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Abstract. The exact pairs of classes for the Riemann-Stieltjes integral are studied.
More precisely, a pair of classes (the integrand and the integrator) is said to be exact if the
Riemann-Stieltjes integral exists, and one of the classes may be extended only at the cost
of another class contraction. In particular, it is shown that the classes of σ-continuous
functions and functions of bounded variation form an exact pair.
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1. Introduction. It is known (see, for instance, [1, 2, 3]) that
any continuous function (function of bounded variation) is Riemann-Stieltjes
integrable with respect to any function of bounded variation (continuous
function). Let X and Y be two arbitrary classes of functions. We say that
they form RS-pair (X, Y ), if the Riemann–Stieltjes integral

(1) (RS)−
b∫

a

f(t) dg(t)

exists for any integrand f ∈ X with respect to any integrator g ∈ Y. If the
class X

(
Y
)
may only be extended at the cost of the class Y

(
X
)
contraction,

then RS-pair (X, Y ) is said to be exact [4]. In this sense, (C,BV) and
(BV,C) form two exact RS-pairs, see the notation below.

In this paper, two other RS-pairs are proven to be exact. It is also shown
that the *-pair is exact for the *-integral introduced previously.
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2. The classes of functions. We set an interval [a, b] ⊂ R, a < b,
and consider a function x : [a, b] → R. Then, the notation T (x) stands for the
set of discontinuity points of the function x(·). In some cases, it is convenient
to extend the domain of a function to a wider interval setting x(t) = x(a)
for t < a, and x(t) = x(b) for t > b.

A function x(·) is called regulated [4, 5, 6, 7, 8, 9], if finite one-sided
limits x(a+), x(t+), x(t−), x(b−) exist for any t ∈ (a, b). The class of reg-
ulated functions includes but is not limited to (see, for instance, [4, p. 28])
continuous, piecewise continuous functions and functions of bounded varia-
tion. It is known that the regulated functions are bounded, and the set of
discontinuity points T (x) is at most countable for any regulated function [4,
p. 58–59]. Let R[a, b] = R be a vector space of regulated functions equipped
with the norm

∥x∥ = sup
t∈[a,b]

|x(t)|.(2)

Then, R is the Banach space with respect to this norm.

We also denote by C[a, b] = C, BV[a, b] = BV, CBV = C
⋂
BV the

Banach spaces of continuous functions, functions of bounded variation and
continuous functions of bounded variation equipped with the norms

∥x∥C = max
t∈[a,b]

|x(t)|, ∥x∥BV = sup
t∈[a,b]

|x(t)|+
b∨
a

(x),(3)

∥x∥CBV = max
t∈[a,b]

|x(t)|+
b∨
a

(x),

respectively. Note that the norm ∥x∥BV is equivalent to the standard norm
on BV [6, pp. 69, 274].

For a regulated function x(·), we define a jump σt(x)
.
= x(t+) − x(t−),

a right jump σ+
t (x)

.
= x(t+) − x(t), and a left jump σ−

t (x)
.
= x(t) − x(t−).

Obviously, σt(x) = σ+
t (x) + σ−

t (x). It is known (see, for instance, [4, p. 22])
that any function x ∈ BV can be represented in the form

x(t) = xc(t) + xd(t).(4)

Here, xc is a jump function, xd(a) = 0, xδ(t) = σ+
a (x) +

∑
tk<t

σtk(x) + σ−
t (x)

for t > a, where summation is made over all discontinuity points tk ∈ T (x)
such that tk < t, and xγ ∈ CBV, xc(t) = x(t)−xd(t), is the continuous part
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of x
(
xd(a) = x(a)

)
. Note that

b∨
a

(xδ) = |σ+
a (x)|+

∑
tk∈T (x)∩(a,b)

|σtdk(x)|+ |σ−
b (x)|,(5)

b∨
a

(x) =
b∨
a

(xc) +
b∨
a

(x),

see, for instance, [4, p. 26]. It is worth mentioning that if x(·) is a monotoni-
cally increasing function, then both summands in (4) are also monotonically
increasing (hereinafter, monotonicity is meant in a weak sense as in [4]).

Let H[a, b] = H be the space of simple (step) functions, for which T (x)
is at most countable, the series

∑
t∈T (x)

σt(x) is absolutely convergent, and

x(a) = 0, endowed with the norm ∥x∥H
.
=

∑
t∈T (x)

|σt(x)|. Obviously, the space

H and the space of sequences ℓ are isometrically isomorphic. Further, let
HC[a, b] = HC = H+̇C. Then, the elements of HC admit a unique rep-
resentation of the form (4), where xδ ∈ H, and the continuous function xγ
may have infinite total variation. The space HC is the Banach space with
respect to the norm

∥x∥HC
.
= sup

t∈[a,b]
|x(t)|+

∑
t∈T (x)

|σt(x)|.

Finally, let M[a, b] = M
(
N[a, b] = N, Rm[a, b] = Rm

)
be a vector

space of bounded functions (bounded functions with at most countable set
T (x), Riemann-integrable on [a, b] functions, respectively) with norm (2).
According to the Lebesgue’s criterion for Riemann integrability for x ∈ M,
the set T (x) has a zero Lebesgue measure. For the sake of brevity, functions
x ∈ N are called σ-continuous below.

3. Existence criteria for RS-integral. For the sake of convenience,
let us recall two known existence criteria for RS-integral below.

Let τ = {tk}nk=0, a = t0 < t1 < . . . < tn = b, be a partition of the interval
[a, b], and d(τ) = max

16k6n

(
tk− tk−1

)
be the mesh of this partition. Next, denote

the oscillation of a function f(·) on the interval [tk−1, tk] of partition τ by

ωk,τ (f) = sup
t∈[tk−1,tk]

f(t)− inf
t∈[tk−1,tk]

f(t),

and ∆ gk = g(tk)− g(tk−1).
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Proposition 1. [4, p. 37] Given a monotonically increasing function g(·),
integral (1) exists if and only if

(∀ ε > 0) (∃ δ > 0)
(
d(τ) < δ

)
=⇒

(
n∑

k=1

ωk,τ (f) ·∆ gk < ε

)
.

The next proposition constitutes an analogue of the Lebesgue theorem,
see [4, pp. 208, 475].
Proposition 2. Let g(·) be a monotonically increasing function, µg be a
Lebesgue-Stieltjes measure generated by a function g(·), and f ∈ M. Then,
integral (1) exists if and only if µg

(
T (f)

)
= 0.

4. The exact RS-pair
(
Rm, AC

)
. We start with the next lemma.

Lemma 1. If integral (1) exists for any Riemann-integrable function f(·),
then g(·) is absolutely continuous on [a, b].

Proof. Assume that integral (1) exists for any Riemann-integrable function
f(·). Then, g(·) is a continuous function of bounded variation according to
(3.8), (3.9) in [4, p. 47]. First, let g(·) be an increasing function. Assume,
by contradiction, that g(·) is not absolutely continuous on [a, b]. Then, there
exists an ε0 > 0 such that for any δ > 0 one can find a finite number of disjoint

intervals {(ak, bk)}nk=1 such that
n∑

k=1

(bk−ak) < δ but
n∑

k=1

(g(bk)−g(ak)) ≥ ε0.

Consider a function f(t) =
n∑

k=1

σk ρck(t), where

ρc(t) =

{
0 for t < c,
1 for t > c (a < c < b0),

ρa(t) = 0 for t = a, ρa(t) = 1 for t > a, ρb(t) = 0 for t < b, ρb(t) = 1
for t = b, ck =

ak+bk
2

, and σk > 1. Then, function f(·) is Riemann-integrable
as a piecewise continuous function. According to Proposition 1, for value ε0

there exists δ0 > 0 such that condition
n∑

k=1

(bk − ak) < δ0 implies that for any

partition τ = {tj}mj=1 with a mesh less than δ0, containing the points ak, bk,
k = 1, . . . , n, the following inequalities hold:

ε0 >

m∑
j=1

ωj(f)△gj >
n∑

k=1

(g(bk)− g(ak)) ≥ ε0.

The contradiction proves the absolute continuity of g(·).
In the general case, the function g(·) can be represented as a difference

of two increasing functions (see [4, pp. 21, 186]). It will suffice to use the
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linearity of the integral with respect to the integrator and the proven fact for
increasing functions for the proof to be completed.

Lemma 2. If integral (1) exists for any absolutely continuous function g(·),
then f(·) is Riemann-integrable.

Proof. If f(·) is integrable with respect to any absolutely continuous function,
then it is integrable with respect to g(t) ≡ t, and hence Riemann-integrable.

Theorem 1. The RS-pair
(
Rm, AC

)
is exact.

Proof. The statement of the theorem follows immediately from Lemmas 1
and 2.

Corollary 1. The RS-pairs
(
R, AC

)
and

(
N, AC

)
are not exact.

5. The exact RS-pair
(
N, CBV

)
.

Theorem 2. If f ∈ N and g ∈ CBV, then integral (1) exists.

Proof. Assume first that g(·) is a continuous monotonically increasing func-
tion that generates the Lebesgue-Stieltjes measure µg. Since µg-measure of
a one-point set is equal to zero, and the set T (f) of discontinuity points of
a function f(·) is at most countable, we have µg

(
T (f)

)
= 0. According to

Proposition 2, integral (1) exists.

Lemma 3. The set T (f) of all discontinuity points of a function f(·) defined
on a closed set is the set of type Fσ.

Proof. Let Tn = {t : |σt(f)| > 1
n
, n ∈ N} be the set of discontinuity

points of the function f(·) such that an absolute value of the jump is greater
than or equal to 1

n
. Consider a limit point t∗ of this set. For any n ∈ N

there exists a sequence {tmn}∞m=1 → t∗ such that |σtmn(f)| > 1
n
. Considering

a subsequence, if necessary, we obtain that |σt∗(f)| > 1
n
. Hence, Tn is the

closed set. The representation Tn =
∞⋃
n=1

Tn allows us to conclude.

Proposition 3. (Cantor–Bendixson theorem, [3, p. 61]) Any uncountable
closed set F may be presented in the form F = P

⋃
D, where P is a perfect

set, and D is a countable set.
Proposition 4. [3, p. 59] A nonempty perfect set has the cardinality of the
continuum.
Lemma 4. A nonempty closed null set F is nowhere dense.
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Proof. Let (α, β) be an arbitrary interval. Some points of this interval
do not belong to F, since its length is β − α > 0, and mesF = 0. Let
t0 ∈ I \ F. Due to the fact that the complement of F is an open set, there
exists a neighborhood of t0 which does not intersect F ; an intersection of
this neighborhood and the interval (α, β) does not contain the points of F.
Hence, the set F is nowhere dense.

The next lemma follows directly from Propositions 3 and 4.
Lemma 5. If the set T (f) of discontinuity points of the function f(·) is
uncountable, and mesT (f) = 0, then there exists a perfect nowhere dense set
F ⊂ T (f).
Lemma 6. Let F be a perfect nowhere dense null set. There exists a contin-
uous monotonically increasing function g(·) such that

a) g′(t) = 1 for any t ∈ F ;
b) g′(t) = 0 for any t ∈ [a, b] \ F.

(Compare to [3, p. 233], [4, p. 182, 355].)

Proof. For any n ∈ N, consider an open set Gn ⊃ F such that mesGn <
1
2n
,

and introduce a function sn(t)
.
= mes

(
Gn

⋂
[a, t]

)
. This function has the

following properties:
1) sn(t) ≥ 0, t ∈ [a, b]; 2) sn(·) is a monotonically increasing function;

3) sn(t) <
1
2n
; 4) sn(·) is continuous on [a, b].

The properties 1) — 2) are due to non-negativity and monotonicity of
measure, and the property

3) is true by construction. Let us prove the property 4). Set h > 0, then

sn(t+ h)− sn(t) = mes
(
Gn

⋂
[a, t+ h]

)
−mes

(
Gn

⋂
[a, t]

)
= mesGn

⋂
(t, t+ h] ≤ h,

and the right continuity follows. The left continuity can be proven similarly.
Set t0 ∈ F. For a fixed n ∈ N and a sufficiently small h > 0, we have

[t0, t0 + h] ⊂ Gn. Hence,

sn(t0 + h) = sn(t0) + h,
sn(t0 + h)− sn(t0)

h
= 1.

The similar equality can be written for h < 0. We conclude that s′n(t) = 1
for all t ∈ F.

If t1 /∈ F for some n ∈ N, then t1 belongs to one of adjacent intervals
(this is a constituent [3] for an open set G

.
= [a, b] \F ), and for a sufficiently

small h > 0 the interval [t1, t1 + h] is entirely contained in this interval.
Hence, sn(t1 + h)− sn(t1) = meseeGn

⋂
(t1, t1 + h] = 0, i.e. s′n(t1) = 0.
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The series

(6) s(t)
.
=

∞∑
n=1

sn(t)

converges uniformly due to property 3). Hence, s(·) is non-negative, contin-
uous and monotonically increasing function. Introduce

(7) gn(t) =
1

2n
sn(t) (n ∈ N), g(t)

.
=

∞∑
n=1

gn(t).

Then, g′n(t) =
1
2n

for any t ∈ F, and g′n(t) = 0 for any t ∈ [a, b] \ F (n ∈ N).
The series in (7) may be differentiated term-by-term, since the convergent

series
∞∑
n=1

1
2n

.
= S is a majorant for the series of derivatives, and hence the

latter series converges uniformly [1, p. 440]. As a result, g′(t) = S = 1 for all
t ∈ F, and g′(t) = 0 for all t ∈ [a, b] \ F, i.e. the function g(·) possesses the
properties a) and b).

Lemma 7. The function g(·) from Lemma 6 generates the Lebesgue-Stieltjes
measure µg such that µg(F ) = g(b)− g(a) > 0.

Proof. Since F
⋃
G = [a, b], G =

∞⋃
n=1

(an, bn),

µg(an, bn) = g(bn)− g(an) = g
′
(cn)

(
bn − an

)
= 0

due to the property b), we have µg(G) = 0, µg(F ) = µg

(
[a, b]

)
= g(b)−g(a).

The latter expression is positive, since the function g(t) is not identically zero
according to the property a).

Theorem 3. The RS-pairs
(
N, CBV

)
and

(
CBV, N

)
are exact.

Proof. If the integrator g(·) suffers a discontinuity at point c0 ∈ [a, b], then
integral (1) does not exist for f(t) = ρc0(t), where ρc(·) is defined in the
proof of Lemma 1, f ∈ N, since the integrand and the integrator have a
common discontinuity point in this case [4, p. 47, 243]. Let g have infinite
total variation,

∨b
a(g) = +∞. Then, there exists a point c ∈ [a, b] such that

the total variation of g(·) is infinite in any neighborhood of c. Without loss
of generality, we assume that c = b. Then, there exists a sequence {tn}∞n=0,
t = t0 < t1 < . . . < tn < b, tn → b, such that

∞∑
k=1

∣∣g(tk)− g(tk−1)
∣∣ = +∞.
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Also, it is possible to construct a sequence {ck}∞k=1 with ck → 0, ck > 0
(k = 0, 1, 2, . . .), and

∞∑
k=1

ck
∣∣g(tk)− g(tk−1)

∣∣ = +∞

(one may set cn = 1
/∑n

k=1

∣∣g(tk) − g(tk−1)
∣∣, since the series

∑∞
n=1 an/sn,

where sn =
∑n

k=1 ak, is divergent together with
∑∞

n=1 an).
Now, define a continuous function f(·) in the following way:

f(tk) = ck · sign(g(tk)− g(tk−1)), k = 0, 1, 2, . . . , f(b) = 0,

f(t) = f(tk−1) +
f(tk)− f(tk−1)

tk − tk−1

(t− tk−1), tk−1 < t < tk, k = 1, 2, . . .

Then, for τn = {tk}nk=0 we have

Sτn(f, g) =
n∑

k=1

f(tk)(g(tk)− g(tk−1)) =
n∑

k=1

ck
∣∣g(tk)− g(tk−1)

∣∣ −−−→
n→∞

+∞,

and integral (1) does not exist. Therefore, the class of integrators cannot be
extended without contraction of the class of integrands.

Let f /∈ N. If f /∈ Rm, then the function f(·) is not integrable with
respect to the absolutely continuous (i.e. from CBV) function g(t) ≡ t.

Assume now that f ∈ Rm\N. This means that T (f) is uncountable null
set. Then, due to Lemma 5, there exists a perfect nowhere dense null set F ⊂
T (f). Next, due to Lemmas 6 and 7, there exists a continuous monotonically
increasing (i.e. from CBV) function g(·) such that µg

(
T (f)

)
> µg(F ) =

b− a > 0. Integral (1) does not exist according to Proposition 2.
Hence, the class of integrands cannot be extended without contraction

of the class of integrators as well.

Corollary 2. The RS-pair
(
R, CBV

)
is not exact.

6. *-integral. Consider x ∈ N and g ∈ BV. Denote

f(x)
.
= (∗)

b∫
a

x(t) dg(t)
.
=

∫ b

a

x(t) dgγ(t)+(8)

+
(
x(a)σ+

a (g) +
∑

t∈T (g)
∩
(a,b)

x(t)σt(g) + x(b)σ−
b (g)

)
,
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see [7] and also [8]. The first summand of the right-hand side of (8) is the
Riemann-Stieltjes integral on [a, b]. This integral exists due to Theorem 2.
Since the total variation of the function g is finite, the series

∑
t∈T (g)

∩
(a,b)

σt(g)

is absolutely convergent. Next, the boundedness of the function x(·) implies
that of the sequence {x(t)}t∈T (g)

∩
(a,b), and hence the absolute convergence of

the series in (8).
If the integrand is continuous (i.e. x ∈ C[a, b]), then, according to

equality (4.7) from [4, p. 53], we have

(∗)
b∫

a

x(t) dg(t) = (RS)

b∫
a

x(t) dg(t).

Additionally, assume by definition that

(∗)
a∫

a

x(t) dg(t) = 0.

If x ∈ R and g ∈ BV, then there exists the Perron-Stieltjes integral [10]

(PS)−
b∫

a

x(t) dg(t),

and *-integral and PS-integral coincide.
Let x ∈ HC and g ∈ BV. Then, the following definition makes sense

(∗)
b∫

a

g(t) dx(t)
.
=

∫ b

a

g(t) dxγ(t)+

+
(
g(a)σ+

a (x) +
∑

t∈T (x)
∩
(a,b)

g(t)σt(x) + g(b)σ−
b (x)

)
.

Proposition 5. [7] Let x ∈ HC and g ∈ BV. Then, the following equality
(the integration by parts formula) is true:

(∗)
b∫

a

x(t) dg(t) + (∗)
b∫

a

g(t) dx(t) =

= x(t)g(t)
∣∣∣b
a
−
∑
t∈T

(
σ+
t (x)σ

+
t (g)− σ−

t (x)σ
−
t (g)

)
(T

.
= T (x)

⋂
T (g)).
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7. The exact *-pair
(
N, BV

)
.

Theorem 4. The *-pair
(
N, BV

)
is exact.

Proof. If x /∈ N, then, according to Theorem 3, there exists a function
g ∈ CBV such that RS-integral in definition (8) does not exist. Hence, the
*-integral does not exist as well.

If g /∈ BV, then, according to [4, p. 47, 243], there exists a continuous
function x(·) such that either RS-integral in definition (8) does not exist,
or the series in definition (8) is divergent. The former (the latter) is the
case when the continuous part gγ(·) (the discrete part gδ(·)) has infinite total
variation, see formula (4).

Corollary 3. The *-pair
(
R, BV

)
is not exact.
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