.

3. The stable equilibrium equations system for the prismatic shell of
variable thickness.
The I. Vekua equations system has a form:

8 (0u; 8 du; @
phu (i) 5 (% + 3”2) [(A + 2#)‘9_“1. n ,\‘;—’;2] +by (ai; + —;72)

m(r)K(r) =

1

0

J g d i) e
T 1 e Y R B B
(3.1)
du Ou
Au—l—aa +b0y 0,

where (u3,us) is a shift vector in the plane Ozy , v is the shift in the normal
direction, h = hof°%+%¥ the variable thickness of the shell. (hg,a,b are constants.)
Set

A+ pdw  A+2u @+a@
p o 0y? p 8y Oz
[A+p Pw A dw | Bw]
T Tw deay Tt %y

We have the following two equations for determining function v and v:

=Aw+

0 J O, 5, 19
AA'w-}—2aa Aw+2b5—Aw— a(a + 6% )Aw
1 2 0%w | L, 8%w 3w
+1_U( 32“’62””33 =0 (3.2)
Ou ,0u
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It is known that the general integral of equation (3.3) has the form [2,4]:

w=op [5G+ )| Re{o@) - [ WVGmD@A} @4

where Iy is the Bessel function of the first order of the imaginary argument,
k = $va? + b2, f(z) is an arbitrary analytic function.
Note that in the case a? + b? # 0, the solution of equation (3.2) can be
written as the sum
w=w +wy,

where the functions w; and w, satisfy the equations

[ o )Bwl o owy
Aw1+(a+b 1-0 _6_:1—:_+(b—a l-0 —67/_—0

Awy+la-0> d @+ b+a d %20
l1-0 z l—-0/ Oy

Then the general solution of (3.2)

omen {-3[(e+0/T5 ) o4 (1072 )])
x Re [fl(z) - /0 I (kVCGE=1) A dt]
+exp{—-;—[(a—b lfo x+(b+a lfg)y]}
«Re |£(5) - [ 1o (W/EE-D) A4 |

where f1(z) and fa(2) are arbitrary analytic functions, and

Case a® + b? = 0 is the case of the well-known beharmonic equation.
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ON THE EXACT CONSTANT IN THE INEQUALITY
FOR A NORM OF SOLUTIONS OF
THE LAME SYSTEM IN A HALF-SPACE

Gregory I. Kresin

The Research Institute
The College of Judea and Samaria
Ariel 44824, Israel

Abstract

The representation for the exact constant K in the inequality between the
suprema of a norm in R, of a solution of the Lamé system inside the half-
space and on its boundary is obtained, where R, is an n-dimensional linear
normed space. It is shown that the value of constant K is minimal in the case
of Euclidean norm in R,.

1. Introduction

A formula was obtained in [1] for the exact constant K in the inequality

sup {|u(z)|:z € E}} < Ksup {|u(z')| : 2’ € EL} (1)
where | - | is the length of a vector in the Euclidean space E™, E} = {z =
(z1,..-,Zp) * T, > 0} and u is a solution of the n-dimensional Lamé system

pAu+ (A + p)graddivu = 0 in the class C(EF) N C)(E?). Here C(ET) is the
space of bounded and continuous n- component vector-valued functions defined
on E}. The exact constant K has the form

9T(n/2)
AT ((n - 1)/2)

where & = (A + p)(A + 3p)7 L.

Let R, be an n-dimensional normed linear space with a norm || - || and let
R: be the space conjugate to R, with the norm |} - [|*.

In this note we consider the exact constant K in the inequality

K =

wf2
/ [(1 - n)2 + nk(nk — 26 + 2) cos? 0] 1/2 sin®~264de,
0

sup {Jlu(z)l| : = € E}} < Ksup {{ju(z")|| : =’ € 9E} }

where u is a solution of the Lamé system in the class C(E7) N C(ET).
The following statement is proved.
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Proposition. The exact constant K has the form

1
K=— sup / (1 = k)z + nke,(e,,2)||" do, (2)
Wn Jlzll+=1 Jsn-1

where w,, is the area of the sphere S™ ! = {z € E™:|z| =1}, e, is the n-
dimensional unit vector joining the origin to a point o € S™~! and (-,-) is the
inner product in E™.
The following equality
K =mink (3)
-1l
is valid, where the minimum is over all norms in the space R,.

It was proved in [1] that the inequality K > 1 holds for & # 0. From this and
from equality (3) it follows that the maximum norm principle (i.e., the equality
K =1 holds) is not valid for the Lamé system in E} for x # 0.

2. Proof of the Proposition

According to [2] there exists a solution of the problem
pAu+ (A4 p)graddiva=0 in EY, u=f on OE},

that is bounded and continuous up to EY, where f € C(GE?Y), and this solution
can be presented in the form

y—2z Ty o
u(z) = M f dy' . 4
(=) /aE: (4=3) ot ®
Here y = (¥',0), ¥' = (y1,--,¥n—1), M is an (n X n)-matrix-valued function on

571 with elements
2
Mij(es) = — (1~ K)éij + nr(es, ei)(es, €;)] (5)

where £ = (A + p)(A + 3p) ™.

Let sup {[|[f(z')|| : 2’ € OE7} be the norm in the space C(JET). We fix a
point z € E} and find the norm | u(z) | of the mapping C(9E}) 5 f — u(z) €
Rn, where u is defined by (4).

Using the following equalities

Ul = sup{(z, 1) : [|lz]|* = 1} and |jz[|* = sup{(z, 1) : [ll]} = 1},
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the fact that the supremum operations commute, and the symmetricity of the
lu(z)] = sup

matrix M, we find that
y—-z
it /e)E,'; y=el) =)

= awp sup (o [ (122 En ey ay
i< pei=1 \ Joez  \ly—2|/ ly - 2|

= sup sup / (z M(————) ') dy'
IE<1 Jsli==1 JoED ly - 2| ) ly — zl"

y-z / 7

= sup sup / (M (——)z y )———dy
lsli=1 lifl<1 JoEs ly—=l/" ) ly — z|

= sup / M(u)z
izlii+=1JoE ly - z|

From this, by definition (5) of the matrix M, we get

)= o sup. /8 i

2 *
= s [ - 0+ ke (en D" do(s)
“n lzl=1J52" (=)

Tn '
— d
ly—a Y

(y-2)y-=,2)|"
ly — =|?

Ty 7

1-%8)z+ nx d
( ) oy

where §”71(z) is the lower half of the unit sphere in E™ centered at the point
z and eyy = (y — z)]y — z| ™. Since the last integral does not depend on z it
follows that

lu(z)]= — . -1/5 (1 - &)z + nke,(es,2)||" do ,

where S™"! is the lower half of the sphere S™~!. Using the fact that the integrand

we ret that

espect 10 e,, we get that

ju(z)] = L sup / (1 = k)z + nke, (e, z)||" do ,
Wn ezt Jon-1

and thus the representation (2) of the Proposition is proved.

Let zp be an n-dimensional vector such that [|z[|* = 1 and the equality
|zo] = max {|z|: ||z}|* = 1} is valid. It is clear that for the two collinear vectors
(1 - k)zp + nrey(e,,20) and Z(o), ||Z(o)||* = 1, the equality

(1 = k)zo + nre,(eq,zo)l

1Z(0)]

”(1 - K,)zo + nke,(ey, ZO)”* =
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holds. It follows from this that

[(1 = k)zo + nres(eq,20)]

- |I(1 = K)zo + nre,(es,20)l|” >
|zo|

Then, by (2), we get

1 e
K 2 ___/ ”(1 — K,)Z() + nnea(eaaZO)“ do
wn Sn-—l

2 ’(1 + nKey (ea,ﬂ)‘ do
Sn-1 |Zo]
) 07 1/2
> — (1= &)* 4 nk(nk — 26+ 2) (ea, —-zi) do
wn Sn—1 IZOI
1 2 2 1/2
=— [(1 - &)® + n&(nk — 25 + 2) cos® Gy(0)] '~ do, (6)
wn Sn—1
where 6p(0) is the angle between the vectors e, and zo|zo| ™.
By (2), the exact constant K in equality (1) is equal to
1
— sup / (1 - K)z + nke,(eq,2z)| do .
Wn |g)=1 /851
Consequently,
1 2 211/2
K = — sup [(1= k) + nk(nk — 2k + 2)(es, 2)?]
Wi |z|=1/5m-1
1 2 2 1/2
=— [(1 - &) + nk(nk — 265 + 2) cos® 6(0)] '~ do
gr—1

where 6(c) is the angle between the vectors e, and z.
Comparing (6) with the last equality, we get that K > K.
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INVARIJANT LOCALLY NON-UNIQUE MANIFOLDS
INDESTRUCTIBILITY AND LINEARIZATION

George Osipenko

Department of Mathematics
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Let us consider a smooth system of differential equations
= Fo(“) ’ (1)

where u lies in R®. We suppose the system (1) has an invariant smooth compact
manifold Mp. In a space of smooth bounded vector fields {F} we introduce a
topology generated by a C! norm || F||y:

WFll = SgPIF(u)l , |0F(u)| = mglaF(u)vl » 1OF|| = SgplaF(u)I ;

WEll: = |1Fll + IOF]} -

In a space of smooth compact manifolds {M}, C'-close to the manifold M,
we introduce a topology in the following manner. Let E = {|JE(z) , = €
My , E(z) be a plane transversal to My at =} be a smooth tubular neighborhood
of the manifold M. A manifold M C'-close to My may be determined in the
form of graph:

M= {(z+v(z)), z €My, v(z) € E(z)},

where v is a smooth vector field. The topology of space {M} is determined in
a C'-norm of the vector field v : ||v]j;. Let a distance between the manifolds M
and My be equal to the C! norm of v : dist(M, M) = ||v||1.

Definition 1.  We say that the invariant manifold M of the system (1) is
indestructible if for every positive ¢ where there exists positive § such that if
C'-norm of perturbation is less than § : ||F — Fp|l; < & then the perturbed

system
@ = F(u), (2)

has an invariant manifold M with distance between M and My less than ¢ :
diSt(M, Mo)<£.
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It is clear that for indestructible manifold there exists a mapping H : V —
W from a C! neighborhood V of the field Fy in the C! neighborhood W of
manifold My which associates to a perturbed system its invariant manifold and
H is continuous at Fy. Notice that in general, the mapping H cannot be chosen
continuous on the whole neighborhood of Fy.

Let U(t, u) be a solution of the system (1) with initial condition U(0, u) = u.
The invariant manifold My is called normally hyperbolic if there are an invariant
decomposition of tangent space into a direct sum

TR"|Mo =TMy ® E° ¢ E*
and the positive constants K, A such that

|0U°(t,z)| < K exp(=Xt) , |0U(t,z)||(0Vo(t,2))™"| < Kexp(—At) , ast <0,
|oU™(t,2)| < K exp(At) , |0U(t,2)]|(00(t,z)) ™| < K exp(Mt) , as t <0,

wherez € M, QUy, 8U®, QU™ are the restrictions of differential U on T My, E°, E*
correspondence, that is Uy = dU|T My, U® = QU|E*, U* = QU|E™. The fol-
lowing theorem of Sacker and Neimark is well known.

Theorem 1 [1,2,3]. The normally hyperbolic compact invariant manifold is the
indestructible one.

In the conditions of Theorem 1, the perturbed invariant manifold M passes
a property of local uniqueness: there exists a neighborhood V4 of My in R™ such
that the maximal invariant set I in V of perturbed system (2) is the perturbed
invariant manifold M that is 7 = M. In this case there is the unique mapping
H associating to a perturbed system its invariant manifold. The indestructible
invariant manifold satisfied condition of local uniqueness was called by Mane
persistent manifold. He proved

Theorem 2 [4]. The persistent manifold is normally hyperbolic.

Thus Theorems 1 and 2 give necessary and sufficient conditions of persistent
manifold. But there are many simple examples in which indestructible invariant
manifolds are not persistent. For example, an equilibrium point My : 2 = 0 of an
equation £ = z° on the real line R is indestructible since the index of one is not
0. But this manifold is not persistent since a perturbed equation may have more
than one equilibrium point near My. Now we consider a set of indestructible
invariant manifolds wider than the set of persistent manifolds.

Definition 2.  The invariant manifold My of system (1) is called strongly
indestructible with respect to perturbations of system (1) if there exists a C1-
neighborhood V of Fj such that if the manifold My is invariant for the system

'i”zFl(u) ’ (3)
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where Fj lies in V then Mj is indestructible with respect to perturbation of the
system (3).

The importance of the strong indestructibility of invariant manifolds should
be noted since practically systems of differential equations are known with certain
inaccuracy. In the conditions of Theorem 1 the unique mapping H associating to a
perturbed system its invariant manifold is continuous on the whole neighborhood
V. Hence the persistent manifold is strongly indestructible.

Definition 3. The invariant manifold My of system (1) is called weakly inde-
structible if it is indestructible and in every C? neighborhood V of Fy is found a
vector field F; for which Mp is the invariant manifold of system (3) and it is not
indestructible for this system.

It is not difficult to verify that the equilibrium point My : = = 0 of the
equation # = z3 gives an example of a weakly indestructible manifold.

In order to state the conditions of strong and weak indestructibility we must
introduce the following notions. The stable and unstable subspaces at the point
z € My are defined

E*(z) = {yeT:R" : |8U(t,z)y| — 0,|0U (¢, z)y||(0Vo) "' (t,z)| — 0 as t — +oo0} ,
E%(z) = {yeT-R" : |0U(t,z)y| — 0,|0U(t,z)y||(8Vo) " (t,z)| = 0 as t - —oo} .

We say that the condition of transversality is valid at point € My if the equality
T:R" = T, My + E*(z) + E¥(x)

is valid. It should be noted that if the transversality condition is valid on the
whole manifold My and the sum T My 4+ £% 4+ E*® is direct,

TMo+ E°+E*=TMs® E°D E”

then the manifold My is normally hyperbolic. It is clear that the transversality
condition is wider than the normally hyperbolic condition. It may be said that the
transversality condition is to the normally hyperbolic condition as the structure
stability systems are to the Anosov-systems:

transversality structure stability sysiems

normally hyperbolic ~ Anosov-systems

Strong sources and sinks. Let a point O lying on a manifold My be an
equilibrium one of system (1). Then the system near 0 can be represented in the

form
t= Az + Cy + fi(z,y),

y= By + ¢1(z,9) ,
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where f; and ¢, are smooth mappings and vanish together with their derivatives
asz = 0, y = 0; x € My, vector y lies in the subspace transversal to My. We say
that the condition of separation holds at the equilibrium point O if the spectrum
of matrix A lies in the strip of the complex plane C {u < ReA < v} and the
spectrum of matrix B lies outside this strip. If the separation conditions holds
and v < 0 then the point O is called a strong sink. If the separation condition
holds and p > 0 then the point O is called a strong source. An equilibrium point
O is non-degenerate if the determinant det9F5(0) # 0. Let O be an isolated
equilibrium point of system (1) and S be a sphere of sufficiently small radius
with center 0. An index of equilibrium point O is a degree of the mapping

®(u) = ?2(3 on the sphere §.

In a similar way one can define a non-degenerate strong source and sink of
periodic orbit lying on manifold My and also the the index of periodic trajectory.
For this one needs to consider a successive Poincaré mapping near the periodic
orbit. :
Let ¢ be periodic trajectory on the invariant manifold My and P be its
successive Poincaré mapping. Then the mapping P can be represented in the

form
(w) . (Ax + Cy + fl(w,y)>
y By + ¢i(z,y)

where f; and ¢; are smooth mappings and vanish together with their derivatives
asz=0,y=0; 0 € ¢, z € My, a vector y lies in the subspace transversal to
My. We say that the condition of separation holds at the periodic trajectory ¢
if the spectrum of matrix A lies in the ring {g > |A| < v} and the spectrum of
matrix B lies outside this ring. If the separation condition holds and 4 < 1 then
the periodic trajectory ¢ is called a strong sink. If the separation condition holds
and g > 1 then the periodic trajectory ¢ is called a strong source. The periodic
trajectory ¢ is non-degenerate if a determinant det (9P(O) — 1) # 0. An index
of the periodic trajectory ¢ is called the index of vector field ®(z) = P(u) — u.

Theorem 3. For the compact invariant manifold My to be strongly indestruc-
tible it is necessary and sufficient that the transversality condition be valid on
the whole manifold My except perhaps the non-degenerate strong sources and
the non-degenerate strong sinks.

In the sufficient conditions of Theorem 3 the mapping H associating to a
perturbed system its invariant manifold, in general, is not defined uniquely. It
may be chosen continuous on some C! neighborhood V of Fy and with the fol-
lowing property: if My is an invariant manifold of the perturbed system (2) then
H(F) = M. This means that if the perturbation does not change the invariant
manifold My then the mapping H gives the perturbed system the same manifold.
From this equivalent definition of strong indestructible manifold follows
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Definition 4. The invariant manifold My of system (1) is strongly indestruc-
tible if there exists a continuous mapping H : V — W from the C? neighborhood
of Fy in the C! neighborhood of manifold M, which associates to a perturbed sys-
tem its invariant manifold and with the following property: if My is an invariant
manifold of the perturbed system ¢ = F(u) and H(F) = M,.

Theorem 4. If the transversality condition holds on the compact invariant man-
ifold My except possibly for the strong sinks and strong sources whose indices
are different from zero and there exists a degenerate strong sink or source then
My is weakly indestructible.

In the conditions of Theorem 4 the mapping H is not defined uniquely and
it cannot be chosen continuous on any C! neighborhood V of Fy. While it should
be remarked that there is a weakly indestructible invariant manifold with the
mapping H which may be chosen continuous on same C! neighborhood V of Fy,
it is clear that such invariant manifolds do not satisfy the conditions of Theorem
4.

Structure of space of the systems with indestructible invariant mani-
folds.

Consider a space of pairs P = {(F, M)} where F is a smooth vector field
and M is a smooth invariant compact manifold of the system @ = F(u). Assume
that space P is equipped with natural C! topology. Let P;, Py, P, be the subsets
of P consisting of pairs with the manifolds M which are indestructible, strongly
indestructible, weakly indestructible respectively.

Theorem 5. i) The set P, is open in P.
ii) The sets P, and P, form a decomposition of F; that is

P,=P,UP, and P,NP,=90

ili) The set P, is contained in a closing P\ P;.

Linearization.
Recall that E = {{J E(z), € My, E(z) s 2 plane transversal to Mg at 2}

is a smooth tubular neighborhood of the compact manifold My. It may introduce
the coordinates (z,y) where z € My and y € E(z). In these coordinates system
(1) has a form

T= f(x)"'" fl(z,y) 9
9 = ¢(z)y + ¢1(z,y)

where fi(z,0) = 0, the mapping ¢; vanishes together with their derivatives as
y = 0. We say that system (1) is linearized near manifold My if there exist a
neighborhood Vp of My in R™ and a homeomorphism h : ¥y — E from V; in the
tubular neighborhood E such that the homeomorphism h makes a correspondence

(4)
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between the trajectory arcs of system (1) and the trajectory arcs of a linearized
system

¢ = f(z)

y=¢(z)y .

Theorem 8. If the transversality condition holds on the compact invariant man-
ifold My then system (1) may be linearized near M.

This theorem generalizes the well known theorem of Pugh and Shub on the
linearization of a normally hyperbolic manifold [8].

Examples

Example 1. Persistent manifold — indestructible locally unique invari-
ant manifold.

In a plane R? consider a system having the invariant unit circle My. Assume
that the system has two equilibrium points disposed on Mj: a saddle A and a
sink B. Let the linear part of the system at A be of the form

and at B be of the form
t=z, y=-2y.

It can be easily verified that My is normally hyperbolic. For the all points z € My
the subspaces E*(z) = {0}, E*(z) are straight lines transversal to My at z and
E*(A), E*(B) are the vertical straight lines. By Theorems 1,2 the circle My is
persistent. Actually this fact may be established directly.

Notice that in this case the mapping H is uniquely determined since in some
neighborhood of My every perturbed vector field F C'close to the original cone
has a unique invariant manifold M diffeomorphic to My. The manifold M consists
of two equilibrium points (the saddle A(F) near to A and the sink B(F) near to
B) and two separatrices of the saddle A(F) going from A(F) to B(F). Hence,
the mapping H must be of the form H(F) = M.

Example 2. Locally non-unique strongly indestructible manifold on
which the transversality condition holds.

Similarly to example 1, consider a system in a plane having the invariant
unit circle My and two equilibrium points disposed on Mpy: a source A and a sink
B. Let the linear part of the system at A be of the form

t=z, y=2

and at B be of the form



Verify the transversality condition on the circle Mp. It is easily seen that E°(A) =
E*(B) = {0}, E*(A), E*(B) are the vertical straight lines. For a point z # A, B
the subspaces E%(z), E°(z) are two straight lines transversal to My at 2. By
Theorem 3 the manifold My is strongly indestructible. Actually this fact we
establish directly below. Notice that in every neighborhood of Mg there is an
infinite number of smooth manifolds which are tangent to the horizontal direction
at A and B. Hence the circle My is not locally unique invariant manifold.

Consider a construction of the mapping H associating to a perturbed system
its invariant manifold. In some neighborhood of My every perturbed vector field
F C" close to the original one has two equilibrium points (the source A(F) near
to A and the sink B(F) near to B) and an infinite number of trajectories going
from A(F) to B(F) and tangent to each other at these points. To construct the
mapping H let us choose two points p;, p; other than A, B, on the left and the
right parts of circle My Assume the perturbation small enough to ensure that
p1,p2 # A(F), B(F) and the trajectories T(p1), T(p:) passing through pq,pe
tend to A(F) as t — —oco and to B(F) as t — +oo. Clearly M(pi,p2) =
A(FYUB(F)UT(p1)UT(p:) is an invariant manifold of the perturbed system C*
close to My. It remains to set H(F) = M(p1,p:). It can be verified at once that
the constructed mapping H satisfies Definition 4. Note that the construction of
H depends on the choice of points p;, p;. By choosing other points we obtain a
mapping different from the one constructed.

Example 3. Destruction of an invariant manifold in the case when the
transversality condition does not hold at a wandering point.

In the plane R? let us consider a system having the invariant unit circle M,
and two saddle points A, B. Let the linearized system at A be of the form

and at B be of the form
5::—27, g=y,

It is easily seen that A, B are normally hyperbolic. The subspaces E“(A) =
E*(B) = {0}, E°(A), E*(B) are vertical straight lines. If a point z € My,
z # A, B, then E°(z) = E*(z) = {0}. Hence, the transversality condition is
violated at z. Since the arc AB C Mp is a separatrix joining two saddles, it can
be destroyed by some perturbation, such a perturbed system having near My no
invariant manifold homeomorphic to M.

Example 4. Destruction of the C! structure of an invariant manifold in
the case when the transversality condition does not hold at a wandering
point. _

As in Example 1 consider a system defined in the plane and having the
invariant unit circle Mp. Assume also that A, B € My are their equilibrium
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points. Let the linear part of the system at A be the same as in Example 1 and
at B of the form
=~z 3 y = -y/2 .

As above the transversality condition holds at A and B is a strong sink. If a point
z € My, z # A then E*(z) = E*(z) = {0}. Thus the transversality condition is
violated at z. Perturbing the system in the neighborhood of some point 2 € M,
z # A, B, one can obtain a system whose saddle A has an unstable separatrix
tangent to the vertical direction at B. Thus the perturbed system near M has
no invariant C! submanifold diffeomorphic to My. Observe that near My there
exists nevertheless an invariant C° manifold homeomorphic to M.

Example 5. The weakly indestructible manifold for which there does
not exist a mapping H continuous on V.
On a real line R! consider a differential equation

T=2z

The equation has an invariant manifold My, which is an equilibrium point ¢ = 0.
M is indestructible since the index of this equilibrium point is distinct from zero
and therefore every equation C! near to the initial one has at least one equilibrium
point near to My. But M, is not persistent since the maximal invariant set of
a perturbed equation lying in some neighborhood of M may contain more than
one equilibrium point. Moreover, it is not difficult to show that the invariant
manifold M, is weakly indestructible. Clearly the mapping H is not uniquely
determined. The equation also gives an example of a system for which H cannot
be chosen continuous in any C! neighborhood V. To prove this consider the C?!
function

(z4+d)P®, z<-d

G(z)=<0, —d<z<d
(z-d)P®, z>d.

where the number d is chosen, the function G is in a given neighborhood V. Show
that the mapping H is not continuous at G independently of the choice of the
value H(G). In fact, the equation

t=G(z)+6

for § > 0 has the unique equilibrium point Oy with coordinate a; = —d — §1/% <
—d and for § < 0 the unique equilibrium point O, with coordinate ay = d—6/3 >
d. Hence, H(G+ §) = a; for § > 0 and H(G + 6) = a3 for § < 0. It follows from
this that

lim H(G+6)=-d, lim H(G+6)=d.

5—+0 §—-0

Since the left and the right limits do not coincide H is not continuous at G
independently of the choice value H(G).
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Example 6. A. Strongly indestructible manifold in the case when the
transversality condition is violated at a strong source.

In a space R? consider a system having in a plane X = 0, the invariant unit
circle Mp and two equilibrium points A4(0,0,1), B(0,0,-1) € My. Suppose that
in some neighborhood of A the plane y = 0 is invariant for the system. In this
plane, let the system be of the form

j;:z—-]_’ é:—z,

that is the equilibrium point is of the center type in this plane. In some neigh-
borhood of A, let the linear part of the system on My be of the form

y=y.

It is clear that A is a non-degenerate strong source and the transversality condi-
tion does not hold at A. At B the linear part of the system is of the form

t=-2z, y=-y, z=-2z.

The transversality condition is valid on My\A. In fact, for z € Mp\A, E*(z) =
{0}, E*(2) is a plane transversal to My at z. By Theorem 3 the invariant circle
My is strongly indestructible. However, we show this by direct comstruction of
the mapping H.

The mapping H is determined, in this case, uniquely. Obviously every vector
field G, C! close to the original one, has two equilibrium points A(G), B(G) near
A, B. By the Center Manifold Theorem [8] there exists a locally invariant surface
P(G) containing A(G) and C! close to the plane y = 0. Every trajectory of
G passing through a point near to P(G) tends to P(G) as ¢ — —oo. On the
surface P(G) the equilibrium point A(G) is of a center, focus or center-focus
type. It is not difficult to see that in either case there are only two trajectories
T1(G), T»(G) tending to A(G) as ¢t — co and C! close to My. The trajectories
Ti(G), T5(G) — B(G) as t — +o0 and are tangent to each other at A(G), B(G).

It remains to set

H(G)=M = A(G)UBG)UTH{G)UT:G) .

It is easily seen that H(G) depends continuously on G in C? topology and H(G) =
My if My is invariant for G. Then the mapping H satisfies Definition 4.

Example 7. The weakly indestructible manifold for which there exists
a mapping continuous on V and which does not satisfy Theorem 4’s
conditions.

In the plane R? consider a dynamic system defined in the following manner.
On a rectangle [~2,2] x [~1, 1] the system has a form

i=y+z>, y=0.
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The axis Oz is an invariant manifold. The trajectories over Oz are parallel to Oz
and have the same direction. The lines y = h, h < 0 are invariant too. On them
are equilibrium points which are defined by an equation z% + y = 0. Moreover
let our system have two equilibrium points 4 (—2,2) and B (2,-2). In some
neighborhood of the point A the system has the form

t=z+2, 9=20y+2).
In some neighborhood of point B, the system has the form
t=—(-2), 9=-2y+2).

Let the system be such that a trajectory Ty beginning at point (2,0) reach
equilibrium point B as T — 400, and it is tangent to a horizontal line there. Let
a trajectory T3 beginning at point (—2,0) reach equilibrium point A as t — —o0
and be tangent to a horizontal line there. Let a horizontal segment [A, B] be
trajectory. Thus we have an invariant manifold My consisting of the segment
[4, B], the trajectories Ty,T; and the segment [-2,2] X 0. To show that this
invariant manifold is indestructible, consider a trajectory T3 passing through
point (0,y), y > 0. If y is sufficiently small this trajectory tends to A as t — —oco
and to B as t — +o00 and is tangent to horizontal line there. Joining trajectory
T3 and segment [A, B] we obtain an invariant manifold S, C? close to M. The
system near manifold § is analogous to the system of Example 2. On the manifold
S the transversality condition holds good. Hence there exists a mapping H,
associating to a perturbed system its invariant manifold. From the proof of
Theorem 3 it follows that this mapping is continuous in y. Using mapping H,
we can construct a continuous mapping H associating to a perturbed system its
invariant manifold and H(Fp) = Mp.

Now we show that there exists a system © = Fj(u), C? close to the initial one
with the same invariant manifold My which is not indestructible under pertur-
bation of this system. Consider a system coinciding with the initial one outside
of the rectangle [—2,2] x [—1,1]. Inside of this rectangle there is any rectangle
where a new system has a form

i::-—p2+y+x2, y=-gy,

where the positive numbers p and ¢ will be chosen later. The new system has the
same invariant manifold My. On the axis Oz there are two equilibrium points
(-p,0) and (p,0). Since ¢ > 0 the equilibrium point (—p,0) is a knot and the
equilibrium point (p,0) is a saddle. If 2p > ¢ then at the point (—p,0) all the
trajectories except the horizontal ones are tangent to a direction (1/(2p - ¢),1).
Show that the invariant manifold My is not indestructible with respect to per-
turbation of the new system. For this we construct a perturbation concentrated
near the point (0,0) which moves an unstable manifold of the point (p,0) above
the axis Oz. Then at point (—p,0) this manifold is tangent to the direction
(1/(2p—q),1). Hence the perturbed system does not have an invariant manifold
C! close to Mg.
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Abstract

We discuss some properties of the rather general class of nolinear stochastic
functional-differential equations which on one hand embraces various classes of
hereditary equations which used to be studied independently, and on the other
hand provides basic properties of equations; solvability, continuous dependence
on initial data, etc.

1. Introduction

The central question of this paper is: what should be meant by a general
stochastic functional-differential equation (SFDE)? Of course, many SFDEs can
be covered by Hale-type equations, i.e., equations of the form:

dXt = F(t,Xt_)dZt (11)

where X;(s) = 4, is a stochastic process with values in the space of “initial
functions”, z; is a semimartingale. Up to now the most advanced results con-
cerning SFDEs have been obtained for equations of this type (see, e.g., [KN],
[M1], [S], and references therein). Apart from these works there exist a number
of papers devoted to “hereditary equations” of the form:

d.’Et = f(t, xt_)dzt (1.2)

(“Dolean-Protter” equation) with f depending on paths of solutions within the
whole time interval [0, 1], (see, for instance, [JM], [Prl], [WM]). Moreover, there
are some sporadic SFDEs which “break down” usual frames. They are: stochas-
tic integro-differential equations [MT], neutral equations [KN], equations with
feedback in differential [Pr2], etc.

Our goal is to show how all the equations listed above can be treated within
a general framework, i.e., as particular cases of a “general SFDE” for which the

* Supported by A. Von Humboldt Foundation.
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basic properties hold (existence of solutions, continuous dependence on initial
data, etc.). We should mention that our investigations have been strongly stim-
ulated by the recent achievements in the deterministic theory of FDEs (see, e.g.,
the surveys [AM], [AMR], [R], and references therein). These achievement are
assessed by this author as very fruitful. The results we are going to present here
can, of course, be regarded as a generalization of deterministic ones.

2. Basic notations and preliminary results

We use mainly the terminology of the monograph [J1].

Let (Q,F,F, P), 0 <t < T be a stochastic basis with usual conditions
((¥:) is a right-continuous filtration; F;, F contain P-null sets), z; = (27) be
an m-dimensional semimartingale defined on [0,T}; (B,C,v) be the triplet of
its predictable characteristics: this means, in particular, that B; = (B} : 1 <
Jj £ m) is a predictable m-dimensional stochastic process with nondecreasing
components, C = (C,’ k.1 < j, k < m) is a predictable nonnegative matrix, v is
a predictable random measure on [0,T] x R™ [J2].

We also introduce a nondecreasing predictable process

At = Bjem(CH + Var,eo 4 BI) + / v([a, 1] x dz)1 A |o|?
Rm

(A-min, Var-variation) and Radon derivatives of (A¢-absolutely continuous) func-
tions B and C + E w.r.t. X (where Ef* = [_ .. v([0,1] X dz)z'z7I{j; <1}, 2: ate
the coordinate functions in R™):

, t . ) L
Bi=[aidn; i+ B = [ pita,. (2.1)
i) 0

We now describe the functional spaces we are going to deal with. The space
k contains all Fo-measurable random values. After identifying P-equivalent func-
tions and endowing k with the topology of convergence in probability we get &
to be a linear metric space. The space A, (1 < p < 00) consists of row-vectors
H = (HY,...,H™) with predictable components for which

T T %
WA, = [ Beldr+ ([ 1EAETID) <o as.
0 \ v

JY ré
Identifying H; and H; such that ||Hy — Hy||a, = 0 a.s. also yields a linear
space with the metric E(||Hy — Ha|la, A 1).
Using Jacod’s description of z;-integrable stochastic processes (see e.g., [J2]),

one can easily see that for each H € A, the stochastic integral f; H,dZ, does
exist, and determines the continuous operator from A, to k for each t.
Now define the following set:

t
S, = {z|a:t—-m0=/ H,dzs,a:oek,HeAp} .
0
If we identify indistinguishable stochastic processes in S, (see e.g., [J1]) we get
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2.1 Proposition. Under the identifications just described we have the isomor-
phism
Sp 2 Apxk (2.2)

given by z; = [ HydZ, + zo.

2.2 Remark. Using (2.2) we can equip the space S, with the topology of
direct product. This topology is a little bit stronger than the Emery topology
of the semimartingale space S [E]. This is due to the fact that being a linear
subspace of S, the space §p, is closed w.r.t. its own topology.

2.3 Remark. Using the (rather convenient) deterministic terminology (see
e.g., [AMR]) we can call & a “space of initial data”, S, a “space of solutions”,
and A, a “space of (abstract) derivatives”. It will be shown later that, in fact,
these spaces do play the same role as the spaces R, L, and W, (absolutely
continuous functions with p-summable derivatives) in the deterministic theory.

The important feature of the space W), which leads to the basic properties
of deterministic FDEs, consists of their compact imbedding in L, (for ¢ < o)
and C (for p > 1). Thus, using this property, one can apply the theory of linear
and nonlinear compact operators, which is rather powerful machinery.

So it would make sense to understand similar properties of the spaces 5, in
order to find out which kinds of operators might be useful for the stochastic case.

First, note that we have to consider the Skorohod space D instead of C
because of possible discontinuity of solutions. More precisely, we will deal with
spaces X consisting of (F;)-adapted stochastic process with trajectories belonging

to a given functional space X, X will be presumed to be equipped with the metric
E(l|lz-y||x A1). The role of the space C will be played, in particular, by the space

D generated by the Skorohod space of right-continuous and having left-hand limit
functions with the sup-norm.

The following theorem was proved in [P5] for the case of Ito integrals. Slightly
modifying the proof and using standard estimates for stochastic integrals w.r.t.
semimartingales (see [J1] or [J2]) we get

2.4 Theorem A. For p > 1 each set bounded in S, is tight in D. B. Forp2>1,
g < oo, each set bounded in S, is tight in L,.

Recall that a set @ of random points (processes) is called tight if for any
€ > o there exists a compact set K such that P{w | z(w) ¢ K} < ¢ whenever
z€Q.

Surely this result is far from being unexpected. It is well known that, at least
for equation (1.2), bounded sets of solutions are tight in D [JM]. On the other
hand, Theorem 2.4 shows that we cannot use the theory of compact operators
for our purposes and therefore we have to develop a new one which will treat
operators mapping bounded sets into tights. This justifies the following
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2.5 Definition. We say that an operator h defined in a linear space of random
points (processes) is tight if 1) it transforms bounded sets of its domain into tight
ones, and 2) it is uniformly continuous on each tight set taking from its domain.

One can easily observe that in case ) shrinks into a singleton, we get the
definition of compact operators which are continuous and hence uniformly contin-
uous on compacts. It is not clear whether the condition of the uniform continuity
from Definition 2.5 can be replaced (at least in what follows) by usual continuity.

Unlike the deterministic case, the tightness property of operators turns out
to be too general. Thus, every nonlinear uniformly continuous operator defined
on an arbitrary linear subspace of| say, k is tight. It is absolutely evident that the
possible theory of such operators would be poor enough. We therefore have to
introduce more hypotheses. OQur point is: it would be natural to take into account
the “trajectoral” nature of SFDEs. To do this we introduce the following notion
(see also [Sh], [P1]).

2.6 Definition. An operator h is said to be of local type (or simply local) if for
any z,y from its domain, and for any A € F the equality z(w) = y(w) a.s. on A
always implies that (hz)(w) = (hy)(w) a.s. on A.

Examples of local operators: 1) random operators (more precisely, super-
position operators generated by random operators): (hz)(w) = T(w,z(w)); 2)
stochastic integrals (also extended ones, see e.g., [NP]; 3) combinations of 1) and
2), for instance, sums, products, superpositions, etc.

Our basic observations is that there exists a nontrivial theory of local tight
- operators which on the one hand inherits much from the theory of compact oper-
ators, and on the other hand supplies us with a machinery which might be useful
for SFDEs.

3. General SFDEs with Driving Semimartingales. Some Examples

By a general SFDE we understand the following equation:
dz = Fzdz , (3.1)

where F': § — Ap is a local and tight operator which is additionally assumed
to be independent of the future: if z, = y, a.s. Vs € [0,t], then Fz, = Fy,
a.s. Vs € [0,1], where t is an arbitrary time point taking from the interval [0, T].
Sometimes such operators are called Volterra-type (or simply Volterra operators).

Let us now explain exactly why these conditions have been chosen. The
independence of the future is related, of course, to the conditions of integrability
of Fz w.r.t. z, but not only to this. It also affords us a convenient opportunity to
treat solutions locally, i.e., in neighborhoods of initial points, and then to extend
them as far away as possible. B

The fact that we take S instead of the usual D" as a domain of F' is de-
termined by examples of SFDEs. It is so for neutral equations and for some

152



equations with hysteresis-type nonlinearities. This means that not every heredi-
tary equation can be described by (1.1) or (1.2). On the other hand, taking 57
as a domain seems to be even more natural, since all solutions to (3.1) must be
semimartingales of a particular form, and from this point the space Dn might be
(and in some cases is) too wide. In fact, the space S} is more convenient also
from a purely theoretical point of view. It was first realized in the deterministic
theory of FDEs (see, e.g., [AM], [AMR])).

Let us now turn to the properties of locality and tightness. The first means
that we wish to comsider only “trajectorial-type” equations, i.e., involving no
averaged characteristics, expectations, etc. One might ask why we do not restrict
ourselves to the case of random operators F' as it is usually assumed. First, it is
due to examples, neither neutral nor integro-differential equations are covered by
SFDEs with random F. This was noticed also by S. Mohammed [M2, p. 6].

The most problematic assumption is probably the latter, i.e., the tightness
of F. However, as it follows from examples (see below), it is actually not very
restrictive. In fact, it holds for most SFDEs, except maybe some particular neu-
tral equations. The tightness reflects the general fact that by virtue of Theorem
2.4, bounded sets of solutions of finite dimensional stochastic equations should
be tight (see also Section 4).

Let us now turn to examples.

A. Ordinary equations with driving semimartingales.
dil?t = f(t,:vt__)dzt (32)

Assume that

Al) f:[0,T] x & x R® — R™X" jg continuous in z € R® and predictable in
(t,w) € [0,T] x © with values in the space of m X n- matrices denoted by

A2) for any R > 0 there is a stochastic process ¢, summable w.r.t. A; and such
that

Tp(t f(t,2)) < ff as. (Vte[0,T], VzeR™, st.|z|<R), (3.3)

where
Tp(t,u) = |uas|? + [uBeu”|? (3.4)
with a, 8 given by (2.1).
3.1 Remark. Recall that by definition |a,| < 1, |8]s < 1 and hence (3.3) is
implied by the more simple inequality:
Ift2)* <ot (2] < B).

Note, however, that the latter estimate is sometimes too restrictive. Thus, for
Ito-type equations, the drift coefficient can be p-integrable, while the diffusion
one should be 2p- integrable.
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3.2 Theorem. Under Assumption Al and A2, the operator Fz; = f(t,z_)
is local, tight, and Volterra as the operator from S} to A}. In other words, (3.2)
is a particular case of (3.1).

3.3 Remark. Clearly, the case of p = 1 gives the least restrictive estimate,
and at the same time the widest space of solutions, namely S}'. The smaller the
space of solutions, the stronger the estimates required.

Proof of Theorem 3.2. In our particular situation the operator F is random,
(Fmt)(w) f(t,w,z; — (w)), the generating function f(¢,w,z) being continuous
in z. Therefore, F is local, Volterra, and uniformly continuous on tight subsets
as the operator from D™ to A} (the latter is ensured by A2). Clearly, the same
is true for F' considered in the space §7 endowed with the stronger topology.

Moreover, since bounded subsets of the space S7(p > 1) are tight in D", and

since (evidently) F' maps tight subsets of D™ into tight subsets of A7, F is tight as
the operator from S7 to A7(p > 1). If p = 1, we should first observe that for each

R > 0 the operator Frz; = f(t,Tr(2:~)) can be extended to the space L} as a
continuous random operator taking its values in Aj. Here wp is just a projector
of R™ onto the ball B[0,R]. Repeating the above argument and applying the
second part of Theorem 2.4, we get the tightness of Fp as the operator from ST
to Af. It remains to note that any bounded subset of ST satisfies the condition:

Ve >03R, such that P{Hz”Da > Re} <eg,

and the result follows. o

3.4 Remark. A slight modification of the above proof yields a generalization
of Theorem 3.2 for the case of the Dolean-Protter equation (1.2) under conditions
similar to Al and A2. In fact, we have only to replace the domain of f (R™ by
D™) and to impose the Volterra condition on f. Therefore Equation (1.2) can
also be put in our scheme.

The next example is actually a particular case of Equation (1.2), but it
illustrates why Equation (1.1) can be involved in our consideration as well.
B. Stochastic delay equations.

d:ct = f(t,zt_,th)dzt (35)

s=¢s, $<0, (3.6)

where Tz, = f( —o0t) d,R(t, 3)a:,
Assume that

B1l) f:[0,T] x & x R® x R® - R™X*® is continuous in (z,y) € R® X R" and
predictable in (w,?) € [0,T] x @;

B2) for any R > 0 the followmg estimate is fulfilled: T, (2, f(¢,2,9)) < @f +¢cly|?
(¢>0;p,g>1; o asin A2, y € R®, t € [0,T], |z| < R®; T, is given by
(34));
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B3) the kernel R : [0,T] X [-00,T] x & — R®X® js B ® P-measurable (where B
and P stand for the o-algebra of Borel and predictable sets respectively; we
put F, = Fp for s < 0 for convenience) and satisfies the following condition:

T
/ [Varse[g,T]Rij(t,s,w)]zqdz\t(w) <00 as.;
0

B4) ¢ is B ® Fp-measurable and locally bounded on (—o0,0) x § stochastic pro-
cess.

3.5 Theorem. Under conditions B1-B4, equation (3.5) coupled with Condition
(3.6) is a particular case of (3.1) with F : S? — AP,

Proof: Note that by virtue of the properties B1-B4 the operator

Fr, = f(t, Ti_, d,R(t,s)zs + ¢t)

[0,t)

satisfies conditions A1-A2 with the corrections mentioned in Remark 3.4. Here

¢t = f(_oo'o) dsR(ta 3)¢3' 0

3.6 Remark. It looks strange that we involve in the equation what is nor-
mally regarded as an “initial function”. Let us, however, explain our approach.
First of all, we should observe that the time point 0 has been excluded from
the considerations. So we still need to add an initial condition to our equation.
However, it is not infinite dimensional any more, and our delay equation can be
treated as a finite dimensional one! Such a transformation does not seem to be
anything special, but actually it changes the very nature of the equation. It was
shown convincingly by recent developments in the deterministic theory of FDEs
(see e.g., [AMR]). Let us mention here only one advantage of this approach. After
our transformation we are not confined to a particular (sometimes rather com-
plicated) space of initial functions. We do not need it any more! This proved to
be very important for the stability theory (taken just as an example). Of course
this is also important for our purposes, as it allows us to involve delay equations
in the general framework.

3.7 Remark. Such a transformation can be made not only for a particular
equation (3.5) but also for the general equation (1.1).

C. Integro-differential equations.
d:):t = f(t,a:t,Uxt)dzt, (3.7)

where U is a nonlinear integral operator of the form

Uz =9v+ H(t,s,z,)dz.
{0,)
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Such equations w.r.t. the brownian motion were studied in [MT] under Lipschitz

conditions.
We assume that

C1) f satisfies Condition B1;

02) for any R> orp(tvf(t7z’y)) < th (P 21, ¢R asin Alte [O,TL z,y € Rn,
|z], Iyl < R; Ty is given by (3.4));

C3) the functions H;; : [0,T] x [0,T]xR* - R (i=1,...,n; j=1,...,m) are
absolutely continuous in the first variable and their derivatives w.r.t. it are
B ® P-measurable in (¢, s,w) and continuous in z;

C4) the following estimates hold for any R > 0:

< KR(t S w)

95,0, < Qalts,0) s |Z-(t,8,0,2)

and
T T
/ d/\a(ng(S,w)+/ K};(r,s,w)dr)<oo a.s.
0 s

C5) ¥ : 2 x [0,T] —» R" is predictable and locally bounded. Some of these
conditions can be relaxed if z has independent increments.
C3a) H'J are B ® P-measurable in (¢, s,w) and continuous in z;
C4a) IH‘j(t,s,w,z)l < Qr(t,s,w) (Jz]| £ R, R > 0) and

T T
/ / |Qr(t, $)| dAdA, < 00 ,a.s.
o Jo

for some ¢ > 2;
C5a) 1 is predictable and g-summable in ¢.
But now we have to impose an additional condition on the growth of ¢:

C2a) T, (t, f(,2,y)) < ¥ + c|z|? (¢c>0as.,|z|<R,R>0).
3.8 Theorem. Under assumptions C1-C5, or, if z; has independent increments,

under assumptions C1, C2a—C5a, equation (3.7) is a particular case of equation
(3.1) with F : S? — AZ,

Proof: Taking into acccount the proofs of the two preceding theorems, it is
sufficient to establish that the integral operator

Az, = H(t,s,z,)dz,
(0,%)

is uniformly continuous on tight subsets of the space D™ and takes values in
L™ ()) or in L"(A) if conditions C3 and C4 (resp. conditions C3a and C4a) are
fulfilled. Both cases can be treated in a similar way. So we can restrict ourselves
to the first one.
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Let us represent the semimartingale z; as a sum:
ze = Be 4+ Bi + 2edjaz>1(2),

where B, is the first local characteristic of z;, while the second term is a local
martingale.
Now the integral operator

Az = ( )H(t,s,zs)d (BT + ZtI|Az[>1(t))
0,t

is simply a random Stiltjes integral operator driving by the process which is
absolutely continuous w.r.t. A, the kernel satisfying the following estimate:

¢
|H(t,s,z)| < max Hj(s,s,z)-i-/ Hl(r,s,z)dr| <
J s

<Qa(s)+ [ Knlt,S)ir € Ly (\w) as.

Hence, the operator 4; maps D" into L™ () and it is uniformly continuous on
tight sets of its domain.
It remains to study the integral operator

Agzt = H(t,S, $)dﬂs

[0,)
which can be represented (see e.g., [Pr3]) as follows
t
Ayzy = H(s,s,z5)dfs + / dr/ Hl(r,8,z,)d0; .
[0,2) 0 [0,7)
For any predictable stopping time T, < T we have

2
E sup |Ayzy® < 2F sup ( H(s,s,ms)dﬁs) +
t<T,s t<T, \J[o,)

2
+2F sup (/dr H.',(T, S,fcs)dﬁs)
[or) {0,7)

and using the standard technique of estimating stochastic integrals w.r.t. semi-
martingales we obtain:

T, T, 2
E sup |Ay2:)2 < Ky (E/O Q%(s)dX, + (/0 QR(s)dAs> ) +

t<T,

157



T, T
+K2E/ d)\s/ K%(r,8)dr,
0 s

so that P{ sup,cr |Aazf* > K.} < ¢ for abitrary ¢ > 0 and sufficiently large
K.. On the other hand, the process £ = f[o 9 H(t,s,z5)df, admits a F;_ ® B-

measurable version, hence it is equivalent to a predictable process. We have just
proved that A, (E&(x\)) c I (N).

Exactly the same reasoning yields the estimate

T,
E sup |Asz; — Asy]? < C(E/ [H(s,s,:l:s) - H(s,s,xs)]zd)\3+
t<Ta 0

Ty T
+E / d)s / [H;(r,s,zs)-H;(r,s,ys)fdr) . (3.8)
0 s

Consider the random integral operator
Heo9)@) = [ 6oz,
0,¢

where G equals either [H (s, s,z)—H(s,s,y)]?, or fsT (Hl(r,s,2)— Hl(7,s, y))2 dr.
By our assumptions, I(w) is continuous for almost all w as an operator from
L% (Mw)) to L™, (Mw)). Hence I considered as a superposition operator from

Zgg(,\) to ZQO(/\) is easily seen to be uniformly continuous on tight sets. In
particular, given a tight set ) C L2 (A) we have

G(S, 1“87 ys)dAs
(0,9

P~ lim sup =0,

5—40

where supremum is taken over t € T, z,y € Q, E{flz — y|lp» A 1) < 6. In other
words, for some exhaustive sequence of predictable stopping times

G(8,25,Y5)dAs| =0 .

1 v{(0,iAT,)

lim sup
S0

Making use of estimate (3.11) we obtain that

lm sup|AsziaT, — Az?ltAT,.|2 =0
§—+0

This means that A, is continuous on §.

Let us complete the proof of Theorem 3.8. If p > 1, then the result imme-
diately follows from Theorem 2.4. If p = 1, we have first to replace our operator
A by a “truncated” one, as was done once in the course of the proof of Theorem
3.2. o
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D. Neutral stochastic equations. We are not going to study here all possi-
ble classes of neutral equations. It would extend our paper enormously. Instead,
we will consider only one particular type of neutral equation which is rather
illustrative, but comparatively simple technically:

da:t = f(t,T(Et,S(L‘t)dZt (39)
where

Te, :/ d,R(t,s)z,, Sxt=/ Q(t, s)dz,.
(—o0,1) (=o0.t)

Of course, we have to supply this equation by a “prehistory”:
s =&, s$<0. (3.10)

Now introduce the following assumptions:

D1) f satisfies B1;

D2) YR > 0 T, (¢, f(t,2,9)) < of +2|* (p>1,¢2>1;t€(0,T); z,y € R
ly| < R; T, is given by (3.4));

D3) R satisfies B3;

D4) @ is absolutely continuous in ¢, while its derivative @} satisfies the same
measurablity condition as R and additionally the following estimate:

T T r T
! 2 2r
/0 (/s Q7 (7, 8)| dT) dAs +/0 1Q(s, )] "dAs < o0 aus.

D5) [_ 0) Q(t, s)dp; exists and is locally bounded in ¢.

i

3.9 Theorem. Under assumptions D1-D5, equation (3.9) with the “prehistory’
(3.10) is a particular case of the general equation (3.1) where F : 57 — A}.

Sketch of the proof. The crucial point is to verify the tightness of the

operator Spz; = f[O,y) Q(t,s)dzs regarded as a mapping from S} to D". The

following estimates can be derived easily from the proof of the preceding theorem:
1

r

Ty b T
E sup |SofCtIZSE( / ( / IQ;(r,s)l’dT) dxs) +
0<t<T, 0 3

+E( /0 " |Q(s,s)|27d/\s)% (3.11)

for some exhaustive sequence {T,} of predictable stopping times. This means
that for any ¢ > 0 there is a number N for which P{T,, < T} <eforalln > N.
So S is a bounded linear operator from S to Dm. Now approximating the kernel
@ by degenerated kernels @™ and using the similar estimate as (3.11), we obtain
that Sg can be uniformly approximated by finite dimensional random (and hence
tight) operators acting from 57 to Dr. Therefore, Sy should be tight as well.
Now combining the proof of Theorem 3.2 with the fact just established we get
the required result. o
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4. Basic properties of Equation (3.1).

As we have already seen, a large number of SFDEs can be regarded as
particular cases of equation (3.1) under rather weak assumptions. In this section
we would like to state some general results concerning solvability, continuous
dependence on initial data, etc. of equation (3.1). To do this we use some rather
profound facts from the theory of local-type operators. However, let us first
formulate the results we have been keeping in mind throughout the preceding
sections.

1. For any initial conditions zg = x € k™ there is at least one weak solution
to equation (3.1) defined on a random interval [a,7] where 7 > a a.s. is a
stopping time.

2. Any weak solution of the Cauchy problem z¢ = & for equation (3.1) can be
extended up to either the time-point b, or an explosion time.

It is assumed in the next two properties that all solutions of (3.1) reach the
time-point b. _

3. Any set of solutions of (3.1) bounded in S} is tight in S} (and hence in D").

4. If all solutions to (3.1) with all initial data x € k™ satisfy the property of the
pathwise uniqueness, then they are all strong (i.e., they are defined on the
initial stochastic basis) and continuously (in S3-topology) depend on « € k™.
These properties were proved in [P7] for the case of Ito-type SFDEs. So it

would probably make sense not to repeat it in detail, but only to highlight main
points and to consider new difficulties more thoroughly.

First, however, let us give a more accurate definition of a weak solution to
equation (3.1).

4.1 Definition. A stochastic basis (Q*, F*, P*) is called a (regular) splitting
of the stochastic basis (2, F, F, P) if there exists a (F*, F)-measurable surjective
mapping ¢ : 2% —  such that:
1) P*c! = P;
2) N F)CF (W0);
3) z;c is again a semimartingale on (%, F*, F, P*) with the same local char-
acteristics as 2.
The third property implies, in particular, that brownian motion still pre-
serves its properties after regular splitting.

4.2 Definition. A weak solution to equation (3.1)is a stochastic process which
is defined on some regular splitting of the initial stochastic basis, which belongs
to the space §;* O S (the space Sp* as well as the space Aj* are constructed
similarly to S and A} w.r.t. the new stochastic process) and which satisfies an
equation

d:vt = F*a?td(th)

on a random interval [0, 7], where F™* : S3* — A7 is the (unique) local continuous
operator extending F.
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In fact, F* is also tight.

Let us observe that such an extension of F' does exist. This statement is far
from being trivial in general (see [P2] for the proof), but it is rather evident in
particular examples.

Thus, in Examples A and B the operator F is random, i.e., (Fz)(w) =
P(w,z(w)) for appropriate P, so that (F*z)(w*) = P(w,z(w*)),w* € Q*. In
Example C we have Fz = f(t,z2,Uz,), Uzy = f[o.t) H(t,s,2,)dz, so that F*z =
f(t,z,U*z;), where U*z; = f[(),t) H(t,s,z5)d(2,¢).

Finally, in Example D

Fo= f(t,Toz,502) , Soz= [ Q(t,5)da,
[0,2)

and
Frg = f(t,Tox,S(’,"z) y S(;‘m = / Q(tas)dzs (:L’ € Sg*) :
[0,t)

Proof of the stated results. We consider the following operator equation in
Al
P
H=9%H , (4.1)

where 8H = F(x + f{o,.) H,dz). By assumptions, ® is local, tight and Volterra.
So we might apply the fixed point theorem for local tight operators which states
that if such an operator A has an invariant ball in a space of random points
(processes) which satisfies the so-called “II-property” (see below), then h has at
least one weak fixed point (see [P6] for the proof, or [P3] for the formulation).

It is easy to check that the space A} satisfies the “Il-property”: there exists
a sequence of random finite dimensional Volterra projections P™ : A} — A7,
strongly convergent to the identity (see also [P4] for the proof). The only thing
we have to verify, therefore, is the existence of an invariant ball. Of course this
property fails in general, but fortunately we have the Volterra property of F and
the technique proposed in [P7]. To exploit this we should find a random Volterra
projection 7 : A7 — B™ where B is given by

T
B = {xEAp:/ F(t,.’rt)dAtSl} .
0

and I', is defined in (3.4). Without loss of generality we can assume that n = 1.
Put
Try = zt((I{I‘,(t,xt)<l} + ’711[7]) s

where 7 = inf{¢ : fot Ip(s,z,) > 1}, and 74, > 0 is chosen in such a way that
Yz = 0if 7 = 400 and

/ Ly(s,mzs)dAs <1 (4.2)
0
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Let us show the existence of such v, for the case of 7 < 4o00. Consider an
equation
A + Bu+C =1

where A = |26:z|PAX;, B = |zay|PAN,, C = f[o ) Tp(s,25)dAs.

Since A, B,C > 0 and C < 1 there is only one positive solution u, to this
equation. Put v; = §/u;. We have then

-
/ ILp(s,mzs)dAs = / Tp(8,25)dAs + Tp(7,7228,)AN, = YEB +y2PA4+ C =11
0 T

L]

and therefore .
/ Tp(s,mzs)dr, =1, if r<0
[}

and ,
/ Ip(s,mz,)dAs < 1, if =00
0

(of course, all here depends on w).

Clearly, v, is a continuous function of z € A,. We claim that (i) 7(A,) C B,
(ii) 7z = z if z € B, (ili) 2™ - z implies 72" — wz. To see this, note
that (i) follows directly from (4.2), (ii) can be deduced from the following:
foT Tp(s,z5)dAs <1, > 7=400=279,=0&[0,7)N[0,T)=[0,T] = 7z, = 2.
Finally, in order to prove continuity of 7 we have to use continuity of the integral
and the continuity of 7.

Let us come back to the properties of equation (3.1) and consider an operator

equation
H=r®H

in the space Aj.

By the fixed point theorem for local tight operators [P3] there is at least one
weak solution to this equation, belonging, in general, to the enlarged space Aj*.
Put 7 = inf{t : ||{(n®)*H*I[0,t]{|as- > 1}. Then 7 is a predictable stopping time
and, moreover, since

Jim ||(x @) H* T gllage = 0

we have P*{r > 0} = 1.

As 7 is predictable, there exists a stopping time 7,0 < 7 < 7. We have
therefore #(®*H*)Ijg ;) = F*H*I}g,. Now taking into account that & is local
and Volterra we deduce

®*(H*Iip,n) = (R H* )Mo, = 7(@*H" )Mo,y = H"Ijo,) »

so that =7 = x + [ H}d(z,c) is a weak solution to (3.1) on the random segment
[0, 7], and the first property follows.
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To prove the second one we inductively construct a sequence of weak solu-
tions z* = zo + fot H™d(z,¢™) defined on some [0, 7], where ¢™ : Q,, — Q
stands for the m-th splitting mapping and H[" is a weak solution to the equation

H=9%,H=r,9HI},, _, 7+ Hm_lI[O,n,,...l)) s (4.3)

Tm being a Volterra projection onto the set {T',(¢, Hy) < m}. We also put
Q0 =Q, FO = F, F? = F, P° = P for convenience. At least one weak solution
H™ to equation (4.3) does exist due to the same fixed point theorem for local
tight operators, and as before we can define the stopping time ™ by

7™ =inf{t:||®, . H"|| > m}.

Now using the definition of ®,,, we have:

m — m~1, m,m-—1
H |[0,.,’m—-l) =H c 5

where ¢™™~1 : Q™ — Q™1 connects two splittings and (@™, F™, F™, P™) is
exactly the splitting on which H™ is defined.

These splittings form a projective family of probability spaces and a simple
computation shows that its projective limit {Q, F, F;, P} does exist and inherits
the property of regularity. Putting 7 = sup,,{n™}, H|jo,ym) = H™&™ and Z; =
K+ fot Hyd(2,e°), where ™ : @ — Q, (m > 0) are projections generated by
the projective limit, we get the predictable stopping time and the solutions to
equations (4.1) and (3.1) respectively. Moreover, as follows immediately from the
definition of &,,,

P{||HIp nyllaz = +00} + P{n=T} =1

and therefore ~ B
P{llaliomlips = +00) + P{n =T} = 1

This ends the proof of the second property.
The proofs of the third and fourth properties are similar to those presented
in [P7] and hence can be omitted.

5. Conclusion.

We have shown that there exists a quite general class of SFDEs which on
the one hand embraces many particular examples of SFDEs, and on the other
hand admits basic properties of differential equations: existence, continucus de-
pendence on initial data, etc. We should however remark that there are some
classes of SFDEs which cannot be put into this framework, e.g., neutral equa-
tions involving “delayed derivatives”. Such equations arise naturally as randomly
perturbed deterministic neutral equations of the form ¢ = f(¢,Tz,S%) where T
and S are delay operators (for example, T can be defined as in equation (3.5) and
St = #(t — h)). Some results concerning such equations can be found in [P7].
The crucial point is that they can be transformed to equation (3.1) for which a
local and tight operator F is defined implicitly.
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STEADY MODES IN A DISCONTINUOUS
CONTROL SYSTEM WITH TIME DELAY
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School of Math. Sci. Dept. of Math. Dept. of Math.
Tel Aviv University Railroad Engineering Inst. Architecture & Building Inst.
Tel Aviv, Israel Samara, Russia Samara, Russia
Abstract

We describe the solutions space for the scalar system with a discontinuous
delay control element

&(t) = —sign z(t — 1) + F(z(t), t) .

We show that the time delay does not allow to realize an ideal sliding mode, but
implies oscillations, whose stability is determined by one discrete parameter —
oscillation frequency.

Introduction

It is fruitful for many control problems to use relay control algorithms pro-
viding sliding modes, i.e. special kinds of motions on a discontinuity surface
[1,2,6]. One of the unavoidable difficulties in realizing such algorithms is the time
delay, always existing in real systems. It implies auto-oscillations and does not
allow to realize an ideal sliding mode [4].

In this paper a description of a solution space for the equation

E(t) = —sign z(t — 1) + F(z(t),t), t>0 (0.1)

with
|F(z,t)] <p<1l, FeCYR?), (0.2)
z(t) = ¢(1), t € [-1;0], ¢ € C[-1,0] (0.3)

is presented. Obviously, under condition (0.2), for any ¢ € C[—1; 0], there exists
a unique continuous solution z,(t), t € [—1;00), of the problem (0.1), (0.3). We
consider further only such solutions. Two solutions are called equivalent if they
coincide after a relevant time moment. The main result of this study is that
(section 1.1) each solution of the equation (0.1) is equivalent to a steady mode
(SM), which is a solution with a constant frequency. That means we have finite
time of entrance to steady mode. Moreover, in the autonomous case, F(z,t) =
F(z) , there exists a countable set of periodic SM generating all other SM by
translations in ¢. Another important result consists in a description of classes of
stable and unstable SM (section 1.2). Also we give sufficient conditions for an
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existance of stable bounded stady modes in the case of an unbounded function
F (section 1.3).
The following example underlines the meaning of results. The simplest equa-
tion
z(t) = —sign z(t — 1) (0.4)

has the 4-periodic SM

, t, —1<t<
g"‘t):{2—z, <t

N

1
<3, golt+4k)=go(t). keZ

- A

¥

It generates all other SM: namely, it is easy to verify that the 4/(4n + 1 )-pericdic
function

1
A1) = 4n+ 1)), tER,
9n(t) = gpgoldnt 1)t), te€
is a solution of (0.4) for each integer n > 1. This example is essential one because,
as will be shown, each solution z(¢) # 0 of (0.4) is equivalent to g,(t + «) for
some 1 > 0, @ € R; moreover, a solution g,(t) is stable for n = 0, and unstable

for n > 1.
1. Formulation of Results

1.1 Steady Modes. The main object of this section is a special characteristic
of solution, its frequency. Our main result (Theorem 1.1.7) states that, for any
solution, its frequency becomes constant after a suitable time moment. In fact,
that means each soluiion s equivalent to some SM - a solution with a constant
frequency.

We formulate further all necessary steps leading to the main result. The
proofs are presented in section 2.

Let Z, denote a set of zeros of z,(t). Put Z} = Z, n[0; +o0).

Lemma 1.1.1. For any ¢ € C[—1;0] the set Z, is non-empty and unbounded.
So we can define the frequency function v, : Z} — NU {0} U {co} by

vo(t) = card (Z, N (i — 1)), te€Z} .

Lemma 1.1.2. For any ¢ € C[-1;0] the function v, does not increase.

This implies that there exists a limit

def

N, = lim w,(t).

1 —
te

<38
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Lemma 1.1.3. If N, < co then N, is even, and C[-1;0] is divided into sets

U = {p € C[-1;0]|N, = o0} ,
Up={p€eC[-1;0)|N,=2n}, n>0.

Introduce the following subset of C[—1;0]:
F = {p € C[-1;0]|¢~(0) is finite}
It follows immediately from lemma 1.1.2 that

Fc |J Ua

0<n<oo

Definition 1.1.4. A solution z,(t) with v, = const is called steady mode
(SM).

The set of SM is represented naturally as a union of disjoint sets S, =
{zo(lvy = 2n}, n 20, Seo = {24(t)|vy = o0}

Lemma 1.1.5. For any integer n > 0 and real T > 0 there exists g(t) € S, such
that
gT)y=0, ¢(T)>0. (1.1.6)

If n = 0 then such SM is unique.
As a consequence of above statements we obtain

Theorem 1.1.7. Any solution ¢ ,(t) of the (0.1), (0.3) is equivalent to a suitable
SM.

In the autonomous case, we give a more precise description of the SM set:
Theorem 1.1.8. In the autonomous case
(i) Seo = {0} if F(0) =0, and So, = @ if F(0) # 0.
(ii) there are periodic steady modes go, g1, .., Gn,... such that
Sn={gn(t+a)|la€R}, n20,
and their periods satisfy inequalities

>2, 2l>m >+, a>1. (1.1.9)

This means that a moduli space of solutions (up to equivalence) is a union
of a countable set of disjoint circles, and, maybe, also a point.
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1.2. Stability.
In this section the characteristics of SM stability are presented.

Lemma 1.2.1. The set Uy has nonempty interior. Moreover, Int Uy contains the
non-empty set

Up = Up N {p € C[-1;0] | mes ¢~ 1(0) = 0} .

In particular, we get that the property N, = 0 is stable if mes ¢ ~1(0) = 0.

Theorem 1.2.2. If -
/ max
0 xr

then all solutions z,(t), ¢ € (70, are non-asymptotically stable.

0F(z,t)

Y dt < o0 (1.2.3)

We should underline that there are unstable solutions z,(t) with ¢ € Up.
For example, let ¥ € U,, n > 1, then ¢(t) = max{0;¥(¢)} € Us, but ¢.(t) =
o(t) + T(t) € U, for any 7 > 0.

Theorem 1.2.4. If

oF
sup || = M, <2(1-p)?(1+p)° (1.2.5)
or
oF
sup|—-| = M, < 2(1 - p)?*(1+p)72 (1.2.6)

then all solutions x,(t), ¢ € |J Up, are unstable.
1<n<oo

Note that conditions of theorems 1.2.2 and 1.2.4 are fulfilled in the au-
tonomous case.

1.3 The Case of Unbounded Function F. Consider the equation

E(t) = —signz(t — 1) + F(z())
FeCYR), F(0)=pe(-1;1) (1.3.1)

without restriction (0.2). The most interesting example is
F(z)=kz, k= const. (1.3.2)
In general, a solution of (1.3.1) might be unbounded or inextensible on the
infinite interval. We shall indicate conditions, when solutions are extensible,

bounded and stable.

168



Introduce the numbers from R U {—o00; +00}:
zf = inf{z > 0|F(z) =1}, =zI, =inf{z > 0|F(z) = ~1}

z7 =sup{z < 0|F(z) =1}, =z, =sup{z <O|F(z)=-1}.
Theorem 1.3.3. If

) o1 dz
(i) ety <af, or /0 m>1,
and
0
. - - dz
(ll) zy > Z_y, OT /x:l m >1,

then there is § > 0 such that all solutions z,(t) of the equation (1.3.1), where
¢ € C[-1;0], Jl¢ell < 6, are extensible on [—1; 00), uniformly bounded, and possess
all properties, mentioned in sections 1.1, 1.2. (Here ||¢|| means max |¢(t)|.)

From this theorem, it is not difficult to deduce:

Corollary 1.3.4. Under conditions (1.3.2)
(i) if k < 0 then all solutions are bounded,
(ii) if 0 < k < In2 then all solutions z,(t), |l¢|| < (2 - exp(—k) — 1)/k, are
uniformly bounded;
(iii) if k > In2 then there is no a stable bounded solution.

2. Proofs
Lemma 1.1.1. is obvious.

Proof of Lemma 1.1.2. If ¢ < t,, 8,15 € Z:,‘, then, according to Rolle’s
theorem and (0.1), (0.2), there exists £ € (t; — 1;i; — 1) N Z,,. Therefore

card (Z, N (t1 — 15t — 1)) > card (Z} N (11512)) + 1,
hence

vo(t1) = card (Z, N (8 — 15t1)) >
> card (Z, N (t2 — 1;t2)) = v,(ta) .
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Proof of Lemma 1.1.3.  Let v,(t) = N, < oo, when t > T. Then z,()
changes its sign at every point t € Z,N[T’; +00). Indeed, if t; < ?; are neighbour
points from Z,N[T+1;00) then, according to above assumption, there is a unique
z € (t1 — 15t — 1) N Z,, and hence z,(t) changes its sign at z. Now it is easy to
see that N, is even.

Proof of Lemma 1.1.5. In the case N = 0 the desired statement is obvious.
Fix even N > 0. Put

Y= {(ao,...,aN) eRN+! |ap >20,...,an 20,80+ ---+an = 1} .
Let Z, N [T; +00) be locally finite, and
T=t <tg<tz< -
be all zeros of z,(¢) in [T; +00). Let vy(tk) = vy(tk+1) = N. Define the following
vectors of sign changes: @ = (ag,...,an), b= (bo,...,bn) € L, where
ap = tgp —tp-1,81 = g1 — tk-2,.. ., ON-1 = Lk-Nt1 — kN ,
any =tk-ny — (e — 1),
bo = tp41 — i, b1 =tk — th—1,. ., ON1 = te-N42 — TE-N+1
by = tp-nNt1 — (trg1 — 1) .
Thus we obtain a correspondence
(@,a,e)— (b,0,—¢), (2.2)
where @ = tg, 8 = 41, € = sign Z,(tx).

Proposition 2.3. For a fixed ¢, the correspondence inverse to (2.2), is a smooth

map
M.:¥xR—-XxR.

Proof: Denote by z.(ip,z¢,a), ¢ = %1, the solution of the Cauchy problem

dz
—J‘; = “+F(.’c,t0+a), :1)(0)::170 .
Define functions T = A.(t,a),¢ = £1, by equations
{x_e(t + a, 275(t,0,0/), b) =0 ) (24)

(T=i+a+d
It is easy to see that for a fixed o, functions A4(%g, ) increases strictly, and
A+(to,a) > a if @ > 0. Therefore, for a fixed #5, we can define positive functions
of b> 0:
(i) pe(to,d) inverse to b= A, (1o, p.)
(i) oc(to,b) = b — pe(to,b). Hence (d,a) = M,(b,B) can be defined as

g = bl, a = bz,. ce s AN = bN_1 5
an-1 = by + (B — bo, bo), an = pe(B — bo, bo) (2.5)
o = ﬂ - bg .
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So, from a given triple (@, «,¢), using (0.1) we can construct a solution of
(0.1) for ¢ > a, and using maps My we can extend this solution on the interval
(—o00,a) with a constant frequency function. Now let us introduce the decreasing
sequence of closed connected sets

I = ¥ xR, 1—In+1 = (M—M+)(Hn)7 n>0.

Let IT = I[yNII;NII3N. .. The statement of lemma 1.1.5 means that IN(X x{a}) #
@ for any o € R. It is obvious that, for any k > 0,

Iyn(Ex{a})#0, (2.6)

if o is big enough or small enough. Then (2.6) is fulfilled for any £ > 0, € R
because of connectedness of Iy, & > 0. Thus I N (X x {a}) # @, because
Iy, n(E x {a}) #0, k > 0, are compact.

Proof of Theorem 1.1.7. It is easy to deduce from the proof of Proposition
2.3 that every solution g(t), t > T, of (0.1) with a constant finite frequency can be
extended on [—1;00) with the same frequency. That finishes the proof according
to lemmas 1.1.1, 1.1.3, 1.1.5.

Proof of Theorem 1.1.8. Here we omit the proof of statement (i), which is
explaned in [5]. It is rather tedious, and is proposed to be published in another

paper.

Now we will prove that, for any n > 1 and a fixed T € R, there is an unique
gn, T € Sn with property (1.1.6). Since M., defined by (2.5), doesn’t depend on
B we get a map M, : 3 — I such that

@=M/(b);a,bex
ao = by, ay =by,...,an_2 =by_1, (2.7)
an—1 =by_3 4+ 0e(bo), an = pe(bo) ,

where N = 2n and according to the definition of p., o, (see Proposition 2.3) and
(0.2)

l-p 1+p 1-p / 1+p
L <oy —=, L« < —1 .
5 SAB) S —5T, SE <o)< 5 (28)

We have to show that the intersection of a decreasing sequence of compacts
(M_oM)XE), k20,
is one point. That follows from
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Proposition 2.9. For the metric

— b;] (2.10)

e-l
it
:;["Jz

the operator
=(M_oM NN+ .5, %

is a contraction with a coefficient 1 — v, where

(1-p N(N+1)
T=\"2

Proof: If @,b € T then the vector @ — b has at least one pair of coordinates
with different signs. Let

aj—bjzm?,x{a,-—-b,-}>0, ak—bk-—-min{a,-—b.-}<0.
It is easy to see that
a; —b; > |la—b||/(2N) ,
by —ar > [la - bj|/(2N) .
According to (2.6) € = M,.(@) — M.(b) can be defined by

(2.11)

co = pL(6) - (ap — bg), ¢1 = a1 — by,...,cN-1 = an_1 —by_1,
ey =an — by +0L(0)-(ag - bo) .

Thus the transformation @ — _I;_H € can be described as a multiplication by a
matrix {a;;} (depending on @,b), where according to (2.8)

OlijZO, 052’JSN7

N
Za;jzl, j=0,...,N

i=0
min{e;; | a; >0} > (1-p)/2.

Hence the transformation @ — b — M(@) — M(b) can be described as a multipli-
cation by a matrix M = {m;;}, where

mij>0, OS'l’JSN,
N

min{m;} > 7.
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Then, according to (2.10), (2.11),

_ N N
1M(@) - ME)| =D 1D miglag — byl <

i=0 ¢=0
N N _
S}:(E:mmMrJM—Qvﬂﬁ“MV@NO‘<
=0 \g=0
<la=Bl-v-lla -] = (1= )lia— Bl . :

This uniqueness and the autonomy imply the equality ¢, 7(t) = gno(t —T),
t,T € R, as well as the periodicity of g, 0. Inequalities (1.1.9) follow from that
the frequency of g, is equal to 2n.

Proof of Lemma 1.2.1.  The set U, is non-empty because it contains Sy # .
Now let ¢ € Uy, and mesp~(0) = 0. Then z,(t) = go,r(t), t > T, for a relevant
T € R. That means

2
:L'(,O(T) =0, Iftw(t) >0, te <T;T+ ﬁ_p) .

If ¥ € C[-1;0] is close to ¢, then ~1(0) is contained in a sufficiently small
neighbourhood of ¢~1(0), and

mes ({¢ >0} o{yy>0}), mes ({p<0}o{tp<0})

are small enough, where A o B denotes (A\B) U (B\A). Hence Z, N [0; T + 2] is
contained in a sufficiently small neighbourhood of Z, N [0;T + 2]. Therefore

2
(1) >0, te€ T+&T+——~—0,
»(?) ( 1+p

p
26 < —— —1,
1+p

that implies 9 € Uj.

Proof of Theorem 1.2.2. Let ¢ € Uy, and z,(t) = goa(t), t > T. We have
just showed that if 9 is sufficiently close to ¢ then z,(t) = gog(t), t > T, where
|8 — ] is small enough. Let

a=t <ty <..., B=t1<ty<...

be all zeros of functions go., gog respectively in the interval [T’; o). It is enough
to prove that

Cl'lﬂ_a|<Itk“tllcl<c2":3°a|’ k=1,2’
C1,Cy = const .
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According to the definition of functions A4(%p,a)

teer = Ax(th, 1), oy = Ax(th, 1),

hence
OA1 (0,1
thyr — thp1 = % (e —tk), 10k —te] <|th—tel, k>1(2.12)
s (8,1
t, —t, = 2] ((?t ) (8- a)

The statement follows from

Proposition 2.13. Under condition (1.2.3), the product
Oy

o 0
k=175 (0x,1)
converges uniformly when
Opp1 >0 +1, k=1,2,3,... (2.14)

Proof: We will show that the series

Z (a,\i((’k,l) )

k=1

converges uniformly. Put
u(t) = max)%—f—(z,t)l 130,

It follows from (2.4) and well-known formulae for derivatives of solutions with
respect to initial data [3], that

OAc _ B - /T oF
Y (t,a)=1-(-e+ F(0,T))™" -exp Jona B (z-¢, t)dtx

T OF t4a OF t+a OF
X ( (a;._e,t)dt+/t W(zs,t)dt-exp/t b;(:cs,t)dt) ,

t4a Ot
where 7= A.(t,a), hence
9. l /T oF
9,1 ex —{(Z ., 1)dtX
[Zzen-1|< e [ Fean

T 64+1 841 aF
X (/9+1 p(t)dt + /0 p(t)dt - exp-/(; E(ze,t)dt) (2.15)
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According to (2.14) one may admit
[ore]
>0, / p(t)ydt <1.
6

Then

" OF T OF .
— - - et —Ey dt_
/e+1 (2 )i /m (= 4 Flz—,1))
* OF

- 57 (et F(z_c,1))"'dt < 2p+
641

b [ it <2p+ ——
1-p 641 - 1“1’,

0+1 oF 1
- < -
/9 ax(me,t)dt <2p+ T

Put ¢ = exp(2p+ 1/(1 = p)), N = [(1 + p)/(1 = p)] + 1. Then (2.15) implies

[ ¢ [
I‘gt—(o’l) - 1' S -—p/o p(t)dt

s

2 oo

g N
#;,1)~ 1| < —— t)ydt — 0,
0t( ) ,—l—pA u() 49—»000

’D

0:;>6

because 7 < 6 4+ (14 p)/(1 — p) according to (0.2), that completes the proof. o
For the proof of Theorem 1.2.4 we need two following propositions.

Proposition 2.16. If
a<(l1+p)/2 (2.17)

and one of (1.2.5), (1.2.6) is fulfilled, then
%(t,a)2q>l, =41, (2.18)

Proof: It is not difficult to conclude (see [3]) that

O _ -1 T oF
S (t,0) = 1+ (1~ F(0,7) " exp / O (z—er 1)t

t4ea

T oF
% 1+6F(z5(t,0,t+a),t+a)+£/ @t ) |
t+a
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where T = A.(t,a). Therefore (1.2.6) implies

T oF
14 eF(z(t,0,t+a),t+a)+e¢ —(z_¢, t)dt
t+a at

>1—p—(T—-t-—a)Mt21—p—aMt(1+p)/(1—p)>0,

T oF T (dF OF i
[oetemeies [ (G =) e

T oF
ira OF
>-2— M, - (T—t—a)/(1-p)> —2p— Mya(l+p)(1-p)~2 >
> -2p~ M- (14 p)’(1-p)7%/2,

that implies (2.18). Analogously (1.2.5) implies

(=& + F(z_c,t)) Nt >

:/ g (e + F(z-e,t)) 7 dt ~
bra G0

T
1+ eF(z.(t,0,t+a),t+a)+e % (z=¢,t)dt =
t4a

=1+€F(£L’e(t,0,t+a),t+a,)+5/ Edt_
t+a d
T aF
-& cE_dt>14¢-F(0,T)-
t+a 3

- M, (14p)(T-t—a)>1-p— Mza(1+p)*/(1-p)>0,

tota g
/ OF o t)dt > ~Maa > —Ma(1+p)/2 ,
to (9:1:

that implies (2.18).

Proposition 2.19. Under conditions of theorem 1.2.4 the measure of the set 11
from the proof of lemma 1.1.5 is zero.

roof: First we show that any @ = (gq,...,an) = M.(b),b € %, satisfies
N < (14 p)/2. Indeed, we have ay < ay-1(1 + p)/(1 — p), that implies the

bove inequality.

Now from (2.5) the Jacobian |M/| of the map M, is equal to

& Ay

-1
a”ﬁ(t b) = (s 0 <l
t=o,b=bo da t=w,a=ay q
according to proposition 2.16. Then
(M-oM.Y|<qg%<1. (2.20)
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FixAeRand T > A. Then

IN (S x (-00;A4]) C | J (M=o MO)ME X [T5T +1])
k>n

where n might be chosen big enough because T > A is arbitrary. Thus we obtain
from (2.20)

an-1y mes(E)

q2 —1 n—oo

mes(IL N (E x (—00; A]) < ¢

9

that completes the proof.

Proof of Theorem 1.2.4. Now fix ¢ € U, and a neighbourhood V of ¢ in
C[-1;0]. The set F is dense in C[~1;0], evidently. Put

m=min{k | FNU,NV # 0} .

Assume m > 1, and ¥ € FNU,, N V. Then there is £ € Sy, such that zy(t) =
£(1), t > T, &T) = 0. Let 2k be a number of sign changes of ¥ in [—1;0], and
@ € X C R***! be a vector of sign changes of ¢, constructed as in the proof
of lemma 1.1.5, as well as b € £,, C R*™+1 be a vector of sign changes of £ in
(T —1;T). Suppose € € £;,d € 3, are vectors of sign changes of z,(t) in intervals
(tn —1;t,) and (tn41 — 1;t,41) respectively. If r = s then, according to the proof
of lemma 1.1.5, the equation (0.1) generates a diffeomorphism of neighbourhoods
of (¢,4), (d,tay1) in T, x R. If r < s then it is possible to deduce, following
arguments from the proof of lemma 1.1.5,

co =di,...,c5-1 = dys, €2y = A(do,C24,...,C2r—2,tn41) ,

Carm1 =1—cog— -+ —Copg — Cop, by =1lpy1 —dp

where A is some smooth function. Hence an inverse image of (d,t,41) in a
neighbourhood of (Z,t,) in £, X R has the codimension 2s + 1. That implies the
measure of an inverse image of IIN(X,, X R) in £; X R is zero. Therefore, after a
suitable small variation of (@,0) in ¥ X R an image of (@, 0) in ¥,, x R leaves II,
i.e. a limit frequency of the changed solution is less than 2m, what contradicts
to definition of m, and hence to our assumption m > 0.

Thus we get that Up N F is dense in F, and also in C[—1;0], because F is

dense in C[—1;0]. According to theorem 1.2.2, it means that U, U |J Uy is dense
k>1

nowhere in C[-1;0].
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Proof of Theorem 1.3.3. It is easy to see that there are z; € (0;min{z;z%,}),
z3 € (max{z7;2Z,};0) such that

/ﬁ dz __/0 e _
0 1+F(:c)_ le—F(z)—
The statement of the theorem follows from

Proposition 2.2.1. If ¢ € C[-1;0], ¢(0) = 0 then

g <zy(t) <z, t20.

Proof: Assume z,(ip) > z1, 1o > 0. Let t; = max{t < to | z,(t) = 0}.
Without any loss of generality one may suppose Z,(t) = 1+ F(z,(t)) >0, t €
(t15%0). That means tg — t; < 1. From the other side

zo(to) g 1 dx
g —t = —_— > —_— =1
0" L 1+ F(z) L 1+ F(z)
Therefore z,(t) < 21, t > 0. Analogously, z,(t) > z,.
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APPLICATION OF LAGRANGE’S APPROACH
FOR THE INVESTIGATION OF
ONE LINEAR OPTIMAL CONTROL PROBLEM
WITH MIXED CONSTRAINTS IN DISCRETE TIME

Ioshua Sobolevsky

Institute of Mathematics
Hebrew University of Jerusalem
Jerusalem, Israel

Abstract

Linear optimal control problem is studied by Lagrange’s approach. Op-
timality principle for this problem is established. Finite search algorithm is
presented. Several examples are consider.

Paper is devoted to the investigation of one linear optimal problem in discrete
time. The peculiarity of this problem is that the control domain at next stage
depends on the state of the system at the present stage. The problems of such
type was considered firstly by R.Bellman ([1], Dynamic Programming, Princeton
University Press, 1957). They were called by the name of bottleneck problems.
R.Bellman completely investigated the simplest problem of such type in contin-
uous time. There is an extensive bibliography in the book ([2], E.J.Anderson,
P.Nash, Linear programming in infinite dimensional spaces, 1987) and in the pa-
per ([3], R.T.Rockafellar, ”Linear-quadratic programming and optimal control”,
SIAM Journal on Control and Optimization 25 (1987), 781-814).

In my paper I shall use by Lagrange’s method for extremal problems. It
will permit to establish a necessary and sufficient condition of optimality and (in
decomposable case) to find the algorithm of search of optimal solution. I shall
give also an example of an application of this algorithm.

Consider the problem

z(t) = z(t — 1) + Au(t); t=1,...,N; z(0) = z°;
Bu(t) < z(t - 1); w(t)20; t=1,...,N;

max (¢, z(N))
Here u(t) (t=1,...,N) isa control and z(¢) (¢ =0,...,N) is a trajectory
(or state).
Pair (u(-),z(-)) is called a feasible process if it satisfies conditions writ-
ten in the first three lines. This pair is called an optimal process if it maximizes
the linear form (c, z(N)).

179



Suppose that the matrices A and B have a positive (or nonnegative) ele-
ments, z({) € R™, u(t) € R* ( m, n — are natural numbers ), ¢> 0, z° > 0,
and all inequalities are understood in the sense of the cone of the vectors with
nonnegative coordinates.

Let (u(-), z(-))is an arbitrary feasible process. Then we have z(0) = z°;
z(1) = z(0)+ Au(1) = 2%+ Au(1);.. .;2(t) = 2O+ A(u(D)+- - +u(t));...;2(N) =
2% + A(u(1) + - + u(N)). Let now h(t) (¢t = 1,...,N) is an arbitrary m-
dimensional vector-function (direction in the control space) and let € >0 is an
arbitrary positive number. Put wn(f) = u(t)+ €h(t) (1 =1,...,N); 2. x(0)
2%z f(t) = T p(t — 1) + Aucp(t); (¢ = 1,...,N). Then we have =z (0)
2%; 2. 5(1) = 20 + Auc p(1) = 2° + Au(1) + € AR(1) = z(1) + € AR(1); z( 1(2)
2% + A(uen(1) + uen(2)) = 2% + A (u(1) + w(2)) + e A(A(1) + 1(2)) = =(2) +
eAR)+Rh(2);...52.0(8) = 2% + Aue (1) + -+ uep(t)) = 2% + A(u(l) +
oo u(@) + € A (ALY -+ h(D) = 2(t) + € A (B(L)+ -+ h{D)) ;.. 5 Ten(N) =
2+ Alue (D) + -t uen(W) =2+ A(u(Q)+ -+ u(N)+ e ARQ)+ -+
h(N))=az(N)+eA(h(1)+---+h(N)). We suppose here that u(-) is a feasible
control and z () is a corresponding trajectory. The perturbation (or direction)
h(-) we want to choose by such a manner, that the displacement of this direction
on small value wouldn’t break only one restriction. At the beginning we shall
record our conditions in the coordinate form

z(0) =20, i=1,....,m (1)
n
z,-(t)::ci(t—l)-{-Zaijuj(t); i=1,....,m;t=1,...,N (2)
i=1
Zb;juj(t)Sm;(t-l);i:l,...,m;t:l,...,N (3)
=1
uj(t)>20;j=1,...,n5t=1,...,N (4)

m
max > c;ziN)
2 4V

i=1

The first two equalities are fulfilled evidently also for w.x(-) and z.n(-) .
Therefore we must check of validity of the conditions (or inequalities) (3) and (4)
. They will be looked so

szjué,h,j(t) S mEvhv'(t—]'); i: 17"'7m; t= 1‘)"'7N (5)
J=1

#enj(t)20;5=1,...,n;t=1,...,N (6)
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Taking into account that wucp (1) = uj(t) + eh;j(t); Teni(t) = zi(t — 1) +
e(A(R(L)+ -+ h(t = 1)) = zi(t - 1) + € 17 aij (hj(1) + - -+ hj(t — 1)),
we obtain (substituting in (5) and (6))

D bishi(t) < wi(t-1)+e Y ag (hj(1)+-+hi(t=1));i=1,...,m;t=1,...,N
i=1 i=1

(7)
uj(t)+6hj(t)20;j:l,...,n;t::l,...,N (8)
Define now two sets of indices I(t) and J(t), (¢t =1,...,N):
It)={i | ) bijui(t) = zi(t - 1)} (9)
j=1
JW)={j | w()=0} (10)

Let ¢ ¢ I(t) . Then from (3) it follows, that for such i and for sufficiently small
€ > 0 the inequality (7) is fulfilled. Analogously, if 7 ¢ J(t) , then for sufficiently
small € > 0 the inequality (8) is fulfilled. Therefore we must check only the
~casesof 1€ I(t) or j€ J(t).So,let ¢ € I(t) . Then

2 bisus(t) =zt = 1) (11)
i=1
And therefore for the validity of the inequality (7) we must demand
D bijki(t) <Y aii(hi(1)+ -+ hi(t— 1)) (12)
i=1 j=1

Further, let j € J(t) . Then
u;(t) = 0 (13)

And therefore for the validity of (8) we must suppose, that
hj(t) 2 0 (14)
Thus for feasibility of the process (uch (), Ze,n () ) we must demand, that
D bijhi(t) < ) aij(hi() 4+ hi(t=1)); i €I(t); t=1,...,N (15)
j=1 j=1

and
hi(H)2 05 j€ (@) t=1,...,N (16)
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Now we suppose, that (u(-), z(-)) is an optimal process and h(-) is a
feasible perturbation (or direction). Then the inequalities (15), (16) are fulfilled
and thanks to the optimality we obtain the decreasing of an objective functional,
i.e.

(¢, 2en(N)) < (¢, 2(N)) (17)
for small ¢ . But we proved early, that
zen(N)=2z(N)+eAh(1)+ -+ h(N)) (18)

Therefore from (17) we obtain (¢, A(h(1)+---+h(N))) < 0 or in coordinate

form
m 7

doeiy aii(hi(D) 4+ hi(N) <0 (19)
7=1

i=1 j=

or

i i ( icz'aij) hi(r) < 0 (20)

i=1

So, from the inequalities (15) and (16) it follows (20). It is necessary and sufficient
condition for local and (thanks to linearity) global maximum. Now we shall try
to record the inequalities (15), (16) and (20) in the comfortable form. For this
purpose we introduce the linear functionals, acting in finite linear dimensional
space of vectors with coordinates {h;(r) | j=1,...,n;7=1,...,N} . The
first functional we define by the formula

N n m
Fi{hi(n)} =Y > (Zciaﬁ) hj(r) . (21)
=1 j=1 \ i=1
Then inequality (20) we can record in the form
F{hj(r)} <0 (22)
Further, we define the linear functionals ®*, i€ I(t), t=1,...,N putting
. t—-1 n n
L hi(r)} = DD aihi(r) = Y bijhy(t) (23)
=1 j=1 J=1
Then inequality (15) is rewritten in the form _
& {hi(r)} 2 0 (24)
At last we put
O* {hi(1)} = hi(8); k€ J(s); s=1,...,N (25)
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(16) is rewritten so

Uk {hi(r)} > 0; ke J(s); s=1,...,N (26)
Thus, we know that from inequalities

" {hi(r)} > 0;icI(t);t=1,...,N 27

‘I'k"{hj(‘r)}ZO;keJ(s);szl,...,N (28)

it follows inequality
F{hij(r)} <0 (29)

It means, that linear functional —F belongs to the cline, generated by the
functionals ®*, ¥** j.e. there exist nonnegative numbers

ot >0;ielt);t=1,...,N (30)

gk >0, keJ(s); s=1,...,N (31)
such that
N o N
F 4 Z Z athzt + Z Z ,Bks‘Ilks =0 (32)
t=1 ieI(t) s=1 keJ(s)

(We uses here by the following theory from the separation theory: Let fi,..., fm, fim+
be linear functionals on the finite dimensional space E and let the following im-
plication is true

(fl(-'E)ZO,,fm(z)ZO) = (fm+l($)20)

Then f,,+1 is a conic linear combination of the functionals f;,..., f, ,i.e. there
exist nonnegative numbers ay,...,an > 0 suchthat f,41 = a1 fi+ - +amfm .
By the other words f,,+1 belongs to the cone (cline) generated by the functionals

Jiseoisfm )
Now we shall write the last equality in the coordinate form with help of (21),

(23) and (25). L.e. we must record (32) for every coefficient of h;(7)
m N - - .
i=1 t=7+1 i€I(t) iel(r)
We can record (32) without sets of indices I(t) and J(t)
a®*>0;4i=1,....m;t=1,....N - (33)
gk >0 k=1,...,n;s=1,....N (34)
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and
a't (a:,-(t-— 1) - Zbijuj(t)) =0;¢t=1,....m;t=1,...,N (35)
Jj=1

B*ur(s)=0; k=1,...,N (36)
Then (32) is rewritten in the form

N =n

N m
F+) Y o4y > pruk = (37)

t=1 i=1 s=1 k=1

It means that all coordinates of the functional, i.e. all coefficients of h;(r) are
equal to zero. So, we apply the functional (37) to an arbitrary vector { h;j(7); j =
1,...,m; 7=1,...,N} . Then we obtain

N m N m
F{hi(r)} + D D @ {hi(r)} + 3 D B¢ {hi(r)} (38)

t=1 i=1 s=1 k=1

Now we calculate an each term separately
N =n m

Ps0) = 20 ((Yees ) 1) (39)
o {h)} = aishi(r) = Y bish;(t) (40)

7=1 j=1 Jj=1
T {hi(r)} = hi(s) - (41)

Therefore from (37) and (38) we obtain

i n (ic,a”)h(r)-f-iia (tzlia”h (1) zb”h (t))

t=1 =1 T=1j =

N n m N-1 n

+Zzﬂkshk(s) ZZ (Zc,a”)h GEDIDY ( Z Zaitaij)hj(r)
s=1 k= 7=1 j=1 T7=1 j=1 “i=74+1i=1
éé (ga"b”)h (T)+TL\;‘1 ;ﬂ”h i(1)=0
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It is true for every real numbers h;(7) . Therefore all coefficients here are equal

to zero. Let at the beginning 7 =1,...,N — 1. Then

an,J—}- Z Za aij Za"b,]—i-ﬁ" =0;5=1,. =1,...

=1 t=741 t=1

At last for 7= N we have

m m . .
zciaij -~ Za’Nb,-j + 8N =0;j=1,...,n
i=1 izl

Besides this we have
zi(t) = zi(t—-1) + zn:a,-ju(t); i=1,....mt=1,...,N
z;(0)=22;i=1,...,m
Xn:biju_j(t) <zi(t-1);¢=1,....mt=1,...,N

i=1
uj(t1)20;7j=1,...,n;t=1,...,N

There are 2(m+n)N unknowns and 2(m+n)N equations here. Now we write

all correlations once again

at>05i=1,....m;t=1,...,N
B >0 k=1,.. ns—l LN

(L','(t—-l) - Zb,‘jﬂj(t) > O; i:l,...,; t':—l,...,N
i=1
ug(s)>0; k=1,...,ns=1,...,N
k3
a“(x;(t—-l) - Zb.-juj(t)) =0;i=1,....m;¢=1,...,N
i=1
kup(s)=0; k=1,...,n; s=1,...,N

zi(t) = zi(t - 1) + Eagjuj(t); t=1,....m;t=1...,N

1(0)2330 -=1’ -, m
Zc,aw-{— Z Za a;j — Za"b,]+ﬂ"’ =
=741 i=1
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j=1...,n;7=1...,N-1 (52)
m m
Zc;a,-j—ZaiNb;j+ﬂjN=O;j:l,...,n;r:N (53)
i=1 i=1

Now we shall transform this system to the form that can be obtained from
the Boltyanskii’s optimality principle. We put

M(t)=—a;i=1,...,m;t=1,...,N (54)
pi(t)=—-p"%; j=1,...,n;t=1,...,N (55)
Then
A()<0;i=1,...,m;t=1,...,N (56)
ui(t)<0;4i=1,...,n;t=1,...,N (57)
Ai(t)(Zbngj(t) — .’I:,‘(t—l)) =0;i=1,....,m;t=1,...,N (58)
=1
uj(t)<—uj(t))=0;j:l,...,n;t:l,...,N (59)

Equalities (52) and (53) are rewritten in the form

m N
Z((CH' Z ait)aij—ainij)’}‘ﬂjT:O; j=1,...,n 7=1,...,N60})

i=1 t=7+1

m . .

E(c,-a,-j—a'Nb,-j)+,83N:0; j=1,....,n; =N (61)
i=1

We put now

N
Uir)y=c; + Z a't; i=1,....,m; 7=1,...,N-1 (62)
t=741

\I’i(N)':-O; i:l,...,m; T=N (63)
Then taking into account (55) and (62) and also (60) and (61) we can write
Y (@ ¥i(r) + bidi(r) = pi(r); G=1,..m T=1,..,N  (64)
i=1

Z(G;jci + b,‘j)\,'(N)) = uj(N); i=1,...,m T= N (65)

=1
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Taking (54) into account we can rewrite (62) in the form

N
(r)=ci— Y Mt); i=1l...,m r=1,..,N-1 (66)
t=741

or in the vector form
N
Yr)y=c— Y At); t=1,...,N-1 ¥(N)=0 (67)
t=141
In particularly for 7 = N — 1 we obtain from (67) that
Y(N —-1)=c— AN) (68)
Further for 1 <7 < N — 2 from (67) we have

N
Ur+l)=c— Y A1) (69)

t=1+2

Therefore from (67) and (69) we have

—¥(r)+¥(r+1)=XM7+1) (70)
So
-¥(r)+¥(r+1)-Ar+1)=0;, v=1,...,N-2 (71)
c— (N -1)-AN)=0 (72)
¥(N)=0 (73)

Thus we obtain all the correlations that gives Boltyanskii’s optimality principle.
Now we shall write all these condition in one place. Thus we proved the following
theorem;

For optimality of the process (u(-),z(:)) it is necessary and sufficient the
existence of vectors

U(t) = {¥1(),...,¥n(t); t=1=1,...,N (74)

A@) = {A(®), .., Aa(®)}; t=1,...,N (75)

p(t) = {m(@),...,p()}; t=1,...,N (76)

such, that the following conditions are satisfied:

(4) -9 +¥(t+1)-Ait+1)=0; t=1,...,N-2 (77)
c—Y(N-1)-XN)=0; (78)

U(N)=0 (79)

(B) A*W(t)+ B*A(t) = u(t) (80)

A%c+ B*A(N) = u(N) (81)
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(Here A* and B* are matrices adjoint to A and B respectively.)
(C) M) <0; pi1)<0; i=1,....m; j=1,...,m t=1,...,M82)
n
)\,‘(t) (z b;juj(t) —zi(t— 1)) =0; i=1,...,m; t=1,...,N(83)
i=1
pi()(—u;(t))=0; j=1,...,n; t=1,...,N (84)

Taking into account (80) and (81) we can write

m

Z(aij‘l’i(t) +b:;0:(1) (=u;(1))=0; j=1,...,n; t=1,...,N—1(84)
Y (@ijei + b Ai(N)) (—ui(N) =0; j=1,...,n (86)
i=1

From (80), (81) and (82) we obtain

Z(a,-jw,-(t) +b0(1)<0; j=1,...,n t=1,...,N (87)
i=1
m
Z(aijci +bi;Ai(N))<0; j=1,...,n (88)
i=1

Consider now the case, when for control we have some independent inequalities

ul(t) + ...+ ukl(t) _<_ zl(t - 1) (89)
ey +1() + .o Uy () < z2(t — 1) (90)
"km-1+1(t) + ...+ Uk,, (t) S :cm(t - 1) (91)

In this case matrix B = (b;;) has a form

(1 10.-:0-ece- 0 Q\
O 0Lleeelevcene 0---0
B=190...00---0.--++- 1.--1 (92)
S e
51
k2
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Then the equalities (85) and (86) take the form

(a1 ¥1(t) + -+ a1 ¥m(t) + Al(t))(—’ul(t)b ~0 (93)
(alklwl(t) + -+ ami, m(t) + ’\l(t))( Uk, (t)) =0 (94)
bt ML B £ - ot Ml »;'(tﬁ)(—uk H®)=0 (95)
(@15, Y1 (1) + -+ @m i, Im () + Am())(— "Qg (t)) 0 (96)
fort=1,...,N —1 and for ¢t = N we have
(a1161 + -+ @micm + M (N))(—ua(N)) = 0 97)
(G104 Gt + M (D) ua(V )y )

.........................................

(‘11 km—141C1 +:--4apy Jkm—1+1Cm + ’\m(N ))(—uk +1(N)) =0 (99)
m=—1 -

(16 €1+ + O Cm + An(N)) (=t Cavy) 2 (100)
Besides this, we can write (87) and (88) in the foryy,

an¥i() +- -+ am¥n(t) + M) < o (101)

01, V1(t) + o 4 Oy U (1) + M1(2) (102)

ot V1) + ot a1 ¥m(ey ) ) g (103)

01,k U1 (1) + -+ + G e U (8) + Am(ey (104)

189



fort=1,---,N —1 and for t = N we have

ancy+ -+ apicm + M(N)<0

................................

................................

................................

................................

................................

................................

Further, the equalities (83) have a form

A () + - +up () —21(t-1)) =0

....................................

....................................

A () (kg +1(8) + - F Uk, (B) —zm(t - 1)) =0

Here
Ai(t) <0

(105)

(106)

(107)

(108)

(109)

(110)

(111)

Since matrix A and B have positive elements, then from (51) it follows that

zi(t)>0; i=1,....m; t=1,...,N
Furter, from (105), (106) we obtain that
M(N)<O

Analogously,
Ai(N)<0; i=1,...,n
Then from (119)-(110) we obtain
’Ull(N)-f-"--}-ukl(N): (N — 1)

.................................

Ukpoy +1 (V) + oo+ U (V) = 2(N - 1)
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From (115) and (112) we have, that at least one of uy(N),...,u, (N) is not
equal to zero. Analogously, one of ug_,_,41(N),...,uk, (N) is not equal to zero.
Therefore one of the parenthesis(97)—(98) is equal to zero. In order to find the
index Ji(N) € [1, k1], for which corresponding parenthesis is equal to zero, we
must calculate

11Snjz‘a.<.)'(cl(a1jcl + .04 amjcm) = a,l_]l(N)Cl + -4 am_]l(N)Cm (117)

It may be that such index J1(N) is not unique. Then we can take one of them.
Now we can find A1(N) from the equality

ar (N + 0+ Gy vyem + A(N) =0 (118)
Analogously, index Jo(N) € [k1 + 1, ko] we find from the correlation

k1+1¥gfgk2(aljcl + ot amjem) = aldy(N)ey + - -+ + @may(N)Cm (119)

and for A\2(N) we have
a1,(N)€1 + -+ + Cnga(N)em + A2(N) = 0 (120)

Further we find J3(N),...,Jn(N) and A3(N),..., Apn(N).Thus, we found vector
A(N). Then from (78) we find

(N —1)=c— A(N) (121)
Record correlations (93)—(96) for t = N — 1. Then we obtain

(0,11\1’1(N - 1) + o4 aml‘Ilm(N - 1) + )\1(N - 1))(—-%1(N - 1)) =0 (122)

.....................................................................

.....................................................................

.....................................................................

(@1, y 41 ¥1 (N =1)+ - -
+amykm—-1+1 ‘I’m(N—-1)+A1(N“1))(—Ukm__l+1(N—1)) =0 (124)

.....................................................................

.....................................................................

(@15, C1(N-1) 4 -+ am i, T (N-1) + M (N-1))(~ug, (N-1)) =0 (125)
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As above we find indices J3(N = 1),...,Jn(N — 1) from the correlations

max (alj‘Ill(N - 1) + -4+ amj‘I'm(N - 1)) = al_]](N_l)‘I’l(N - 1)
1<i<ks (126)
+ -t amgN-1)¥m(N - 1)
We obtain Aj(n — 1) from the equality
alJ(N_l)‘Ill(N - 1) + -4 amJI(N_l)‘Ilm(N - 1) + /\(N - 1) =0 (127)

Analogously, we find Jo(N — 1),...,Jn(N — 1) and Ay(N ~ 1),..., A (N = 1).
Thus we found the vector A(N — 1). Then from (77) for t = N — 2 we find that

Y(N-2)=¥(N-1)-AMN-1) (128)

Further, record correlations (93)-(96) for ¢ = N — 2 and so on. By the same

method we find Jy(k),...,Jm(k), A1(k),. .., Am(k), ¥1(k),..., ¥ (k) for every
k € [0, N]. From (77) we have

V() =9(t+1)-At+1) (129)

From this
Y(t)>¥(t+1) (130)

Since ¥(N — 1) =c— A(N) > ¢ > 0, then
¥(1)> ¢ > 0 (131)

Therefore from (101)—(102) we have

A(),0;, t=1,...,N (132)
Analogously,
Ai(t)<0; i=1,...,m; t=1,...,N (133)
Then from (109)—(110) we have
Ul(t)+ ---+uk1(t) = 1‘1(15— 1) . (134)
Uy +1() + oo g, (8) = Tm(t - 1) (135)

We see from this that one of u4(%),...,ux, () is not equal to zero. Analogously,
one of ug, _,+1(t),...,ux,(t) is not equal to zero.
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Now we shall find the optimal control and the corresponding trajectory. Find
at first u(1). Substitute ¢ = 1 in (93)~(94) and put

\

un)(l)=z:1(1-1) = z1(0) = x‘l’;
'lLJz(l)(l) = 1:2(1 -~ 1) = 2:2(0) = a:g;

.................................. ? (136)

Ur, 1) (1) = 2m(l = 1) = 2, (0) = 29,;
uj(1)=0; j#J(1),...,Tm(1) )
Then (109)-(110) are satisfied. Further, (93)—(96) are satisfied also. Validity of

the inequalities (101)—(104) follows from the choice of the indices J1(1),..., Jm(1)
and numbers A;(1),...,A,(1). Further, we put ~

z(1) = z(0) + Au(1) (137)
where z(0) = z° and u(1) was found. Further, we put

un@)(2) = 21(1); 50, 2)(2) = 2m(1); ¥ (2)=0; j# J1(2),.. -,Jm((2)
138)
It is easy to see that also in this case the correlations (93)-(96) are satisfied for
t = 2. Then we find

z(2) = z(1) + Au(2) (139)
Analogously, we find
u(1),...,u(N) (140)
and
z(0), z(1),...,z(N) (141)

So, we found the control (140) and the trajectory (141). We also found ¥(t)
and A(t). Functions u(t),z(t), ¥(t), A(t) satisfy the correlations (93)—(111) and
(82), (84), (77)~(79), (51). Therefore u(t) is an optimal control and z(t) is an
optimal trajectory.

Now we can describe the problem and the algorithm of search of optimal
process.

Consider the problem

zg(t) =2t - 1)+ Za;juj(t); i=1,....m; t=1,....,N (142)
i=1
z;(0)=2; i=1...,m (143)
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uj(t)>20;, j=1,...,n; t=1,...,N (144)

'll,l(t)+---+’ukl(t) < IL‘](t— 1) (145)
wky 1 (8) + gy () < za(t — 1) (146)
Ukm_1+1(t) + ...+ Uk, (t) S :L‘m(t - 1) (147)
max Ec;z;(N) (148)

We suppose, that
a;; 20; i=1,....m; j=1,...,n (150)

Now we describe an algorithm. Index J;(N) and number A\{(N) are defined by
the equalities

mar1<;i<i, (aljc1+ .o -+amjcm) = @1J,(N)€1 +...4+ A Jy(N)Cm = —Al(N) (151)
Analogously, for p = 2,...,m we have

k,_llf-lf‘nggk,(a”cl-*" ctamicm) = a3 NyC1t A On g (N)Cm = —Ap(N) (152)

So, we find Jy(N), o, Jm(N) At(N),. .., Am(N). Further
(N —1) = c— A(N) (153)

Herec = (c1,...5¢m), A(N)=(A(N),..., An(N)) Now we obtain the numbers
Jp(N — 1), A;(N — 1) from the equalities

kp—lIBla%(jSk,,(alJ‘I‘l(N - ].) + ...+ amj‘llm(N - 1))
= alJ,,(N—l)‘I’l(N -D+...+ ame(N_l)‘I’m(N -1)= —)\p(N - 1) (154)
(ko=0), p=1,....m (kn=n)

Then we find (N — 2)
YN -2)=¥(N-1)- AN -1) (155)
and so on. (¥(t) = ¥(t+ 1) — A(t + 1)). By this method we find
J(@),At), t=1,...,N; ¥(1), t=1,...,N-1 (156)
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Now we find optimal control and trajectory
u(l): ugay(l) = z3; (1) = z3;...
vy, (1) =2%; uwi(1)=0 j=J(1),...,In(l); (157)
z(1) = z(0) + Au(1) (158)
w(2) 1 ug2)(2) =21(1);  uge)(2) = 22(1);...
ug.2)(2) = zm(1); wj(2)=0; j=J/(2),...,Jm(2); (159)

z(2) = z(1) + Au(2) (160)

By the same method we find
u(1),...,u(N) (161)
z(0),z(1),...,z(N) (162)

Now consider an example
z21(t) = z1(t — 1) + wa () + 2u2(t) + 3us(t) + 4uq(t)
z3(1) = za(t — 1) + duy () + 3ua(t) + 2us(t) + ua(t)
21(0)=1, z:(0)=1; N=2
u1 () + ua(t) < z1(t - 1);
ua(t) + ua(t) < a(t - 1);
max {z1(2)+ 22(2)}; 1 =c2=1
max(1+4,243)=5=-X(2); L(2)=1;
Here there are two opportunities for the choice of index J1(2) = 1 or J1(2) =

2. We prefer here the first opportunity. However, we could choose the other
opportunity. So,

M(2)==5; J1(2)=1; maz(3+2,4+1)=5=-X(2); J2(2)=3;

Here also there are two opportunities for choice and we prefer the first of them.
So,

/\2(2) = —5; J2(2) = 3; W(l) = C—)\(?.) = (Cl—/\1(2), 62—/\2(2)) = (1+5, 1+5) = (

Thus, we have
Ji(l)=1; L(1)=3; M(1)=-30; Ay(1)=-30
J(2)=1; J(2)=3; M(2)=-5 A(2)=-5;
‘I’l(l) = 6; ‘I’z(l) = 6.
w(l)=2=1; wl)=23=1; uy(1)=uy(1)=0
z1(1)=1+143=5; z(1)=1+4+2=71;
U1(2) = 1?1(1) = 5, U3(2) = (L‘g(l) = 7, U2(2) = ’ll.4(2) =0.
21(2)=5+5+21=31 25(2)=7+20+14=41
z(0) = (1,1); w(1)=(1,0,1,0); =z(1)=(5,7);
u(2) = (5,0,7,0); =z(2) =(31,41); maz = z4(2) + 22(2) = 31 + 41 = 72;
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Now we make an another choice on the first stage: J;(2) = 2. So,

Ji(2)=2; J2(2)=3 M(2)=-5 A(2)=-5

(1) =(6,6); J(1)=1; J(1)=3; A(1)= (1) = —30;

() =us(l)=1; u()=us(1)=0; =z:(1)=5; =z(1)=T,;

u(2) =5 us(2)=7 21(2)=5+10+21=36; z5(2)=7+ 15+ 14 = 36;
maz = z1(2) + 22(2) = 36 + 36 = 72.

We obtained the same result as in the first case. Suppose now, that the second
choice is other

Ji(1) =2 H(1)=3 wl)=1 uwul)=15 w(l)=u(l)=0
21(1)=14+243=6; z(1)=143+2=6; JL(2)=1 J(2)=3;
1(2) =6; u3(2)=6; ux(2)=us(2)=0; z:(2)=6+6+ 18 = 30;
22(2) =64+ 24+ 12 =42; maz = 24(2) + 22(2) = 72

And again we obtained the same result.
Consider now the case of N = 3 (three stages).

max(1+4,24+3)=5=-M(3); J1(3)=1; LB)=1 M(@3)=-5
max(2+3,4+1)=5=-X(3); J2(3)=3; J2(3)=3; A3)=-5;
¥(2) = c = A(3) = (c1 — M(3), c2 — X2(3)) = (6,6);

J(2) =1 J2(2)=3; M(2) = A2(2) = -30;

U(1) = ¥(2) — A(2) = (6 — A1(2), 6 — A2(2)) = (36,36);

L) =1 JH1)=3 (1) = A(1) = —180.

wi(1)=1; us(1)=1; wus(l)=1; wu(l)=1us(1)=0;
z1(1)=1+4+143=5; z,(1)=14+4+2=T71,;

u1(2) =5 u3(2)=T7; up(2) = uy(2) = 0;

21(2)=5+5+21=31; 23(2)=7+20+ 14 =41;

u1(3) =31; us(3)=41; wu2(3) =us(3)=0;

21(3) = 31+ 31+ 123 = 185; 2,(3) = 41+ 124 + 82 = 247;

maz = 21(3) + z2(3) = 432

Now consider the other opportunity when

R@)=2% HB)=3% @) =35 wu@)=u@)=0
z1(3) = 31 + 62+ 123 = 216; z2(3) = 41 + 93 + 82 = 216;
maz = 71(3) + 22(3) = 432.
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Consider now the other opportunity

Ji)=2; L1)=3; wl)=1; us()=1; u(l)=ue(l)=0;
r1(1)=142+4+3=6; z2(1)=1+2+3=6; z2(1)=14+3+2=6;
#1(2) =6; u3(2)=6; uz(2) = uyg(2)=0;

21(2) = 6+ 6+ 18 = 30; 25(2) = 6+ 24 + 12 = 42;

u1(3) = 30;  u3(3) =42; u2(3) = uy(3) = 0;

£1(3) = 30 + 30 + 126 = 186; z,(3) = 42 + 120 + 84 = 246;

maz = z1(3) + z2(3) = 432.

Thus, we obtained the same result.
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BEHAVIOUR OF ITERATION PROCESSES
NEAR THE BOUNDARY OF STABILITY DOMAIN

with applications to the Socio-Spatial Relative Dynamics

M. Sonis

Bar-Ilan University
Ramat Gan, 52900 Israel

Abstract

The objective of this research is the elaboration of an algorithm for the
complete description of the qualitative properties of the discrete iteration pro-
cesses. The field of iteration processes is mature enough for the construction of
Calculus of Iteration Processes: the fragments of such a calculus are currently
appearing in numerous studies. The first basic element of a calculus is the trans-
formation of classical Routhian formalism, which gives a complete description
of the behaviour of the iteration processes near the boundaries of the Stability
Domains of equilibria. The use of Routhian formalism leads to the superposition
of the space of eigenvalues and the phase space.

The study of behaviour of the iteration processes near the boundaries of
Stability Domains can be achieved by the travels of equilibria in the phase
space. Crossing the boundaries of the Stability Domain reveals the plethora
of possible ways from stability, periodicity, Arnold mode-locking tongues and
quasi-periodicity to chaos. The numerical procedure of the description of such
phenomena includes spatial bifurcation diagrams in which the bifurcation pa-
rameter is the equilibrium itself. The second basic element of the Calculus of
Iteration Processes is the universality property of the iteration processes. The
content of such universality lies in the fact that for each iteration process with
a big enough number of external parameters it is possible to construct the only
one realization of this iteration process with a preset combination of qualitative
properties of equilibria. The essential part of the proposed research is connected
to the application of the Calculus of Iteration Processes to the newly developed
class of the discrete relative m-population/n-location Socio-Spatial dynamics.
The computer realization of the proposed calculus of iterations is presented in
detail with the application to the one-population/three location log-linear rela-
tive dynamics.

Introduction

In recent decades a new paradigm of Deterministic Chaos for understanding
complicated dynamic behaviour appeared in the form of the scientific approach
and the methods to deal with manifestations of chaos and turbulence in different
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sciences. At present the essence of scientific efforts has shifted to the further elab-
oration of the conceptual framework, to the standardization of numerical methods
and to the detailed description of the important new domains of application.

The main objective of this research is twofold: to elaborate the standardiza-
tion of the analysis of behaviour of autonomous finite-dimensional discrete itera-
tion processes in the form of the elements of Calculus of Iteration Processes
and to apply this calculus to the study of a new branch of Chaos studies: the
Discrete Relative m-population/n-location Socio-Spatial Dynamics elaborated by
D.S. Dendrinos and M. Sonis starting in 1983 (see the book: D.S. Dendrinos,
M. Sonis, Chaos and Socio-Spatial Dynamics, Springer Verlag Series of Ap-
plied Mathematic, Vol. 86, 1990).

Thus, this research presents an attempt to use the computer as a theoretical
tool.

1. Elements of the Calculus of Autonomous Iteration Processes

Let us start from the explicit form of the n-dimensional discrete time iter-
ation processes (other explicit and implicit forms of the iteration processes can
also be considered):

zi(t+1) = F(A;x(1), i=1,2,...,n, t=0,1,2... (1.1)

where the vectors
x(t) = (z1(t), z2(t), . . ., za(2))

represent the states of the iteration process in the time points ¢ = 0,1,2,..., A
is the set of external constants (external bifurcation parameters), and the func-
tions F;(A;y) ¢ = 1,2,...,n, are the differentiable functions of all their compo-
nents y = (y1,¥2,- -+, Yn)-

The elements of the calculus of iteration processes include, first of all, the
description of possible equilibria x* = (27,z3,...,2%) of the iteration process
(1.1) given by the system of equations

z] = Fy(A;x"), t=1,2,...,n. (1.2)

The algebraic equations (1.2) in many cases allow the representation of the
part A; of the external bifurcation parameters from the set A with the help of
the components of the equilibrium x* = (z},23,...,2}) and the remaining part
Ag = A\A;. As a result, if the parameters from Ao are stable, then the coordi-
nates of the equilibrium play the role of true internal bifurcation parameters.

As will be explained further, the remaining part of parameters A = A\A;
is used for the description of the boundaries of the domain of stability of equilibria
within the phase space. Thus, the change of the coordinates of fixed points and
the stability of the parameters from A generate the movement of the equilibrium
in the phase space and the immovability of the boundaries of the stability domain.
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The movement of equilibrium points can be placed on the segments of straight
lines. This allows the complete computerized description of the appearance of
different bifurcation phenomena in the phase space.

The first basic element of the Calculus of Iterations includes the
travels of equilibria in the phase space which reveal the qualitative features of
the behaviour of the trajectories of the iteration process near the boundaries of
the domain of stability of equilibria.

The standard computational procedure can be applied, including the numer-
ical realization of the following analytical constructions:

1. The matrix of the linear approximation of the iteration process - the Jacobi

matrix -
T = [|sii(t + 1,2)]| (1.3)
where
Ozi(t+1) . .
sij(t+1,t)= —————=, ,7=12,...,n. 14
J( ) 6:Bj(t) J 9 ( )
2. The value of the Jacobi matrix J* = |[|s};|| at the equilibrium x* =

(z3,25,...,2}) .
3. The characteristic polynomial of the Jacobi matrix J*:

P(p) = p™ +a]u""1 +...4+appta,.

As well known, the construction of the analytical forms of the coefficients
of the characteristic polynomial P(u) can be done with the help of the principal
minors of the Jacobi matrix J*. Thus, the following analytical objects should be
computed:

4. Principal minors of the Jacobi matrix J*.
By the well-known von Neumann theorem the equilibrium x* is asymptoti-

rolliy atalhlsy 360 £ o101 340 Almanvalian 2 3 1t o
cally stable iff for all its eigenvalues p the following condition holds:

< 1. (1.5)

Consider the space of all coefficients of the characteristic polynomials of the
order n - the space of eigenvalues. Condition (1.5) defines in this space the
geometrical domain of asymptotic stability. The analytical description of this
stability domain can be constructed with the help of the classic Routh-Gurvitz-
Samuelson procedure in the form of non-linear inequalities.

This procedure can be described as follows: (see: Samuelson, 1983, pp. 435~

200



437). First of all, construct the parameters

bo=) ai;

=0

by = Za,—(n —2i), where ap=1;

i=0
n n _ . . -,-C—,-—;-g—k—-; ) Z k ) k Z 0
by=)> a; ) (-1)F n=1) (e , Where ) = 0( ) i<k ;
4 r—k)\k k
=0 k=0 0 k<0
bp=1—a1+as— ...+ (-—1)”_1(1,1_1 +(-1)"a, .
(1.6)
Further, construct the matrix
by b3 bs
bo by by
0 b bs
0 by b (1.7)
and its principal minors Ay, Ag, ..., Ay.
The conditions of asymptotic stability are:
bo>0; A, >0, r=1,2,....n. (1.8)
Remark The reader may verify that for n = 2
b0=1+a1+a2; bl=2—-2(12; b2=1—al+a2; (19)

and the stability domain in the space of eigenvalues is defined by the linear
inequalities:
—l+a;<ay<1. (110)

Forn=23
bo=1+a; +a3+a3;
bi=34+a; —ay — 3as; (1.11)
by =3 —ay — a + 3as;
b3 =1-a; +a;—asz;
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and the stability domain is defined by the linear and quadratic inequalities:

l14+ay+ay+a3>0;
34+a; —ay —3a; >0;
PoT Tl (1.12)
l—-ay+4+ay;—a3;>0;

1—a2+a1a3—a§>0.

5. The boundaries of the stability domain in the space of eigenvalues are de-
termined with the help of the Routhian procedure described above by the
non-linear equalities:

bo=0; A, =0, r=1.2,...,n. (1.13)

Next, because the components of the Jacobi matrix J* are the functions of

the coordinates of the equilibrium x* = (z§,23,...,z}), it is possible to con-
struct:

6. Analytical and geometric images of the boundaries of the domain of stability
in the phase space.

It is important to underline that because the parameters from A; can be
analytically presented with the help of the coordinates of the fixed points, then
the boundaries of the domain of stability in the phase space depend only on the
parameters from A,.

7. Travels of equilibria in the phase space.

The superposition of the space of eigenvalues and the phase space together
with the immovability of the boundaries of the domain of stability in the phase
space represent the possibility of describing all admissible qualitative features of
the behaviour of the iteration process near the boundaries of the stability domain.
The travels of the equilibrium in the phase space on the segments of straight
lines and crossing the boundaries of the stability domain reveal the plethora of
possible ways from stability, periodicity, Arnold horns and quasi-periodicity to
chaos. The numerical procedure of the description of such phenomena includes
the construction of

8. Spatial bifurcation diagrams in which the bifurcation parameter is the equi-
librium itself.

The organization of the travels of equilibria in the phase space on the seg-
ments of straight lines can be done in the following way: it is possible to param-
eterize the segment of the straight line between the equilibria x and y as

x(j)=x(1——§—,)+y—%, i=01,...,T, (1.14)

where j is a bifurcation parameter and 7T is a number of bifurcation steps. The
usual bifurcation diagram can be obtained from (1.14) by fixing some coordinate
of the vectors x(j).
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The second element of the Calculus is the universality properties of the
iteration processes. In this paper we present only a specific type of universality;
the content of such universality lies in the fact that for each iteration process
with a big enough number of external bifurcation parameters it is possible to
construct the realization of this iteration process with a preset combination of
qualitative properties of equilibria.

Remark. It is important to note that there are different ways of describing
the universality properties of iteration processes which justify the elaboration of
the Calculus of Iteration Processes. One such universality property is presented
in the Entropy Principle of Extremality (Gontar, 1981; Dendrinos and Sonis,
1986; Sonis and Gontar, 1992):

Consider a functional

E=-% pi(t+lnp(t+1)+

=0

+ ) pi(t+ D)F;(A;5%(0),%(1),%(2),...,x(t)), (1.15)

Jj=0
where the probabilistic vector
p(t+1) = (po(t+ 1), pi(t + 1), p2(t + 1), .., Pa(t + 1)) (1.16)
has the components

po(t+1)=1/[1+ Zexpxs(t +1)];

s=1

pi(t+1)=expz;(t+1)/[1+ iexp zs(t +1)]

s=1
=expzj(t+Lpo(t+1); j=1,2,...,n; (1.17)
0<po(t+1), pit+1)<1, j=12,...,n;

n
po(t+1)+) pit+1)=1.
i=1
Then the system
OF _
Oz (t+1)
is equivalent to the system of difference equations (1.1) defining the iteration
process and the maximum of the functional (1.15) equals
Enmax=-Inpo(t +1). (1.19)
This entropy principle presents the unification of two different branches of

non-linear discrete dynamics: relative discrete Socio- Spatial dynamics and Iter-
ative Physico-Chemical Reaction processes (Sonis and Gontar, 1992).

0, r=1,2,...,n (1.18)
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2. Calculus of Two-dimensional Iteration Processes

In this part we present a brief realization of the Calculus of Iterations for
two-dimensional iterations of the type (see, for example, Lauwerier, 1986):

z(t+1) = G(2(t), y(1)) (2.1)
y(t+1) = H(z(2), y(t))

2.1 Stability. The standard linear stability analysis of the general two-
dimensional discrete map (2.1) is based on the consideration of the general Jacobi
matrix

G oG
Jt+1,t)= [g_;, g_g,] (2.2)
8z dy
and its value J* on the fixed point z*, y*
aG* gG‘
* 6 o -
J* = [a_fl_‘_ 3}1‘,.} (2.3)
oz* oy*

where G* = G(z*,y*), H* = H(z*,y*).
The eigenvalues of the Jacobi matrix J* are the solutions of the quadratic
equation

pd=TrJ*p+A* =0, (2.4)
where s OH*
g
TrJ* = + =,
g oz " oy (2.5)
A* =detJ™ .

The eigenvalues pq, po of the Jacobi matrix J* are

gy = TrJ* £ \/(TI' J*)? — 4A* (2.6)
where the Vieta conditions hold:

1+ pe = Te % ps = A, (2.7)

Next we will summarize the qualitative properties of the behaviour of dis-
crete maps which are the result of the standard linear stability analysis (see, for
example, Hsu, 1977; Thompson and Stewart, 1986, pp. 150-161; Sonis, 1990).

It is possible to consider the eigenvalues as points in the complex plane.
Then the conditions of stability (1.5) mean that the eigenvalues lie within the
unit circle which presents the stability boundary on the complex plane. I the
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eigenvalues are both inside the unit circle the dynamics is asymptotically stable;
the convergence towards the fixed point is nodal or alternate nodal in the case of
real eigenvalues, and spiral or oscillatory focal in the case of conjugate eigenvalues.
On the unit circle the situation is as follows: if |[g;] < 1 and gy = 1, then the
dynamics shows the incipient divergence; if g3 = —1 and |p| < 1, then the
dynamics shows incipient flip. If at least one of the eigenvalues is outside the
circle, the dynamics is unstable.

The various routes crossing the stability boundary correspond to three qual-
itatively different phenomena of behaviour of the orbits: divergence, flip and
flutter.

If both eigenvalues are real, the following bifurcation events occur:

if the smaller eigenvalue y; is positive and the bigger, p,, crosses the unit

circle at point 1, then the dynamics show the transfer from monotonic conver-

gence to the attracting node to direct saddle monotonic divergence, through
the incipient divergence phenomenon;

if both eigenvalues are bigger than 1, we have a repelling node;

if the smaller eigenvalue lies in the interval —1 < p; < 0, then the convergence
and divergence are oscillatory;

if the smaller eigenvalue p; crosses the unit circle at point —1 and the bigger
eigenvalue stays within the unit circle, then the dynamics show the transfer
from alternate convergence to the attracting node to oscillatory flip dynamics
with increasing amplitudes through the incipient neutral flip.

In the case of complex conjugate eigenvalues the behaviour of discrete is
much more complicated:
in the case of the positive real part of the eigenvalues, the dynamics show spiral

convergence to the attracting focus if the eigenvalues lie within the unit circle,

or spiral divergence from the repelling focus if the eigenvalues lie outside the
unit circle.

if the real part of the eigenvalues is negative, the dynamics spiral and oscillate
at the same time - the flutter phenomenon - going from convergence to
flutter divergence through neutral oscillations of constant amplitude when
the conjugate eigenvalues cross the unit circle.

2.2 The space of eigenvalues. A better understanding can be achieved by
considering the construction of the two-dimensional space of the eigenvalues of
discrete dynamics.

Figure 1 presents the complete description of the linear stability analysis for
two-dimensional discrete dynamics (2.1) in terms of the invariants Tr J*, A* of
the Jacobi matrix J*. This presentation extends and makes more precise the
known features of the linear stability analysis. This close look is taken to set up
the framework for obtaining a full view of the dynamic events and the various
bifurcation they entail.

Outcome of the general Routh-Hurvitz conditions: the polynomial 2% +a 2+
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Figure 1. Space of eigenvalues: domains of stability of eigenvalues properties.

ay has roots less than 1 in absolute value if and only if -1+ a3 < a3 < 1 (see
Samuelson, 1983, p. 436, or Dendrinos, Sonis, 1990, p. 79); thus, the conditions
of stability of the fixed points imply that

“1+TrJ* < A*< 1. (2.8)

The two-dimensional plane with coordinate axes Tr J* and A* is the space
of eigenvalues (see Figure 1). One can distinguish the following major categories
of stability of qualitative properties of eigenvalues and their geometrical location
(domains, intervals of straight lines, segments of parabolas and specific points)
in the space of eigenvalues.

The parabola A* = i— Tr J*? divides the plane of eigenvalues into two major
domains: the eigenvalues are real outside the parabola and are complex conjugate
ilnside this parabola. On the parabola itself the eigenvalues are equal: py; = pg =
= TrJ*.

’ In the plane of eigenvalues the domain of stability defined by conditions (2.8)
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is the triangle ABC with the vertices:

N GENHEG]

The sides of the triangle of stability are generated by the following straight lines:
~ the divergence boundary

TrJ* = A*+1; (2.9)
— the flip boundary
TeJ* = —(A* 4+ 1); (2.10)
— the flutter boundary
A¥=1. (2.11)

The Vieta conditions (2.7) imply that
— on the divergence boundary (g1 — 1)(u2 — 1) = 0; ie., at least one of the
eigenvalues is equal to 1.

The crossing of this boundary gives the orbits approaching infinity. Such
divergence starts from the points within the domain of stability; this domain is
the infinity-locking domain.

— on the flip boundary (py + 1)(g2 + 1) = 0; i.e., at least one of the eigenvalues
is equal to -1.

Each point on the flip boundary corresponds to the two-periodic cycle, and
the movement outside the domain of stability generates the Feigenbaum type
periodic doubling sequence, leading to chaos (Feigenbaum, 1978).

- on the flutter boundary |g;| = |p2| = 1.

It is easy to describe all points on the segment AB on the flutter boundary.
The condition |y] = |p2] = 1 means that py = 2%y = €i270Q,0< Q< 1,
and therefore TrJ™* = py + pz = 2cos2x§). Thus, all points of the segment

AB have the form {2(:0«5127(9]' If Q0 is a rational fraction: O = s, then we
have g-periodic (resonance) fixed points: between them the fixed points of strong
resonance with = 1, {1 = 1, correspond to the points [—_11:' , [(” Other

ration fractions {) = *;3 represent the points of weak resonance. (Table 1 represents

all resonances for ¢ < 12.)

The same periodic behaviour is also observed in a small domain near res-
onance. This domain - the mode-locking domain - is the image of the Arnold
tongue from the corresponding domain of change of eigenvalues in complex plane
(Arnold, 1977). For strong resonance the mode-locking domain is started within
the domain of stability (Kogan, 1991).

In conclusion, there are sixteen distinct domains of the stability of qualitative
properties of the eigenvalues defining sixteen major structurally stable classes of
dynamic behaviour of trajectories near fixed points.
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Table 1. Resonances of two-dimensional ileration processes.

Type of resonance Arguments of cigenvalues Values of
periodicity q Q =Z—:;E TrJ °=2cos %{p‘
2n
3 - 3 -1
LS
4 - 3 0
5 - —25—13 0.61803
4n
- 5 -1.61803
n
6 - 3 1
7 - 2715 1.24698
- %E - 0.44504
6n
- Ea -1.80194
K
8 - Y 1.41421
9 - %E 1.53209
- %E 0.34730
8r
- 5 -1.87939
10 - £ 1.61803
- % -0.61803
2n
11 - 11 1.68251
4n
- 11 0.83083
- %71[* - 0.28463
8n
- 11 - 1.30972
10r
- 11 - 1.91899
12 - 5 1.73205
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3. Discrete Relative One Population/n-Location Socio-Spatial Dynamics

3.1 General properties. In this section the ideas of Calculus of iterations will
be applied for the specific cases of a new general model of discrete relative one
population/multiple location socio-spatial dynamics (see Dendrinos and Sonis,
1990; the case of multiple population/multiple location discrete dynamics can be
treated analogously).

Let the vector

x(t) = (z1(2), z2(t),. .-, za(t)), t=0,1,2,...

be the relative population size distribution at time ¢ at location ¢ in the environ-
ment of n locations. Such a formulation could be specified for any socio-economic
quantity, normalized over a regional or national total.

The one population /multiple location relative discrete socio-spatial dynamics
is then given by:

xg(t+1)=f;(x(t))/ij(x(t)), i=1,2,...,n; t=0,1,2,...; (3.1)

filx(®) >0, i=1,2,...,n;

0<z(0)<1, i=12..,n; » z;(0)=1, (3.2)
J

The expression f; (x(t)) is the locational comparative advantages enjoyed by
the population at (i,7). Functions f; depend on the relative distribution of the
population in all locations, and on other environmental parameters.

A specific log-linear formulation for the functions f; with the universality
properties may be represented by the following:

Fi(x(t) = 4 [] 5035 (3.3)

—00 < @ij < 00} A; >0, i=1,2,...,m;

where Ay, As,..., A, are the composite locational advantages of the locations
1,2,...,n, and the matrix ||a;;]| is the matrix of the composite elasticities of
relative population growth. The universality of this dynamics means that under
different parameter specifications this iteration process can reproduce each pre-
set dynamic behaviour including stability, periodic motion, quasi-periodicity and
various forms of chaotic movement.

It is important to stress that the relative dynamics (3.1) can be generated
by the following extreme principle (cf. Gontar, 1981; Sonis and Gontar, 1992):
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the relative Socio-Spatial dynamics proceed in such a way that in the transfer
from time ¢ to time ¢ + 1 the entropy functional

n

E(,t+1)= > zi(t+ 1)[inzi(t +1) - Infi(x(t) - 1] (3.4)

i=1

reaches its minimum in the space of vectors x(¢ + 1) subject to the conservation

condition:
T

zxi(t-i-l): 1.

i=1

This extreme principle defines a new law of collective non-local population
redistribution behaviour which is a meso-level counterpart of the utility optimiza-
tion individual behaviour!.

For the realization of the scheme of Calculus of Iteration processes we will
use the following form of one population/three locations log-linear map (see Den-
drinos, Sonis, 1990, p. 85):

r1(t+1)=1/[1+ fo(t) + fa(2)] :
za(t+1) = fu()/[1 + fo(t) + f3(1)] 5 (3.5)
z3(t +1) = f5(1)/[1 + f2(t) + f5(1)] ,

where
fa(t) = Azzi(8)** 29(2)" 2 25(8)*>

f3(t) = Aaza(8)* 3 2a(1) 2 25(1)" 5 (3.6)

Ag,A;; >0;

3
0 < z1(t),22(t),za(t) <1; Y zi(t)=1; t=0,1,2,...; (3.7)
Jj=1

and the matrix of elasticities has a form

0 0 0
[agl ago a23] ; —oo<a; <400, i=2,3; j=1,2,3. (3.8)
asy 0G32 Q@33
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3.2 A Moebius plane as a phase space. Moebius plane is the two-
dimensional space (plane) defined by three barycentric coordinates x4, 22,23, 1+
z9 + 23 = 1, of each point within it. The scale element of this plane is the Moe-
bius equilateral triangle with the unit scale on its sides. This triangle is generated
by three coordinate axes (Figure 2). It is possible to measure the barycentric co-
ordinates of each point in Moebius plane by projecting it (parallel to the sides)
onto the sides of the Moebius triangle. If the point P lies within the Moebius
triangle, then its barycentric coordinates z;, z,.z3 must be between 0 and 1:

Ti+zTo+z3=1; 0<zy,29,23<1. (3.9)

If the point @ lies outside the Moebius triangle, then one of the barycentric
coordinates must be negative, and another greater than 1, but the condition
z1 + z2 + 23 = 1 always holds. The vertices of the Moebius triangle are

Xiz1=1; z2=0; z3=0,
Y:z1=0; 29=1; z23=0, (3.10)

Z:z1=0; z9=0; z3=1.

— _\a

[}

Figure 2. Barycentric coordinates in Moebius plane.
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3.3 Straight lines in the Moebius space. The equation of the straight line
in the Moebius plane has the form

ary + bzy +cx3 =0. (3.11)

The elementary analysis shows that if a # b; a # ¢; b # ¢ then the straight line
(39) intersects the z;-axis in the point

Pi:zy=c/(c—a); 22=0; z3=4af(a—c); (3.12)
the intersection with the z;-axis will be the point

P:zy=b/(b—a); zy=af(a-b); z3=0; (3.13)
the intersection with the z3-axis will be the point

Py:z1=0; 29=c/(c—-0b); z23=0/(b-¢). (3.14)

Moreover, the point P; lies on the z;-side ZX of the Moebius triangle if and only if
sign a # sign c; the point P; lies on the z;-side XY of the Moebius triangle if and
only if sign a # sign b; and the point P; lies on the z3-side YZ of the Moebius
triangle if and only if sign b # sign ¢. Thus, the straight line (3.11) intersects
the Moebius triangle if and only if sign a # sign b or sign a # sign ¢, or sign b #
sign c. Furthermore, if sign @ = sign b = sign ¢, then the Moebius triangle lies on
one side of the straight line (3.11). For the one population/three location relative
dynamics the Moebius triangle gives the natural way to present the trajectories
of dynamics and their fixed points. Moreover, because of conditions (3.9) the
trajectories of the relative dynamics occur within the Moebius triangle itself.

3.4 Fixed points of one population/three location relative log-linear
dynamics. Now we will concentrate on the graphical representation of the
behaviour of the non-periodic fixed point zj,z3,z3 of the dynamics (3.6)—(3.8)
within the Moebius triangle under the arbitrary change in the composite compar-
ative advantages A, A3 > 0 and the arbitrary change of the matrix of elasticities

0 0 0
a @y ax3|; —-0o<a;<+o0, t=23,; j=123.
a3y az2 ass

It is possible to prove (see Sonis, 1990) that the coordinates =3, z5, 3 of the
fixed point satisfy the equations:

#—(a21+1) _*l—agy, *—az3 __ .
.’L'l 172 za -_— A2 9

3.15
z;-—(a31+1)x;—a32$;1—-033 - A:3 . ( )
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Moreover, the system (3.15) is equivalent to

2} + Coz}® + Cazi® = 1 ;

;e *a
x2 = Cgml 3
:17; = C3zIb )
where
a;+1 axp-~-1 az —1 a3y | .
Ay = 1 ; Aoz = 1l Az =
azy + azs ass aizs —
a=Asz1/A3; b= A13/As,
and

Cy = [Almom Az=] /0 1 gy = [Agm Ao

(3.16)

a23
azsz — 1

azn +1

a1 +1
(3.17)
(3.18)

(3.19)

Further, the following proposition holds, describing the conditions of existence

and the number of solutions for system (3.16):

Proposition. In the case Ay # 0

1. If Sign A23 = Sign Az; = Sign Ay, (i.e., a,b > 0), then the first equation of
(3.16) always has only one solution z}; this means that a unique non-periodic

fixed point

*

always exists.

® __ *q * __ *b
1, o3 = Cya1’, z3 = Caz}

2. If Sign Ap3 # Sign A3y or Sign Agz # Sign Aqy, then equations (3.16) have
no more than two solutions; the unique solution appears only if

Agsz] + Azizy + Ajpz3 =0

It is easy to calculate the non-periodic fixed points from equations (3.6)-
(3.8) with the help of the computation of the values of the left parts of the
first from equations (3.16) in two points of the z}-axis. Refinement of the mesh
size near a suspected fixed point by dividing it in two makes it possible to pin
down the location of any fixed point. At the beginning let us consider all log-
linear models (3.6)—(3.8) with the fixed matrix of elasticities and the changeable
composite advantages A,, A3. By choosing the appropriate parameters Az, As
from equations (3.15) one can put the non-periodic fixed point into an arbitrary
place within the Moebius triangle. Thus equations (3.15) allow the conversion
of the fixed points of the dynamics (3.6)-(3.8) into the true internal bifurcation

parameters.
Now consider the straight line

D3z + Asizy + Appz3 =0
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which we will call the bifurcation line. The position of the bifurcation line
depends only on the elasticities a;;, and does not depend on the parameters
Ay, A3. If Sign Ap3 # Sign Ag; or Sign Agz # Sign Aqp or Sign Az; # Sign Aj2
then the bifurcation line intersects the Moebius triangle, and the choice of the
fixed point from one side of the bifurcation line immediately implies the existence
of another fixed point from the other side of the straight line; this fixed point
corresponds to the same choice of elasticities and advantages parameters. These
fixed points merge on the bifurcation line.

If parameters A;, A3 are moving on a curve in the space of composite loca-
tional advantages, then the corresponding non-periodic fixed points are moving
on two different curves within the Moebius triangle; these two curves intersect
only on the bifurcation line. In the same way, the choice of some domain in the
space of composite locational advantages generates two domains of fixed points
within the Moebius triangle such that their intersection includes some interval
from the bifurcation line.

If Sign A3 = Sign Az; = Sign A2, then the Moebius triangle lies on one
side of the bifurcation line, and for each choice of A;, A3 there is only one fixed
point. In this case the movement on the curve or in some domain in the space
of composite locational advantages generates only one curve or one domain of
non-periodic fixed points within the Moebius triangle.

Thus, the change in elasticities will change only the position of the bifurcation
curve, but the qualitative properties of the existence of non-periodic fixed points
will be the same.

4. The Elements of the Calculus of Iterations for

One Population/Three Location Log-linear Relative Dynamics

4.1 The Jacobi matrix. Consider the slope-response functions

6zg(t + 1)

e S ,j=1,2,3
a.’l:_,(t) » 1’] il s |

s,-_,-(t + l,t) =

which are the entries of the Jacobi slope-matrix
J(t+1,t) = ||si(t + 1,8)| .
The direct calculation gives

z1(t+1)
z;(1)

zi(t+1)
z;(t)

slj(t + l,t) = - [azj:tg(t + 1)+ a3ja:3(t+ 1)] sy J=1,2,3;

[@ij — azjz2(t + 1) —az;za(t+1)], i=2,3; j=1,2,3.
(4.1)

sijt+1,t) =
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The conservation conditions
3
ij(t) =1; t=0,1,2,...
i=1

imply that the determinant of the Jacobi matrix (Jacobian) is equal to zero:

det J(t +1,t) =10

At the fixed point 27, =3, 23 the Jacobi slope-matrix J* = ||s};|| has the entries
R — E 3 ®y , * o z; *® ., ® . 2 3'
si1 = —lanzs + anzs];  si; = ——as;23 + agje3], 7 =2,3;
? (4.2)
S:j :;%[aij“Gij;"alijw;]H 12273; J '_‘2,37

J

such that at the fixed point det J* = 0.
The characteristic equation of the Jacobi matrix J*:

pd = TeJ* u? 4+ A% —detJ* =0 (4.3)
where
3
* £ d
TrJ™ = ZS,',- = agy + a3z — T3(as + @z + az3) — z3(as; + a3z + as3z); (4.4)
=1
and
* * * *® * *®
A* = S11 S12 S %13 S22 S23
T s%, st 83, s 3%, s3
21 S22 31 S33 32 S33

It is possible to prove (see Dendrinos, Sonis, 1990, p. 87) that

Ty z; 23
A* = 4.5
=|@21 4z Q| . ( . )
a31 4asz2 dass

Since det J* = 0, the non-zero eigenvalues of the Jacobi matrix J* are the solu-
tions of the quadratic equation

pr—TrJ*u+A*=0.
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4.2 Linear superposition of the Moebius plane and the space of eigen-
values. A linear dependence between the Moebius plane and the two-dimensional
(trace-determinant) space of eigenvalues for log-linear dynamics is defined with
the help of linear transformation given by formulas (4.4) and (4.5):

TrJ* = sz] + (s — s2)z3 + (5 — 83)

4.6)
* __ AR & =k ® % ( *
A™ = Ajzzy + Aj125 + Alp73
where
S =da +a33z; 82 = a1 +ag +az; 83 =431 + a3 + 433 ; (4.7)
a a a a a a
A%, = 21 G322 DAL= 22 @33 DAY = 23 @21 (4.8)
azy asz az2 4ass a3z a3

This linear transformation

[T

-[%]
preserves straight lines and half-planes. Therefore the Moebius triangle XY Z
from the Moebius plane has an image in space of eigenvalues which is also triangle
X*Y*Z*: the vertices of the Moebius triangle X,Y, Z are transformed to the
following vertices X *,Y*, Z* in the eigenvalues space:

1 A
X=1|0] — i]:Xﬂ
0 L —23
0] (s —s
Y=1{1] - A§12] =Y"*; (4.9)
0 !
0] [s—s
Z=10| — N 3] =7Z".
1 L 12

¥
L

This correspondence permits the allocation of the eigenvalues space by the struc-
ture of the Moebius plane, defined with the help of the non-equilateral Moebius
triangle X*Y™*Z*.

It is also possible to transfer the Euclidean structure of the eigenvalues space
to the Moebius plane. For this purpose present the linear dependencies (4.6)
between the barycentric coordinates z3, z3, z3 and TrJ*, A* in the following

form:
szy + (s —s2)xy + (s —s3)z3 = Tr J*
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A%y + A3as + Ayl = A (4.10)
itz +a3=1.

Thus the matrix

S 8§—8 8- 83
A= 33 AR 12
1 1 1

transforms the Moebius plane into the eigenvalues space:

l'i TI'{ [TI‘J*]
12 hand A ~ A*
T3 1

where the sign ~ means equivalence.
The determinant of the matrix A is equal to

det A =53 (A33 — Afp) + 83 (A5 — Ajy) =

If det A # 0 then the inverse transformation A~1 exists and transforms the eigen-
values space into the Moebius plane:

" TeJJ*| _ |23
[TZ{ ] ~ A | s
1 z3
It is possible to check that
L1 | An-AL s—s (s-s2)Af — (s s3)Ag
= m ;3 + A;Z 83 "3A{2 + (S - S3)A;3 . (4.12)
23 — A3 —$2 sA3 + (s — 52)As

Now consider the images of the divergence, flip and flutter boundaries in the
Moebius plane.

The equation of the divergence boundary TrJ* = A* 4+ 1 after the substitu-
tions (4.6) become

(A3 —s+ 1D+ (A —s+ s+ Dzs+ (A, —s+s3+1)z5=0 (4.14)

It is easy to prove that
23— 8+ 1= 1»A3;

Az —s+382+1=0A75; (4.15)
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A;2—S+S3+1=A23.

Therefore the equation of the divergence boundary (4.14) coincides with the
equation of the bifurcation straight line (see 3.20)):

Ag3zy + Agyz; + Apz3 =0,

on which the unique non-periodic fixed point first appears, and bifurcates further
into two fixed points under the change in the locational advantages parameters
Az, A3.

The equation of the flip boundary Tr J* = —(A* 4+ 1) after the substitutions

(4.6) become
(A3 +s+ Dzl + (A1 +s—s2+ Dz + (Al +s—s3+1)z;3 =0. (4.16)
The equation of the flutter boundary A* = 1 after the substitutions (4.6) become
gyt + Apyas + Afyay = 1 (4.17)

The location of these boundaries in the Moebius plane can be determined
with the help of points A*, B*,C* with coordinates (see Figure 3):

D
ﬁ divergence
! 7 / \
/o ; o
/ /boundary I
»
3

Figure 3. Superposition of the space of eigenvalues and the Moebius plane for one
population/three location relative dynamics with changeable locational advantages Az,4s
and constant elasticities a;;.
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-2 2| -

A:[ ]N T (4.18)
{ 2t = qagl(s2 = 90) + (s =0 + DAL = (- 52+ 2)A7]

A*~

3= gaglss—(s+2)An +(s—s + 2)A3s]
x5 = -&;1{-;[——32 + (s 4+ 2)A% — (s — 52 +2)A53] .

5= [7]~

1

2 -1
1] 45 (4.19)
1

T3 de}.A [(32 —83)+(s—82—2)AT, — (s~ 83— 2)A§1]
B* ~ {3 = g[8 — (5= 2)AL, + (s — 55 — 2)A3]
23 = qig [ =82 + (s~ 2)A% — (s — 52 — 2)A3s] .
0 -1
C=[°]~ —1}"—-» (4.20)
._]_ 1

2} = garz [(s2 = 83) + (5 = s2)AL; — (s = 53)A3]
C*~ {:c = go [ = 53 — sAf + (s — s3)A%]
23 = garalse + 805 — (s —82)A%]
These points define the place of images of the coordinate axes Tr J* and A*
in the Moebius plane (see Figure 3).
It is evident that the image A*B* of the flutter segment AB has the form:

% A
A
m_aou

zi 2 cos 27} 1
z3| = A7 1 , 05935. (4.21)
3 1
Therefore, the p : ¢ resonances have a form:
z3 2cos2nt
23| = A" 1 (4.22)
T3 1

for the rational fractions £, 0 < ‘;3 < 1; for example, the points of strong reso-
nances 1:3 and 1 :4 are correspondingly

-1 0
A7l [ 1 } and A~! [1] . (4.23)
1 1

Thus, the superposition of the space of eigenvalues and the Moebius plane
clarifies the qualitative description of the local features or relative dynamics
within a vicinity of fixed points, and also the global features of dynamics con-
nected with the “competition” between possible attractors and repellers.
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5. The Qualitative Universality of Log-linear Relative Dynamics

The qualitative universality of the log-linear relative dynamics means that
this dynamics can replicate all possible qualitative properties of behaviour of an
arbitrary discrete dynamics near the boundaries of their asymptotic stability.
Moreover, for each preset qualitative property the specific combination of elas-
ticities and locational advantages exists, i.e., the specific log-linear model exists
which reproduces the given qualitative property. Furthermore, the universality
within universality phenomenon holds: it is possible to choose a model which
itself can reproduce all possible qualitative properties of discrete dynamics un-
der the change in the locational advantages parameters only, without a change in
elasticities. In detail, the fundamental property of qualitative universality follows
from the possibility of placing the image of the Moebius triangle at each place in
the space of eigenvalues, and from the possibility to place a fixed point at each
point in the Moebius triangle.

The technical details of these impositions will be elaborated below for one
population/three location relative log-linear dynamics.

Consider three arbitrary points in the phase space

Al 5] %

* L3 *
A" = T2 9 B* = Y2 3 C* = 22
T3 Y3 23

which can play the role of the images of the stability triangle ABC
-2 2 0
1 1 1

in the Moebius plane. The condition of the construction of a non-degenerated
triangle is that the matrix

1 W ~ ‘
Z=1zy ¥y 2 (5.1)
T3 Ys 23

is invertible: det Z # 0. For the construction of the log-linear model correspond-
ing to the stability triangle A*B*C* we need the evaluation of the matrix of
elasticities

0 0 O

a1 G2 Q23

a3y Q32 433

First of all let us find the components of the matrix

] §—8 8§— 83
A= A§3 A§1 Tz
1 1 1
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satisfying the condition

8§ S§—8 S—383 7 1 & -2 2 0
Al AL AR Ty ¥ 2| =|1 1 -1 (5.2)
i 1 1 3 Y3 23 1 1 1

or in the matrix form:

AZ = B
where
-2 2 0
B = 1 1 -1
1 1 1
Therefore
A=BZ! (5.3)

Thus the right parts of the following non-linear algebraic equations (see (4.7)
and (4.8)) are known:

a2 + a3z = 8 ;
az1 + @22 + a3 = 5 — 83 ;
a3 + a3z + a3z = 5 — 33 ;
(5.4)

A22 Q23| _ A%

= A ;
a3z Q33
a3 Q21| _ A%

- AB] ’
a3z asi

a1 G221 _ A=«
— A12 .
431 432

The last three equations give
a1 A%; + a3y + axAjf, = azn iy + a3 + azzAf, =0

and
(83 _ 32)a21 + (8 —_ 82)(1,31 = A;l - A;Q

(83 — 8)ags + (s — s2)azz = Ajy — A,
(33 - 8)(123 + (s - 82)033 = A;3 — A;l .

221



Therefore the elasticities a;; can be constructed with the help of formulas:

Agl—Aga S — 82 )/(3—33 Aza" Tz)
- A
a2 (” s—&m | CPA3 - AL s—o | Ay ~Bp)

8 — 33 A;a - A;l
azz = (023 + -,

8 — 89 8§ — 83
G2 = 8 — Q33 (5 5)
Q21 = 8 — 83 — a2 — a3,
3—33 Aal A;z
dzy = az +
8 — 89 8 — 83
8 — 83 Aiz—A;3
a3z = azp + ——--==1 .
S — 89 S — 83

In conclusion, the fundamental property of qualitative universality of the
relative log-linear dynamics is the result of the possibility of placing (with the help
of formulas (5.3) and (5.5), defining the elasticities a;;) the triangle of stability in
a preset position in the phase space, and of executing (with the help of formulas
(3.15), defining the comparative advantages Ay, A3) the travels of equilibria in
the preset direction in the phase space.

6. An Example of Computer Realization of the Calculus of Iterations

In this part we will present an example which visionalizes the proposed cal-
culus of iterations with the help of a specially constructed log-linear model. The
parameters of this model are chosen in such a way that the image A*B*C* of
the triangle of stability ABC will have the following location on the phase space
(see Figure 4):

A¥ = s B* = R C* =

wolaaf &
[ase JICT PR TTX)
[ s LT

Therefore formulas (5.3) and (5.5) give the following elasticities for such a
log-linear model:

0 0 0 0 0 0
ay1 a3y g3 | = 10.25 0.5 2.25
aszy a3z 433 2.5 1 2.5

The sides A*C*, A*B*, B*C” of the triangle of stability A*B*(C* represent
the flip, flutter and divergence boundaries for the chosen model.

The intersection of the flip boundary A*C™* will give the Feigenbaum double
periodic way to chaos. As an example the movement of the fixed point x on the
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Figure 4. Domain of stability and movement of equilibria for the log-linear relative

dynamics with the elasticities
0 0 0
0.25 0.5 2.25}.

25 1 25

0.55 0.75
Figure 4). The corresponding spatial bifurcation diagram is presented on Figure
5 where the double periodic bifurcation development is shown; Figure 6 presents
the usual bifurcation diagram for the first coordinates z;(¢) of the orbits.
The intersection of the flutter boundaries leads through the resonances and
their Arnold tongues to the Hopf-Neimark bifurcations. Formulas (4.23) give

the coordinates of the strong (three-periodic and four-periodic) resonances. The
1

§

three-periodic resonance sits in the point [;—} . This resonance is surrounded by

0.25 0.15
segment of a straight line between the points [ 0.2 } and [ 0.1 jl is chosen (see

2
the mode-locking Arnold tongue which covers a part of the triangle of stability.
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Figure 5. The Feigenbaum way to chaos.

£ xi
1
i vrern sune ot —
o I!['HI!H‘. . R
[itlte: lu;!'n' ;
i,
i, .
b
I
|
‘Ifl
| -
t '.‘ 5'.
! ! T
| ’ :
H
lintersection L
bith Flip boundary ‘ ' -
9 - v poad
0 T

224

Figure 6. Bifurcation diagram for periodic doubling.

The movement of the fixed point x on the segment of a straight line between the



0.167 0.167
points | 0.313| and | 0.35 | (see Figure 4) gives on the bifurcation diagram
0.52 0.483
(Figure 7) the jump from the stable equilibrium to the three-periodic cycle and,
further, to its doubling. The spatial bifurcation diagram (Figure 8) presents this
jump in the phase space; it is also possible to see that the three-periodic cycle is
started within the triangle of stability.

. e -—

Il'IHH lh

RIS LR H v ol

unnnumll”l !, .

Figure 7. Bifurcation diagram: stable fixed points, three-period cycles and their
doubling.

The four-periodic resonance is located on the point . The movement of

O i Pl |t

0.333
the fixed point x on the segment of a straight line between the points | 0.313

0.354
0.333

and | 0.367 | (see Figure 4) gives on the spatial bifurcation diagram (Figure 9)
0.3

the rotating four-periodic cycle and its period- doubling.
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Figure 8. Strong 1:3 resonance and its doubling.
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Figure 9. Strong 1:4 resonance: rotating four-period cycles and their doubling.

References

V.1. Arnold, Loss of stability of self-oscillations close to resonance and versal deformations
of equivalent vector fields, Functional Analysis and Applications II (1977), 85-92.

D.S. Dendrinos, M. Sonis, Variational principles and conservation conditions in Volterra’s
ecology and in urban/relative dynamics. Journal of Regional Science 26:2 (1986),
359-377.

D.S. Dendrinos, M. Sonis, Chaos and Socic-Spatial dynamics, Applied Mathematical Sci-

226



ences 86 (1990), Springer- Verlag; New York, Berlin, Heidelberg, London, Paris,
Tokyo, Hong Kong.

M. Feigenbaum, Qualitative Universality for a Class of Nonlinear Transformations, Journal
of Statistical Physics 19 (1978), 25-52.

V.G. Gontar, New principles and a new mathematical model for formal chemical kinetics,
Russian Journal of Physical Chemistry LV:9 (1981),2301-2304.

C.S. Hsu, On non-linear parametric exitation problem, Advances in Applied Mechanics 17
(1977), 245-301.

V. Kogan, Loss of stability of auto-oscillations in the vicinity of resonances of order 3 and
4, In “Systems Dynamics”, Gorky University Press: Gorky, Russia, 1991.

H.A. Lauwerier, Two-dimensional iterative maps, In “Chaos” (A.V. Holden, ed.), Prince-
ton University Press: Princeton, New Jersey, 1986, 58-95.

P.A. Samuelson, Foundations of Economic Analysis, Enlarged Edition, Harvard Economic
Studies, Vol. 80, 1983; Harvard University Press, Cambridge, Massachusetts, and
London, England.

M. Sonis, Universality of Relative Socio-Spatial Dynamics: the case of one population/three
locations log-linear dynamics, Series on Socio-Spatial Dynamics, Univ. of Kansas,
1:3 (1990), 179-204.

M. Sonis, V. Gontar, Entropy principle of extremality, Socio-Spatial Dynamics 3:2 (1992),
61-73.

J.M.T. Thompson, H.B. Stewart, Nonlinear Dynamics and Chaos, Geometrical Methods
for Engineers and Scientists, John Wiley: Chichester,. New York, Brisbane, Totonto,
Singapore 1986.

227






	1

	2

	3

	4

	5

	6
	7

	8

	9

	10

	11 
	12

	13

	14

	15
	16

	17

	18

	19


