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Abstract. Immunotherapy with Bacillus Calmette-Guérin (BCG) – an
attenuated strain of Mycobacterium bovis (M. bovis) used for anti-tuberculosis immuniza-
tion – is a clinically established procedure for the treatment of superficial bladder cancer.
Bunimovich-Mendrazitsky et al.[16] studied the role of BCG immunotherapy in bladder
cancer dynamics in a system of nonlinear ODEs. The purpose of this paper is to develop
a first mathematical model that uses PDEs to describe tumor-immune interactions in the
bladder as a result of BCG therapy considering the geometrical configuration of
the human bladder. A mathematical analysis of the BCG as a PDE model identifies
multiple equilibrium points, and their stability properties are identified so that treatment
that has potential to result in a tumor-free equilibrium can be determined. Estimating
parameters and validating the model using published data are taken from in vitro, mouse
and human studies. The model makes clear that intensity of immunotherapy must be
kept within limited bounds. We use numerical analysis methods to find the solution of
the PDE describing the tumor-immune interaction; in particular, analysis of the solution’s
stability for a given parameters is presented using Computer Vision methodologies.

Key Words. Key words: Numerical Analysis, PDE’s solution stability, PDE’s pa-
rameters’ sensitivity analysis,
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1. Introduction and related work. Bladder Cancer (BC) is the
seventh most common cancer worldwide. It is estimated that around 400,000
new cases are diagnosed annually and 150,000 people die directly from BC
every year [1]. Bacillus Calmette–Guérin (BCG) has been used to treat non-
invasive BC for more than 40 years [2]. It is one of the most successful
biotherapies for cancer in use. Despite long clinical experience with BCG,
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the mechanism of its therapeutic effect is still under investigation. BCG-
immunotherapy has proven to reduce both recurrence and progression of BC
and, therefore, represents an important tool in the treatment of BC. BCG
treatment protocols differ mainly by the amount of the injected dosage, the
injection rate, and the schedule of the treatment [3].

Mathematical modeling of biological processes in general and medical
processes in particular is an active field of study. The benefit gained from
describing a system using mathematical modeling is the ability to analyze and
understand it better by using only theoretical analysis, which decreases the
need for clinical experiments to further understand the system in question [4].
Several mathematical models that describe the interactions of the immune
system with tumor cells based on ODE are [5-11]. Study of the bladder
cancer using mathematical modeling has been researched in the past from
different angles [12-15].

One of the models was invented by Bunimovich-Mendrazitsky et al. [16].
Their model assumed continuous BCG instillation and allowing both expo-
nential and logistic growth for tumor cells inside the bladder. They studied
the equilibria when the stability and analysis of the system’s bifurcation was
the main focus. It was found that bistability excises so that a treatment may
result in the tumor-free equilibrium or high-tumor state, depending on the
initial tumor size reflected by the cancer cell count. The equations describe
a balance between a high dosage which caused the patient to suffer from
side effects and too little dosage caused inefficient treatment.

The mathematical model proposed by Bunimovich - Mendrazitsky et al.
[16] is as follows:

(1)
dB(t)

dt
= −p1E(t)B(t)− p2B(t)Tu(t)− µ1B(t) + b

(2)
dE(t)

dt
= −µ2E(t) + αTi(t) + p4E(t)B(t)− p5E(t)Ti(t)

(3)
dTi(t)

dt
= p2B(t)Tu(t)− p3Ti(t)E(t)

(4)
dTu(t)

dt
= λ(t)Tu(t)− p2B(t)Tu(t).

The state variables B(t), E(t), Ti(t), and Tu(t) represent the concentra-
tion of BCG in the bladder, effector cell population, tumor cell population
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that has been infected with BCG, and tumor cell population that is unin-
fected with BCG, respectively. The parameter p1 is the rate of BCG killed
by effector cells; p2 is the infection rate of uninfected tumor cells by BCG;
p3 is the rate of destruction of tumor cell infected by BCG by effector cells;
p4 is the immune response activation rate; p5 is the rate of effector cells de-
activation after binding with infected tumor cells. α is the growth rate of
effector cell population; λ is the tumor’s population growing rate; b is the
strength of BCG instillation.

Several attempts of modeling the problem have taken under considera-
tion only the population’s size of different cells in the system over time, based
on the biological dynamic of the system using Ordinary Differential Equa-
tions (ODEs) [6], [7]. One approach to improve the model is taking under
consideration an approximation of the geometry configuration of the blad-
der in the mathematical modeling yielding in Partial Differential Equations
(PDEs). The PDEs Model’s parameters sensitivity and solution’s stability
for given parameters is the main focus of this paper. We combine numer-
ical calculations with computer vision algorithms to find the PDE’s model
solution’s stability for a non-Lyaponov PDE system.

2. Mathematical modeling and numerical analysis. The math-
ematical model differs from the Bunimovich-Mendrazitsky et al. [16] model
by taking under consideration the geometrical configuration of the human
bladder. The new model can be described by the following system of PDEs:

∂B(r, t)

∂t
= −p1E(r, t)B(r, t)− p2B(t)Tu(r, t)

−µ1B(r, t) + b+D1
1

r2
∂

∂r
(r2

∂B(r, t)

∂r
)

(5)

∂E(r, t)

∂t
= −µ2E(r, t) + αTi(r, t) + p4E(r, t)B(r, t)

−p5E(r, t)Ti(r, t) +D2
1

r2
∂

∂r
(r2

∂E(r, t)

∂r
)

(6)

(7)
∂Ti(r, t)

∂t
= p2B(r, t)Tu(r, t)− p3Ti(r, t)E(r, t) +D3

1

r2
∂

∂r
(r2

∂Ti(r, t)

∂r
)

(8)
∂Tu(r, t)

∂t
= λTu(r, t)− p2B(r, t)Tu(r, t) +D4

1

r2
∂

∂r
(r2

∂Tu(r, t)

∂r
).

All the variables with the same notation and meaning as described in
equations (1), (2), (3), (4). D1, D2, D3, D4 are the diffusion rate in the system
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Figure 1. Cell population dynamics in the bladder.

for B(r, t), E(r, t), Ti(r, t), and Tu(r, t) respectively. The variable t stands
for the time of the system and r stands for the euclidean distance in R3 from
the point (0, 0, 0) in polar coordinates. The center of the system’s geometry
is defined to be (0, 0, 0).

In the scope of this paper it will be assumed that the bladder has a form
of a perfect sphere ring satisfying the following condition:

(9) r20 ≤ x2 + y2 + z2 ≤ R2.

The variables x, y, z are the Cartesian coordinates system, r0 and R
are the radius of the internal and external spheres of the geometrical config-
uration, respectively. We ignore the three tunnels connected to the approx-
imately ellipsoidal shape of the bladder’s epithelium and approximate the
ellipsoidal shape with a sphere shape.

The PDE system differs from the ODE system in two ways: 1) the
PDE model adds another dimension (r); 2) the PDE model takes under
consideration the geometry of the problem, and the diffusion factor added to
each population, respectively. Figure (1) is a schematic view describing the
interactions between the model’s variables, viewed as compartments. BCG
(B) stimulates effector cells (E) of the immune system via APC activation.
In addition, BCG infects uninfected tumor cells (Tu) which recruit effector
cells into the bladder. Infected tumor cells (Ti) are destroyed by effector
cells.

The inner sphere boundary condition is given to be:

(10)
∂B(r, t)

∂r
= b,

∂E(r, t)

∂r
= 0,

∂Ti(r, t)

∂r
= 0,

∂Tu(r, t)

∂r
= 0.
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The initial condition is assumed to be:

(11) B(r, t0) = 0, E(r, t0) = 0, Tu(r, t0) =
cr

R− r0
, Ti(r, t0) = 0,

where c > 0 is the tumor cells distribution factor.

2.1. Biological border and start conditions. The boundary con-
dition of the external sphere is unknown. It is assumed that naturally the
cell population spread over time satisfies diffusion equations. Therefore, one
can find the boundary condition of the external sphere by reverse engineer-
ing of the values that best satisfy the known start conditions and internal
boundary sphere conditions. Algorithm (1) addresses this problem.

Algorithm 1 Find external sphere boundary conditions

1: procedureExternalBoundary(startConditions, internalBoundaryCondition)
. The external sphere boundary conditions

2: sample uniformly points from the inner and outer sphere and mark
as P

3: i← 1
4: while start condition not satisfied do
5: tstart ← t0 − i
6: run diffusion equations with system’s start conditions and internal

boundary condition at tstart and the points P
7: i← i+ 1

8: return P . The external boundary conditions

2.2. Numerical analysis. The set of equations can be classified as
a set of nonlinear, second order, partial differential equations from R2 to R4,
where R2 is the space of time (marked by t) and radial distance from the
center of the bladder’s geometry configuration (marked by r) and R4 is the
populations’ counts of all four populations (marked by E,B, Ti, Tu). In such
case, it is possible to use Galerkin-Petrov’s method [17] taking the form

(12) C(r, t, u,
∂u

∂r
)
∂u

∂t
= r−2 ∂

∂r
(r2f(r, t, u,

∂u

∂r
)) + s(r, t, u,

∂u

∂r
).

This method is a numerical process allowing to retrieve the populations’
size of all four cell populations given the start condition, boundary condition,
and equations (5), (6), (7), (8).
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Figure 2. Cell population over time.

The calculation has been performed on a software by Matlab (version
2012b) using the pdepe method [17]. Few tests have been conducted to
examine the results and differences between the ODE model and the PDE
model.

In Figure (2) the x-axis represents the time that has been passed from
the beginning of the treatment in weeks and the y-axis is the size of the cell
population. This graph averages a thousand of iteration results in order to
reduce the error which inherently takes place in numerical calculation. One
can notice a reduction in the cancer cell population decrements over time
reflecting the effect of the treatment. Furthermore, the decrements of the
BCG infected cell in the first graph can be explained by the fact that the
BCG is injected into the system in the same place, but the immune system
increases its effort to fight the disease as described in the second graph (E)
which in turn leads to a decrease in the BCG infected cell population.

The PDE model provides further understanding of the system as its
predicts the population size to be two orders of magnitude bigger than the
original ODE model prediction. A Pearson correlation between each indi-
vidual population size between the ODE and the PDE models provides poor
results showing that there is no linear correlation between the models and
they provide different predictions for the system. On the other hand, the
difference between the models converges to a constant for all the cell popu-
lation after the fifth week, basically indicating a correlation which converges
to one between the ODE and PDE models in long enough treatments.
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Figure (3) shows the deltas in the different populations between the
two models when the x-axis is the time passed from the beginning of the
treatment in days and the y-axis is the difference between the sizes of the
cells populations.

Time, in days
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Figure 3. Delta in cell population over time between the ODE and PDE models.

3. PDE model parameters sensitivity analysis. The numerical
calculation of the PDE allows to analyze the system’s sensitivity to different
parameters. The first parameter is the influence of the insert rate of BCG into
the bladder (b). From clinical experiments [16], it is known that b ∈ [105, 107].
The least squares analysis method [18] has been used to calculate the effect on
the system’s output. Note that [ti]

7
00 ∈ [0, 70] such that ∀i : ∆(ti+1− ti) = c.

The function family used to approximated the real function is:

α, β, γ, δ ∈ R : f(α, β, γ, δ) = αeβ
b

+ γeδ
b

(13)
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The algorithm to calculate function f which minimizes the sum of the
square of the errors between the function value and model’s value is:

Algorithm 2 Find best fitting function to parameter’s behavior

1: procedure PdeLeastSquares(PDE model, boundaries, f , h)
2: . f is the approximation function and h is the sample step size
3: T ← empty list
4: i← 0
5: b← boundaries[0]
6: while b ¡ boundaries[1] do
7: tstart ← t+ 0− i
8: T [i]←solve(PDEmodel)
9: R2[i], T [i]←LeastSquaresFit(t, T [i], normal distribution))
10: b← b+ h
11: i← i+ 1

12: R2, bestModel← LeastSquaresFit([boundaries[0], boundaries[1], h],
T, f)

13: return bestModel

Running the algorithm given a sampling step in the size of 107−105

104
= 990

provides the following results:

R2 = 0.993, T (t, b) = (23.104e1.6985∗10
−9b − 357.4288 ∗ 103e−373.2229∗10−9b)∗

e
−(

(t−(2.919e−565.818∗10−9b+4.152e−33.018∗10−1
)b

(26.537e−1.374∗10−9b+13.15e−74.532∗10−1
)b

)2

,

(14)

R2 = 0.976, Tu(t, b) = (27.107e926.29∗10
12b − 3.09 ∗ 106e−1.295∗10−6b)∗

et∗(269.118∗10
−3e53.978∗10

−9b−245.631∗10−3e−341.431∗10−9b),
(15)

R2 = 0.983, Ti(t, b) = (1.783 ∗ 107e1.434∗10
−8b − 9.264 ∗ 106e−7.944∗10−7b)∗

e
−(

(t−(15.502e−1.06∗10−6b+10.623e−6.538∗10−9
)b

(12.788e−1.183∗10−6b+7.616e−6.754∗10−8
)b

)2

.

(16)

Figure (4) shows at the x-axis the time passed from the beginning of the
treatment in days and at the y-axis the cell population size; each color repre-
sents different amount of BCG injection rate (b) in the system. A smaller b
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Figure 4. Cell population over time with respect to the BCG injection rate.

produces a smaller BCG infected population (B) and also a smaller effector
cell population (E). The decrease in the tumor cell population (T ) over time
has a lower rate for smaller b. Not enough injected BCG can even produce
the unwanted result that tumor cell population decrements will not reset at
the end of the treatment. On the other hand, bigger b produces a higher
peak around the end of the first week of the treatment risking the penitent
immune system.

To approximate the influence function of parameter b, the least square
analysis method can be used again with function (13). From clinical ex-
periments [16] it is known that this treatment is reasonable when Tu(t0) ∈
[2 ∗ 105, 3 ∗ 109]. Running algorithm (2) provides the following results:

R2 = 0.995, Tu(r, t0) = (1.93 ∗ 1011e8.85∗10
−6Tu(r,t0) − 1.64 ∗ 1011e2.11∗10

−4Tu(r,to))∗

e
−(

(t−(2.73e3.02∗10
−6Tu(r,t0)+3.45e−2.18∗10−4

)Tu(r,t0)

(10.72e8.22∗10
−6Tu(r,t0)−8.77e1.88∗10−4

)Tu(r,t0)
)2

.

(17)
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Figure 5. Cell population over time with respect to the cancer cell population size
(Tu(r, t0)) at the beginning of the treatment.

Figure (5) shows at the x-axis the time passed from the beginning of
the treatment in days and at the y-axis the cell population size; each color
represents different Tu(to) in the system. A smaller Tu(to) produce faster
treatment time. In addition, very small Tu(to) without correlated b may
result in risky peak in the first few days of the treatment.

4. PDE model solution’s stability analysis. The PDE does not
satisfy the conditions needed to use Lyapunov’s stability analysis method.
On the other hand, the numerical calculation of the system does not diverge
to infinity. One can analyze the image of the dynamics of the system by
solving the PDE for given parameters. Such analysis will allow to find a
function g(Tu, BCG, time) → {0, 1} when the source space contained in R3

and the image space is exactly {0, 1}. This allows to set the start condition
of the problem and to find whether the treatment will succeed or not without
the need to solve the PDE from scratch each time.

Calculating an approximation to the function g first requires to sam-
ple the parameter’s space. There are six parameters affecting the system:
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t, BCG, Tu, C1, C2, C3, when C1, C2, C3 ∈ R+ are thresholds of the three pop-
ulation sizes T,B,E, respectively, depending if the treatment succeeded or
not. Assume there are lower and upper boundaries from biological experi-
ments for the parameters yielding a compact parameter’s set. This is because
the set is complete as a sub-set ofR6 and bounded. Assuming the solution is
continuous and can be restored from discrete sampling, define h ∈ R, 1� h
such that h is the size of sampling step.

Algorithm 3 Sample the PDE’s image space of function g

procedure PdeImageSampling(PDEmodel, B, C, h). B is an array of
boundries, C is an array of thresholds and h is the sample step size

output← zeros(B[0][0], B[0][1], B[1][0], B[1][1], B[2][0], B[2][1])
while i ∈ [B[0][0], B[0][1] do

while j ∈ [B[1][0], B[1][1]] do
while k ∈ [B[2][0], B[2][1]] do

s←solve(PDEmodel(i, j, k))
if s[0] < c1 and s[1] < c2 and s[2] < c3 then
output[i][j][k]← 1
EndIf

return output

Figure (6) presents the results of algorithm (3) using the average values
of all the parameters in the system. Using the output of algorithm (3) one
can extract the border pixels. In this case, a border pixel is a pixel with
neighbor pixels from in the case the treatment succeeded (blue pixels) or in
the case is did not succeeded (red pixels). Algorithm (4) preforms such a
task.

Algorithm 4 Finding the border pixels in 3d Boolean tensor

procedure FindBooleanTensorBorder(M,B)
. M is a 3d boolean tensor and B is an array of boundries

while i ∈ [B[0][0], B[0][1] do
while j ∈ [B[1][0], B[1][1]] do

while k ∈ [B[2][0], B[2][1]] do
if M [i][j][k] = 1 and sum(M [i−1 : i+1][j−1 : j+1][k−1 :

k + 1]) < 27 then
M [i][j][k]← 2
EndIf

return M
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Figure 6. Discrete sampling of the PDE’s image space. Blue pixels represent a successful
treatment and red pixels represent an unsuccessful treatment.
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Figure 7. Discrete sampling of the PDE’s image space. Green pixels represent border
pixels.
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Figure 8. Approximation of the border’s function using least squares method. Func-
tion (20) is presented as the yellow plot. The green pixels are the border pixels found by
algorithm (4).

One can take advantage again of the least squares analysis method to
find an approximation to the function describing the border between the two
cases. We assume the model is as follows:

F (x, y) = a1sin(x) + a2cos(x) + a3sin(y) + a4cos(y) + a5sin(x)cos(y) + a6sin(y)cos(x)

+a7sin(x)sin(y) + a8cos(x)cos(y).

(18)

This results in an approximation as shown in Figure (7).

This produces the following models for both the PDE and the ODE
models, respectively:

Fpde(x, y) = 2.644sin(x) + 3.904cos(x) + 9.636sin(y) + 8.931cos(y)− 8.544sin(x)cos(y)

−2.607sin(y)cos(x)− 1.266sin(x)sin(y)− 9.393cos(x)cos(y)

(19)
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Fode(x, y) = 2.433sin(x) + 4.446cos(x) + 10.111sin(y) + 7.971cos(y)− 9.022sin(x)cos(y)

−2.944sin(y)cos(x)− 2.076sin(x)sin(y)− 8.331cos(x)cos(y)

(20)

Using equations (19), (20) it is possible to predict the needed time (if it
exists) so the tumor cell population size is small enough T (t, r) < C1 on one
hand and the effector, BCG-infected cell populations sizes are not growing
to large B(t, r) < C2, E(t, r) < C3 on the other hand, yielding a successful
treatment, given only the tumor’s initial cell population size and the BCG
injection rate. Figure (8) shows the approximated function (20) in yellow on
top of the border pixels in green, approximating the border with R2 = 0.918.

5. Conclusions and future work. It is safe to claim that mathe-
matical modeling is a useful tool for studying the mechanism of tumor growth
and response to therapy. The use of numerical simulation of complex math-
ematical models that is not yet analytically solvable can help predict the
outcome of a treatment and determine better therapeutic protocols. As pop-
ulation analysis is a common way of describing such systems [8], [9], [10],
it is important to add the geometrical configuration of the problem into the
dynamics since the system parameter values vary across different geometries.

Bifurcation analysis of the mathematical model considered in this paper
was not previously available because the numerical methods developed for
bifurcation analysis require continuous vector fields. We found that PDE
representation in bladder cancer treatment with BCG provides more accurate
predictions to observations done in vitro in mice and humans than the ODE
representation. As can been observed from Figure (3), the delta between the
ODE and PDE model in all cell population sizes are in a factor of 100, where
the PDE model’s predictions better fits previous observations in respect to
the ODE model’s predictions [16].

On the other hand, after five weeks of treatment, the delta between the
models converges to a constant for each population function (E,B, Ti, Tu)
and basically indicates a complete linear correlation between the ODE and
PDE models (R2 → 1).

The difference between the models is initially associated with the intro-
duction of the geometry reflected in the diffusion coefficients introduced into
the dynamics of the system. In fact, from the very beginning there is a dis-
agreement between the models: for PDE there is diffusion dynamics, and for
ODE there is an instant reaction to the introduction of BCG. After diffusion
spreads throughout the space, it behaves like an instantaneous response, and
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therefore the ODE and PDE models ultimately work identically, as can be
seen from the calculation of the delta between the models.

This study develops a numerical method for the stability analysis of
PDE’s solutions of a mathematical model with pulsed BCG immunotherapy
based on well-known algorithms from the field of computer vision. We can
make few clinical conclusions based on analysis of function (20): 1) BCG
injected with a rate smaller then sixty thousand cells almost does not have
an effect. 2) In the case of bladder cancer when there are 10 percent or less
cancer cells from the overall population and BCG is injected at a rate of
eighty thousand cells then the cancer can be cured in ninety percent of the
cases for a treatment that is given between eight and ten weeks. 3) There is a
strong linear correlation between the amount of BCG injected and the time
of the treatment in the successful cases when the cancer’s cell population
is around five percent of the overall cell population at the beginning of the
treatment.
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