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Abstract. We investigate stability, with respect to initial data, of a linear autonomous
functional differential equation of neutral type, on the basis of the well-known solution rep-
resentation formula. We consider stability as a property depending on a functional space
which initial functions belong to, and show that, along with the concept of asymptotic sta-
bility, a certain stronger property should be introduced, which we call strong asymptotic
stability. We obtain that for initial data from the Lebesgue space L1 the strong asymp-
totic stability of the equation under study is equivalent to an exponential estimate of the
Cauchy function, which is the kernel of the integral operator in the solution representation
formula. Moreover, we show that these properties are equivalent to the exponential sta-
bility with respect to initial data from Lp for all p from 1 to infinity inclusive. However,
strong asymptotic stability with respect to initial data from Lp for p greater than one may
not coincide with exponential stability.
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1. Introduction. The present work is devoted to some fundamental
questions of stability for functional differential equations of neutral type. Sta-
bility of linear autonomous neutral equations essentially differs from stability
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of linear autonomous delay equations. For the latter only two qualitatively
different types of stability with respect to initial data are distinguished [6, 9]:
Lyapunov stability, which is uniformly continuous dependence of a solution
on an initial function, and asymptotic stability, for which the change of a
solution caused by a small change of initial data tends to zero as the inde-
pendent variable tends to infinity. The asymptotic stability of autonomous
delay equations can only be exponential, and this fact greatly simplifies the
study of the asymptotic behavior of their solutions (see [6, 9, 11, 13]). In
contrast, neutral linear autonomous equations can be asymptotically stable
without being exponentially stable [5, 12].

In this paper we consider stability of solutions to neutral differential
equations with respect to initial data as a property depending on the space
from which an initial function is taken. The main subject of our research is
stability with respect to initial functions from the Lebesgue spaces of inte-
grable functions, Lp, 1 ≤ p ≤ ∞. We obtain stability criteria in terms of the
properties of the Cauchy function of the equation under study. We highlight
situations when asymptotic stability is equivalent to the existence of an ex-
ponential estimate for the Cauchy function. We combine the obtained results
to consruct a general description of stability conditions for linear autonomous
equations of neutral type.

The paper is organized as follows. In section 2 we introduce the main
object of our study and the solution representation formula. Section 3 is
devoted to definitions of stability, in which a space of initial functions is
taken into account. In section 4 we represent some facts that we use in
our research, from paper [4] and the theory of difference equations. Section 5
contains the main results of the paper: conditions of stability, for autonomous
neutral equations, with respect to initial function from the Lebesgue spaces
Lp, in terms of the location of zeros of a complex variable functions with
respect to the unit disk on the complex plane.

We denote by N and N0 the sets of all positive integers and nonnegative

integers respectively, and put R+
def
= [z, r), B(z, r)

def
= {ζ ∈ C : |ζ − z| < r},

B[z, r]
def
= {ζ ∈ C : |ζ − z| ≤ r}.

2. Solution representation formula for a neutral equation.
Consider a linear autonomous differential equation of neutral type with re-
spect to the function x : R+ → R,

(1) ẋ(t)−
K∑
k=1

akẋ(t− kh) =
J∑

j=0

bjx(t− jh), t ∈ R+.

Here h > 0, K ∈ N, J ∈ N0, ak, bj ∈ R.
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The values of the functions x and ẋ for negative arguments are defined by
initial functions φ and ψ respectively. Note that in works, where a solution
of a neutral differential equation is undestood as a continuous extension of an
initial function [6, 9, 11], the conditions x(0) = φ(0) and ψ = φ̇ are supposed
to be satisfied. We do not suppose these conditions to be mandatory.

For further, it is convenient to represent equation (1) in operator form.
Denote by Sh a shift operator that is acting in spaces of functions defined on
R+: for a given h > 0 put

(Shy)(t)
def
=

{
y(t− h), t− h ≥ 0,

0, t− h < 0.

Define operators S and T by equalities

Sy
def
=

K∑
k=1

ak(S
k
hy), T y

def
=

J∑
j=0

bj(S
j
hy).

Consider the inhomogeneous operator equation

(2) (I − S) ẋ = Tx+ f,

with respect to the function x : R+ → R, where f : R+ → R.
Equation (1) can be rewritten in the form (2), by putting

f(t) = σ(t) =
K∑
k=1

akψ(t− kh) +
J∑

j=1

bjφ(t− jh),

where φ(ξ) = ψ(ξ) = 0 for ξ > 0.
Let the function f be integrable over every finite segment of R+. We

define a solution of equation (2) as a function that is absolutely continuous
in every finite interval of R+. According to this, a solution x : R+ → R of
(2) satisfies the equality (1) almost everywhere on R+.

As is known ([2], Ch. 1), equation (2) supplemented with a given initial
condition x(0) is uniquely solvable, and its solution is represented by the
Cauchy formula

(3) x(t) = X(t)x(0) +

t∫
0

Y (t− s)f(s) ds, t ∈ R+.

Here the function X : R+ → R is called the fundamental solution of (2), and
Y : R+ → R the Cauchy function of (2). Both these functions do not depend
on the initial value x(0) and the external disturbance f . In what follows, we
consider the functions X and Y as related to equation (1).
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3. Stability with respect to the space of initial functions.
Denote ω = max{Kh, Jh}.

Below we introduce the definitions of stability for equation (1). In con-
trast to ordinary differential equations, initial conditions for equation (1) are
specified not at a single point, t = 0, but in the set [−ω, 0]. The functions
φ and ψ should belong to the space L1[−ω, 0], however they can be defined
in some restricted set with its own norm. This implies that the introduced
above function σ is taken from the corresponding subset of L1[0, ω]. Thus,
the stability properties of solutions to equation (1) are related with the choice
of the set of initial functions. This fact should be explicitly reflected in the
definitions of stability.

Let X ⊆ L1[0, ω] be a normed set of functions measurable in the set [0, ω].
It is natural to suppose X to be a linear space.

By (3), a solution x : R+ → R of equation (1) is uniquely defined by the
initial value x(0) = x0 ∈ R and the initial function σ ∈ X. We shall call
such solution corresponding to x0 and σ.
Definition 1. Equation (1) is called X-stable (in Lyapunov sense), if for
all ε > 0 there exists δ > 0 such that for all x0 ∈ R and σ ∈ X such that
|x0| < δ and ∥σ∥X < δ for the corresponding solution x = x(t) of equation
(1) the estimate supt≥0 |x(t)| < ε is valid.
Definition 2. Equation (1) is called asymptotically X-stable, if it is X-
stable and for all x0 ∈ R and σ ∈ X the corresponding solution x = x(t) of
equation (1) possesses the property limt→+∞ |x(t)| = 0.
Definition 3. Equation (1) is called exponentially X-stable, if there exist
constants N, γ > 0 such that for all x0 ∈ R and σ ∈ X for the corresponding
solution x = x(t) of equation (1) the estimate |x(t)| ≤ Ne−γt (|x0|+ ∥σ∥X)
is valid.
Remark 1. The choice of a space X ⊆ L1[0, ω] is arbitrary. In most works
[9, 11, 13] it is supposed that X = C[0, ω]. In papers [12, 19], where the
technique of Hilbert spaces is used, X = L2[0, ω]. In [18] X = L1[0, ω], in [5]
the cases X = Lp[0, ω] for all p ≥ 1 are considered.

Definitions 1–3 are formulated in traditional terms. However, note that
we have in mind the Cauchy formula (3) when we relate the stability of a
solution to (1) with x0 and σ. It is natural to take the next step and use
the functions X and Y explicitly to formulate the definitions of stability for
equation (1).

For σ ∈ X, denote

(4) Ktσ =

∫ t

0

Y (t− s)σ(s) ds, t ∈ R+,

and consider a family of linear functionals {Kt : X → R}t∈R+ . Further, con-
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sider linear transformations {Xt : R → R}t∈R+ , defined by the equalities
Xtα = X(t)α, as linear functionals. Define the norms of the function-
als Kt and Xt conventionally, that is ∥Kt∥ = sup∥σ∥=1 |Ktσ| and ∥Xt∥ =
sup|α|=1 |Xtα|.
Remark 2. For t ≥ ω we have Ktσ =

∫ ω

0
Y (t− s)σ(s) ds.

We see from (3) that

(5) x(t) = Xtx0 +Ktσ, t ∈ R+.

Now we obtain criteria of the stability of (1) in terms of upper estimates
for functions X and Y .
Theorem 1. Equation (1) is X-stable if and only if supt≥0 |X(t)| < ∞ and
supt≥0 ∥Kt∥ <∞.

Proof. Necessity. By definition 1 the linear functionals Xt and Kt are
bounded uniformly in t. Applying the solution representation (5) we obtain:
there exists N > 0 such that for all x0 ∈ R and σ ∈ X for the corresponding
solution x = x(t) of equation (1) the estimate |x(t)| ≤ N (|x0|+ ∥σ∥X) is
valid.

Let σ = 0. Then the boundedness of the fundamental solution is obvious
from the inequality |X(t)x0| ≤ N |x0|. Let now x0 = 0. Then |Ktσ| ≤ N∥σ∥X,
that is ∥Kt∥ ≤ N . Necessity is proved.

Sufficiency follows from (5) immediately.

The classical definition of asymptotic stability [7, p. 68] for a solution to
an ordinary differential equation suggests that every asymptotically stable
solution is stable in Lyapunov sence as well. This suggestion is essential in
general case. However, a solution of a linear equation is Lyapunov stable, if
it tends to zero, so for linear equations there is no need to declare Lyapunov
stability in the definition of asymptotic stability. Let us consider the question
on the essentiality of the Lyapunov stability condition in the definition of
asymptotic stability for equation (1).
Theorem 2. Let X be a Banach space. If for all x0 ∈ R and σ ∈ X the
corresponding solution of (1) possesses the property limt→+∞ x(t) = 0, then
equation (1) is X-stable.

Proof. It follows from (5) that the property limt→+∞ x(t) = 0 takes place for
all solutions of (1) if and only if limt→+∞X(t) = 0 and for all σ ∈ X we
have limt→+∞Ktσ = 0. In this case supt≥0 |X(t)| < ∞ and for all σ ∈ X
we have supt≥0 |Ktσ| < ∞. Applying the Banach—Steinhaus theorem [15,
p. 116] to the latter, we obtain that supt≥0 ∥Kt∥ < ∞. It remains to refer
Theorem 1.
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Theorem 3. Let X be a Banach space. Then equation (1) is asymptoti-
cally X-stable if and only if limt→+∞X(t) = 0 and for all σ ∈ X we have
limt→+∞Ktσ = 0.

Proof. On account of Theorem 2 and (5), equation (1) is asymptotically X-
stable if and only if limt→+∞Xtx0 = 0 for all x0 ∈ R and limt→+∞Ktσ = 0
for all σ ∈ X. The former is equivalent to limt→+∞X(t) = 0.

Let us consider the proof of Theorem 3 in more detail. It is obvious that

lim
t→+∞

X(t) = 0 ⇔ lim
t→+∞

∥Xt∥ = 0.

Thus, the condition that limt→+∞X(t)x0 = 0 for all x0 ∈ R is equivalent
to the uniform convergence of the family {Xt} of linear functionals to zero.
However, the condition that limt→+∞Ktσ = 0 for all σ ∈ X, which is point-
wise convergence of the family {Kt}, is not equivalent to the condition of the
uniform convergence of {Kt}.

Futher we investigate asymptotic stability of equation (1) having in mind
both the types of convergence of functionals Kt. To separate these two cases,
we introduce
Definition 4. Equation (1) is called strongly asymptotically X-stable, if
limt→∞X(t) = 0 and limt→∞ ∥Kt∥ = 0.
Remark 3. In [5] a class of neutral equations

(6) ẋ(t)± ẋ(t− 1) = −bx(t) + cx(t− 1), t ∈ R+,

is considered. It is proved that equation (6) is asymptotically L1-stable if and
only if |c| < b. Moreover, if 1 < p ≤ ∞, then (6) proves to be strongly
asymptotically Lp-stable, but for p = 1 the strong asymptotic stability is lost.
This fact shows that the introduced above definitions of asymptotic stability
and strong asymptotic stability are not equivalent.

Consider the exponential X-stability of (1).
Theorem 4. Equation (1) is exponentially X-stable, if and only if there exist
constants N, γ > 0 such that |X(t)| ≤ Ne−γt and ∥Kt∥ ≤ Ne−γt.

The proof follows from the solution representation formula (5), analo-
gously to the proof of Theorem 1.

Theorems 1 and 4 show that Definitions 1 and 3 mean the uniform in t
boundedness of the norms of the functionals {Kt}. So, there is no need to
introduce the definitions of stong X-stability and stong exponential X-stability
of (1).

4. Auxiliary results.
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4.1. Some results from paper [4].

4.1.1. Relations between the functions X and Y . It is shown
in [4] that

(7) X(t) = Y (t)− (SY )(t), t ∈ R.

On the other hand, one can easily see that the fundamental solution of (2)
satisfies the equation

(I − S)Ẋ = TX.

By virtue of the permutability (I − S)T = T (I − S), it follows that

(8) Ẋ(t) = (TY )(t) for almost all t ∈ R+.

4.1.2. Jumps of the Cauchy function. In [4] it is also shown that
the function Y is absolutely continuous in every interval [nh, nh+h), n ∈ N0,
and has finite jumps Hn at the points t = nh. The sequence {Hn}∞n=1 is a
solution of the following problem for a linear difference equation:

(9)
Hn =

K∑
k=1

akHn−k, n ∈ N;

H0 = 1; Hp = 0, p ∈ Z \ N0.

Remark 4. The Cauchy function of equation (2) is the unique solution to
the integral equation

Y (t) = 1 + (SY )(t) + T

 t∫
0

Y (s) ds

 , t ∈ R+.

4.1.3. Conditions of exponential stability. Let us represent
some necessary and sufficient conditions for the functions X and Y to have
exponential estimates. These conditions are formulated in terms of auxiliary
complex variable functions. Denote

Pa(z) =
K∑
k=1

akz
k, Pb(z) =

J∑
j=0

bjz
j.

Theorem 5 ([4]). For the Cauchy function Y of equation (1) to have for
some N, γ > 0 the exponential estimate

(10) |Y (t)| ≤ Ne−γt, t ∈ R+,
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it is necessary and sufficient for all roots of equations

(11) 1− Pa(z) = 0

and

(12) 1− z exp

(
hPb(z)

1− Pa(z)

)
= 0

to be outside the unit disk B[0, 1].
Theorem 6 ([4]). For the fundamental solution X of equation (1) to have
for some N, γ > 0 the estimate (10) it is necessary and sufficient for all roots
of equation (12) to be outside the unit disk B[0, 1].

4.2. Some properties of linear autonomous difference equa-
tions. Consider the initial problem for the linear inhomogeneous dif-
ference equation of K-th order with the coefficients ak from equation (1),
with zero initial conditions:

(13)
yn =

K∑
k=1

akyn−k + fn, n ∈ N,

y−p = 0, p = 0, 1, . . . , K − 1.

The following simple lemma may be deduced from the classical theory
of difference equations [8]. We prove it here for the sake of clearness.
Lemma 1. For every sequence {fn}∞n=1 the solution of problem (13) is rep-
resented in the form

(14) yn =
n∑

m=1

Hn−mfm, n ∈ N,

where the sequence {Hn}n∈N0 is the solution of problem (9).

Proof. It is obvious that problem (13) has a unique solution. Substitut-
ing (14) into the equation in (13) and using the properties of the sequence
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{Hn} defined by problem (9), we obtain:

K∑
k=1

akyn−k + fn =

= a1

n−1∑
m=1

Hn−m−1fm + a2

n−2∑
m=1

Hn−m−2fm + . . .+ aK

n−K∑
m=1

Hn−m−Kfm + fn =

=
n−1∑
m=1

(a1Hn−m−1 + a2Hn−m−2 + . . .+ aKHn−m−K) fm + fn =

=
n−1∑
m=1

Hn−mfm +H0fn =
n∑

m=1

Hn−mfm = yn.

Equation (13) turns into identity.

Note that for the equation in (13) the sequence {Hn}∞n=0 is nothing but
a discrete analogue of the Cauchy function [1], which is often called the
fundamental solution of a difference equation [8]. Not only the solution
of problem (13), which has zero initial conditions, but also the solution of
an initial problem for the same equation with arbitrary initial conditions is
expressed in terms of {Hn}∞n=0 and the parameters, {y−p}K−1

p=0 and {fn}∞n=1.
The following lemma is a known transfer of the approach of prof. Az-

belev, to the representation of a solution of functional differential equation,
to difference equations [1].

Consider a difference Cauchy problem

(15)
un =

K∑
k=1

akun−k, n ∈ N,

u−p = φp, p = 0, 1, 2, . . . , K − 1.

Consider also equation (13), where

(16) fn =


K∑

k=n

akφk−n, n = 1, . . . , K;

0, n = K + 1, K + 2, . . .

The next result is verified directly.
Lemma 2. The solution {un}∞n=0 of problem (15) coinside with the solution
{yn}∞n=0 of problem (13), where fn are defined by (16).

Thus, problem (15) is reformulated in the form of problem (13) with the
specific initial conditions (16).
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Lemma 3. If supn |Hn| <∞, then for the solution {un} of problem (15) with
arbitrary {φp}K−1

p=0 we have supn |un| <∞.

Proof. Rewrite problem (15) in the form (13), (16). It is obvious that

(17) |fn| ≤
K∑

k=n

|ak||φk−n| ≤ max
0≤k≤K−1

|φk|
K∑
k=0

|ak| = A <∞.

Taking account of fm = 0 for m ≥ K + 1 and applying Lemma 1, we obtain

|un| ≤
K∑

m=1

|Hn−m||fm| ≤ A
K∑

m=1

|Hn−m| ≤ AK · sup
n

|Hn|.

Lemma 4. If limn→∞Hn = 0, then for the solution {un} of problem (15)
with arbitrary {φp}K−1

p=0 we have limn→∞ un = 0.

Proof. By virtue of (17) and Lemma 1 we have

|un| ≤
K∑

m=1

|Hn−m||fm| ≤ A
K∑

m=1

|Hn−m| →
n→∞

0.

Now we use Lemmas 3 and 4 to establish a relation between the asymp-
totic properties of the sequence {Hn}∞n=0 and the location of roots of equation
(11) with respect to the unit disk.

Lemma 5. If supn |Hn| <∞, then equation (11) has no roots in B(0, 1).

Proof. Assume that there is a root z0 of (11) inside B(0, 1). Then 1/z0 is
a root of the characteristic polynomial zK −

∑K
k=1 akz

n−k of the equation in
(13). Put 1/z0 = eα+iβ, where α, β ∈ R, α > 0. Taking the initial conditions

v−p = e−αp cos βp, w−p = −e−αp sin βp, p = 0, 1, 2, . . . , K − 1,

we find the corresponding solutions of problem (15):

vn = eαn cos βn, wn = eαn sin βn.

It follows from Lemma 3 that if supn |Hn| <∞, then supn |vn| <∞ and
supn |wn| <∞, which is impossible, since α > 0, and

v2n + w2
n = (eαn cos βn)2 + (eαn sin βn)2 = e2αn →

n→∞
∞.

Lemma 6. If supn |Hn| <∞, then there is no multiple roots of equation (11)
on the boundary of the disk B[0, 1].
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Proof. Assume there is a multiple root z0 of (11) on the boundary of B[0, 1].
Then 1/z0 = eiβ, where β ∈ R, is a multiple root of the characteristic
polynomial of the equation in (13). Taking the initial conditions

v−p = −p cos βp, w−p = p sin βp, p = 0, 1, 2, . . . , K − 1,

we find the following two solutions of problem (15):

vn = n cos βn, wn = n sin βn.

From Lemma 3 it follows that if supn |Hn| <∞, then supn |vn| <∞ and
supn |wn| <∞, which is impossible, since

v2n + w2
n = (n cos βn)2 + (n sin βn)2 = n2 →

n→∞
∞.

Lemma 7. If limn→∞Hn = 0, then all roots of equation (11) are outside the
disk B[0, 1].

Proof. Assume there is a root z0 of (11) in B[0, 1]. Then 1/z0 is a root of the
characteristic polynomial of equation in (13) and 1/z0 = eα+iβ, where α ≥ 0.
Taking the initial conditions

v−p = e−αp cos βp, w−p = −e−αp sin βp, p = 0, 1, 2, . . . , K − 1,

we find the following two solutions of problem (15):

vn = eαn cos βn; wn = eαn sin βn.

From Lemma 4 it follows that if limn→∞Hn = 0, then limn→∞ vn = 0
and limn→∞wn = 0, which is impossible, since

v2n + w2
n = (eαn cos βn)2 + (eαn sin βn)2 = e2αn ≥ 1.

5. Criteria of Lp-stability. In this section we study X-stability
with respect to an initial function from the Lebesgue spaces Lp[0, ω] (which
are Banach spaces) of integrable functions. We obtain criteria of Lp-stability
of equation (1) in terms the location of zeros of the functions (11) and (12).

5.1. Lyapunov Lp-stability. Prove the following

Lemma 8. If supt≥0

∫ t+ω

t
|Y (s)| ds <∞, then supt≥0 |X(t)| <∞.
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Proof. From the definitions of the operators S and T , the equalities (7) and
(8), and the condition of the lemma it follows that

(18) sup
t≥0

∫ t+ω

t

|X(s)| ds = N1 <∞, sup
t≥0

∫ t+ω

t

|Ẋ(s)| ds = N2 <∞.

Assume that supt≥0 |X(t)| = ∞. Then there is t0 ∈ R+ such that

|X(t0)| >
N1

ω
+N2.

Hence for all t ∈ [t0, t0 + ω] we have

|X(t)−X(t0)| ≤
∫ t

t0

|Ẋ(s)| ds ≤
∫ t0+ω

t0

|Ẋ(s)| ds ≤ N2.

Thus, for all t ∈ [t0, t0 + ω] the estimate |X(t)| > N1

ω
is valid. Therefore,∫ t0+ω

t0
|X(s)| ds > N1, which contradicts the first of the relations (18).

Now we obtain stability criteria in terms of the Cauchy function.

Theorem 7. Suppose 1 < p ≤ ∞. Equation (1) is Lp-stable if and only if

sup
t≥0

∫ t+ω

t

|Y (s)|q ds <∞,

where 1
p
+ 1

q
= 1.

Proof. For every fixed t ∈ R+ the norm of the functional Kt : Lp[0, ω] → R
is [15]

(19) ∥Kt∥ =

(∫ ω

0

|Y (t− s)|q ds
)1/q

=

(∫ t+ω

t

|Y (s)|q ds
)1/q

.

By virtue of Theorem 1 we obtain the necessity part of the theorem imme-
diately. We obtain the sufficiency part with regard of the Hölder inequality
and Lemma 8.

Consider the case p = 1 separately.

Theorem 8. Equation (1) is L1-stable if and only if

sup
t≥0

|Y (t)| <∞.
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Proof. For every fixed t ∈ R+ the norm of the functional Kt : L1[0, ω] → R
is [15]

(20) ∥Kt∥ = ess sup
s∈[0,ω]

|Y (t− s)|.

The function Y is piecewise continuous and has a finite number of jumps
in each finite segment. Hence

ess sup
s∈[0,ω]

|Y (t− s)| = sup
s∈[0,ω]

|Y (t− s)|.

Therefore, supt≥0 ∥Kt∥ < ∞ if and only if supt≥0 |Y (t)| < ∞. By virtue of
(7), from supt≥0 |Y (t)| <∞ it follows that supt≥0 |X(t)| <∞. It remains to
apply Theorem 1.

From Theorems 7 and 8 we obtain

Corollary 1. If the Cauchy function of (1) is bounded, then (1) is Lp-
stable for all p, 1 ≤ p ≤ ∞.

Below we reduce the question on conditions of the boundedness of the
function Y to the question on the location of roots of the complex variable
functions (11) and (12) with respect to the unit disk.

Theorem 9. Suppose all roots of equation (11) are outside the disk B[0, 1].
Then the Cauchy function Y of equation (1) is bounded if and only if equa-
tion (12) has no roots in B(0, 1) and no mutiple roots on the boundary of
B(0, 1).

Proof. Let t = nh + τ , τ ∈ [0, h). Denote Y (t) = Y (nh + τ) = yn(τ) and
consider the generating function

F (τ, z) =
∞∑
n=0

yn(τ)z
n

of the sequence {yn(τ)}∞n=0. In [4] the explicit form of this function is found,
which is

F (τ, z) =
exp{τ Pb(z)

1−Pa(z)
}

(1− Pa(z))(1− z exp{h Pb(z)
1−Pa(z)

})
,

and it is shown that F (τ, z) is analytic in some disk B[0, r], r < 1. Since
all zeros of equation (11) are outside B[0, 1], there is R > 1 such that

minz∈B[0,R] |1− Pa(z)| > 0, and the function 1− z exp{h Pb(z)
1−Pa(z)

} has a finite

numbers of zeros in B[0, R] by virtue of the uniqueness theorem. Denote
them by z1, z2, . . . , zm.
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By the formula for coefficients of a power series and the Cauchy theorem
on residues, we have

(21) yn(τ) =
1

2πi

∮
|ζ|=r

F (τ, ζ)

ζn+1
dζ =

=
1

2πi

∮
|ζ|=R

F (τ, ζ)

ζn+1
dζ +

m∑
k=1

res
z=zk

(
F (τ, z)

zn+1

)
.

Note that ∣∣∣∣∮
|ζ|=R

F (τ, ζ)

ζn+1
dζ

∣∣∣∣ ≤ const

Rn
.

From (21) it follows that yn(τ) is bounded (in n and τ) if and only if the sum
of residues is bounded at the points z = zk, k = 1, . . . ,m. This is possible
only in case that zk /∈ B(0, 1) and if |zk| = 1 then the root zk is not multiple.

To conclude the proof it remains to note that the boundedness of yn(τ)
in n and τ is equivalent to the boundedness of Y (t).

Theorem 9 presents necessary and sufficient conditions of the bounded-
ness of the Cauchy function of (1) under the assumption that all roots of (11)
are outside B[0, 1]. Below we supplement Theorem 9 by necessary conditions
in terms of the location of roots of (11).

Theorem 10. If the Cauchy function of equation (1) is bounded, then equa-
tion (11) has no roots in B(0, 1).

Proof. Assume that supt≥0 |Y (t)| = M < ∞ while equation (11) has a root
in B(0, 1). Then it follows from Lemma 5 that the sequence {Hn}∞n=0 is
unbounded. Therefore for every k ∈ N there is nk ∈ N such that |Hnk

| ≥ k,
and Y has a jump Hnk

at the point tk = hnk. We have

k ≤ |Hnk
| = |Y (tk)− lim

δ→+0
Y (tk − δ)| ≤ 2M,

which is impossible.

Theorem 11. If the Cauchy function of equation (1) is bounded, then equa-
tion (11) has no multiple roots on the boundary of B(0, 1).

The proof of Theorem 11 is analogous to that of Theorem 10, with
Lemma 6 applied instead of Lemma 5.

Remark 5. The left-hand side of equation (11) is a polynomial. The problem
on location of the roots of a polynomial with respect to the unit disk is well
investigated (we mean theorems of the Schur—Kohn type [17]). For the sake
of simplicity, when investigating the stability of equation (1) it is appropriate
to suppose that the conditions of Theorems 10 and 11 are satisfied.
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Remark 6. The conditions of Theorem 9 do not exhaust the class of equa-
tions of the form (2) with bounded Cauchy function. In paper [5] one may
find examples of equation (2), for which the Cauchy function is bounded while
equation (11) has roots on the boundary of B[0, 1].

Remark 7. It is not known, whether there is an an Lp-stable neutral equation
such that its Cauchy function is unbounded.

Remark 8. In paper [10] a family of equations of the form (1) is constructed
such that they have unbounded solutions in spite of the fact that all roots of
equation (11) are on the boundary of B[0, 1]. However, this example should
be considered as nonconstructive, since even the case that the initial function
is not in L1[0, ω] cannot be excluded.

5.2. Asymptotic Lp-stability. For strong asymptotic stability we
obtain two theorems analogous to Theorems 7 and 8.

Lemma 9. If limt→∞
∫ t+ω

t
|Y (s)| ds = 0, then limt→∞X(t) = 0.

Proof. Suppose limt→∞
∫ t+ω

t
|Y (s)| ds = 0. Then by virtue of the definitions

of the operators S and T , and the equalities (7) and (8) we have

(22) lim
t→∞

∫ t+ω

t

|X(s)| ds = 0, lim
t→∞

∫ t+ω

t

|Ẋ(s)| ds = 0.

Assume that X(t) does not tend to 0 as t→ ∞. Then there exist ε > 0
and a sequence {tn}n∈N, where tn → +∞ as n → ∞, such that |X(tn)| ≥ ε.
Take N ∈ N such that for all integers n ≥ N∫ tn+ω

tn

|Ẋ(s)| ds < ε/2.

Consider arbitrary t ∈ [tn, tn + ω]. We have

|X(t)−X(tn)| ≤
∫ t

tn

|Ẋ(s)| ds ≤
∫ tn+ω

tn

|Ẋ(s)| ds < ε/2.

Thus, the estimate |X(t)| ≥ ε
2
is valid. Hence,

∫ tn+ω

tn
|X(s)| ds ≥ εω

2
> 0 for

all n ≥ N , which contradicts the first of the relations (22).

Theorem 12. Suppose 1 < p ≤ ∞. Equation (1) is strongly asymptotically
Lp-stable if and only if for its Cauchy formula Y we have

lim
t→∞

∫ t+ω

t

|Y (s)|q ds = 0,

where 1
p
+ 1

q
= 1.
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Proof. For each fixed t ∈ R+ the norm of the functional Kt : Lp[0, ω] → R
is determined by formula (19). It follows that if limt→∞ ∥Kt∥ = 0, then
limt→∞

∫ t+ω

t
|Y (s)|q ds = 0, which implies the necessity. We obtain the suffi-

ciency with regard of (19), the Hölder inequality and Lemma 9.

Now consider the case p = 1.

Theorem 13. Equation (1) is strongly asymptotically L1-stable if and only
if for its Cauchy formula Y we have

lim
t→∞

Y (t) = 0.

Proof. For each fixed t ∈ R+ the norm of the functional Kt : L1[0, ω] → R is
determined by (20). Taking account of piecewise continuity of Y we see that
limt→∞ ∥Kt∥ = 0 if and only if limt→∞ Y (t) = 0. It remains to note that (7)
implies that if limt→∞ Y (t) = 0 then limt→∞X(t) = 0.

From Theorems 12 and 13 follows

Corollary 2. If limt→∞ Y (t) = 0, then (2) is Lp-stable for all p, 1 ≤ p ≤
∞.

Now consider some consequences of the property Y (t) → 0.
Since Hn are jumps of Y (t), we have

Lemma 10. If Y (t) has a limit as t→ ∞, then limn→∞Hn = 0.

From Lemmas 7 and 10 we obtain

Theorem 14. If limt→∞ Y (t) = 0, then all roots of equation (11) are outside
the disk B[0, 1].

Consider a function g : C → C defined by the formula

g(λ) = λ(1− gS(λ)) + gT (λ),

where

gS(λ)
def
=

K∑
k=1

ake
−hkλ, gT (λ)

def
=

J∑
j=0

bje
−hjλ.

We call g the characteristic function of equation (1). Note that it is an ana-
lytic function. Substituting x(t) = eλt into (1), we obtain the characteristic
equation

(23) g(λ) = 0

of equation (1). Eqation (23) has a countable set of roots in C.
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It is easily seen that if λ0 = α + iβ is a root of (23), then, taking
the functions φ(ξ) = eαξ cos βξ and ψ(ξ) = φ̇(ξ) as initial functions for
equation (1), we obtain that the function v(t) = eαt cos βt is a solution to
(1). Analogously, taking initial functions φ(ξ) = eαξ sin βξ and ψ(ξ) = φ̇(ξ),
we obtain another solution to (1), w(t) = eαt sin βt.

Theorem 15. If the Cauchy function Y of (1) tends to zero as t→ ∞, then
it has the exponential estimate (10).

Proof. It is obvious that only the necessity needs to be proved. By virtue of
Theorem 5 it is enough to obtain that equations (11) and (12) have no roots
in B[0, 1]. By Theorem 14, for equation (11) this is true.

Assume that equation (12) has a root z0 ∈ B[0, 1]. Then 1/z0 = eαh+iβh,
where α ≥ 0. We see that

exp(α + iβ) = exp

(
−

∑J
j=0 bje

−hj(α+iβ)

1−
∑K

k=1 ake
−hk(α+iβ)

)
.

It is not difficult to establish that equation (23) has a root λ1 = α+ iβ1, with
Reλ1 = α. Therefore, functions v(t) = eαt cos β1t and w(t) = eαt sin β1t
are solutions of equation (1). However, by Theorem 14 limt→∞ v(t) =
limt→∞w(t) = 0, which is impossible, since the assumption that α ≥ 0
implies that

v2(t) + w2(t) = (eαt cos βt)2 + (eαt sin βt)2 = e2αt ≥ 1.

Corollary 3. If limt→∞ Y (t) = 0, then the operator I − S is invertible in
each of spaces Lp(R+), 1 ≤ p ≤ ∞.

The following statement follows immediately from Theorems 13 and 15.

Corollary 4. Equation (1) is strongly asymptotically L1-stable if and only
if its Cauchy function Y has an exponential estimate (10).

5.3. Exponential Lp-stability. In case X = Lp the definition of
exponential X-stability of (1), as those of Lyapunov and strong asymptotic
stabilities, can be reformulated in terms of the Cauchy function.

Lemma 11. If
∫ t+ω

t
|Y (s)| ds ≤ Ne−γt, then |X(t)| ≤Me−γt.

Proof. From (7), (8), and the definitions of the operators S and T it follows
that if the conditions of the lemma are satisfied, then for all t ∈ R+ the
relations

(24)

t+ω∫
t

|X(s)| ds 6M1e
−γt,

t+ω∫
t

∣∣∣Ẋ(s)
∣∣∣ ds 6M2e

−γt
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hold. Assume that there is t0 ∈ R+ such that

|X(t0)e
γt0| > eγω

(
γM1 +

M1

ω
+M2

)
.

Then for arbitrary t ∈ [t0, t0 + ω] we have

∣∣X(t)eγt −X(t0)e
γt0
∣∣ = ∣∣∣∣∫ t

t0

(X(s)eγs)′ ds

∣∣∣∣
≤ γ

∫ t0+ω

t0

|X(s)eγs| ds+
∫ t0+ω

t0

∣∣∣Ẋ(s)eγs
∣∣∣ ds

≤ γeγ(t0+ω)

∫ t0+ω

t0

|X(s)| ds+ eγ(t0+ω)

∫ t0+ω

t0

∣∣∣Ẋ(s)
∣∣∣ ds ≤ γeγωM1+ eγωM2.

Therefore for all t ∈ [t0, t0+ω] the estimate |X(t)eγt| > M1eγω

ω
is valid. Hence

eγ(t0+ω)

∫ t0+ω

t0

|X(s)| ds ≥
∫ t0+ω

t0

|X(s)eγs| ds > M1e
γω,

which contradicts the first of the relations (24).

Theorem 16. Let 1 < p ≤ ∞. Then equation (1) is exponentially Lp-stable
if and only if there are N, γ > 0 such that∫ t+ω

t

|Y (s)|q ds ≤ Ne−γt, t ∈ R+,

where 1
p
+ 1

q
= 1.

Proof. For each fixed t ∈ R+ the norm of the functional Kt : Lp[0, ω] → R+

if defined by formula (19). By virtue of Theorem 4, it implies the necessity
part of the theorem. We obtain the sufficiency part with regard of (19), the
Hölder inequality, and Lemma 11.

Consider the case p = 1 sepapately.

Theorem 17. Equation (1) is exponentially L1-stable if and only if the
Cauchy function has exponential estimate (10).

Proof. For each fixed t ∈ R+ the norm of the functional Kt : L1[0, ω] → R+

if defined by formula (20). It follows that ∥Kt∥ ≤ Ne−γt if and only if
|Y (t)| ≤ Ne−γt. Now the exponential estimate on the fundamental solution
follows from (7).
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Thus, the exponential L1-stability of equation (1) is equivalent to the
exponential estimate (10) of the Cauchy function. Since Lp[0, ω] ⊂ L1[0, ω],
p > 1, the estimate (10) implies the exponential Lp-stability of equation (1)
for all p > 1. An interesting question arises: are there exponentially Lp-
stable equations of the form (1), whose Cauchy function has no exponential
estimate?

In the proof of the following lemma we use the scheme of the proof of
Lemma 2 from [3].

Lemma 12. Let λ0 be a root of equation 1 − gS(λ) = 0. Then for all ε > 0
there is a root µ0 of the same equation such that Reλ0 = Reµ0 and there is
a root of the function g(λ) in the disk B(µ0, ε).

Proof. Since the function 1− gS(λ) is analytic, its zeros are isolated. There-
fore one can choose ε > 0 so that the function η(z) = 1− gS(λ0 + z) has the
only zero z0 = 0 in the diskB(0, ε), and the inequality |1−gS(λ0+z)| ≥ m > 0
holds on the boundary {z : |z| = ε} (which is a compact set).

Denote λk = λ0 +
2πki
h

, k ∈ Z.
It is obvious that eλ0h = eλkh, hence gS(λ0+z) = gS(λk+z). Find k0 ∈ Z

such that |λk0 | is sufficiently large and for |z| = ε the estimate

∣∣∣∣gT (λk0 + z)

λk0 + z

∣∣∣∣ ≤
∣∣∣∑J

j=0 bje
−(λk0

+z)hj
∣∣∣

|λk0| − ε
≤
∑J

j=0 |bj|e(ε−Reλ0)hj

|λk0| − ε
< m

holds.

Denote µ0 = λk0 = λ0+
2πk0i

h
(obviously, Reλ0 = Reµ0) and consider the

two functions in the disk B[0, ε]: ζ(z) = 1− gS(µ0 + z) and ξ(z) = gT (µ0+z)
µ0+z

.

With regard to the above estimates, we obtain that for |z| = ε the
inequalities |ζ(z)| ≥ m > |ξ(z)| are satisfied.

By the Rouché theorem [14], the functions ζ(z) and ζ(z)+ ξ(z) have the
same number of zeros in the disk B(0, ε). Since the function ζ(z) has a zero
in this disk, it follows that the function

ζ(z) + ξ(z) = 1− gS(µ0 + z) +
gT (µ0 + z)

µ0 + z
=
g(µ0 + z)

µ0 + z

also has a zero. This equivalent to the fact that the function g(λ)
λ

has a zero
in the disk B(µ0, ε); hence the function g(λ) also does.

Theorem 18. Let 1 ≤ p ≤ ∞. If equation (1) is exponentially Lp-stable,
then all roots of equation (11) are outside B[0, 1].
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Proof. Let z0 be a root with the least absolute value. Assume that z0 ∈
B[0, 1], that is z0 = e−αh−iβh, where α ≥ 0. Then the equation 1 − gS(λ) =
0 has a root λ0 = α + iβ. Choose ε < α + γ, where γ is the exponent
in the definition of exponential Lp-stability, and find, in accordance with
Lemma 12, a root µ0 of the equation 1 − gS(λ) = 0 such that Reµ0 = α,
and there is a root of the funtion g(λ) in the disk B(µ0, ε). Denote this root
of g(λ) by λ1 = α1 + iβ1. By construction, |α1 − α| < ε < α + γ, hence
α1 + γ > 0. The solution x(t) = eα1t cos β1t of equation (1) corresponds to
the root λ1. For this solution the product |x(t)|eγt = e(γ+α1)t| cos β1t| is an
unbounded function. Therefore equation (1) is not exponentially Lp-stable,
which contradicts the condition of the lemma. Thus, equation (11) has no
roots in the disk B[0, 1].

Theorem 19. Let 1 ≤ p ≤ ∞. Then equation (1) is exponentially Lp-stable
if and only if for its Cauchy function the estimate (10) is valid.

Proof. The sufficiency follows from Theorem 17 in view of Lp[0, ω] ⊂ L1[0, ω].
Let us prove the necessity. Suppose equation (1) is exponentially Lp-

stable. Then by Theorem 19 all roots of equation (11) are outside the disk
B[0, 1]. Further, since the fundamental solution of equation (1) has an expo-
nential estimate, it follows that by Theorem 6 all roots of equation (12) are
also outside B(0, 1). To concude the proof it remains to apply Theorem 5.

Corollary 5. If equation (1) is exponentially Lp0-stable for some p0 ≥ 1,
then it is exponentially Lp-stable for all p ≥ 1.

Thus in the scale of the spaces Lp, 1 ≤ p ≤ ∞, it is sufficient to establish
exponential stability for a single p. Apparently, the most convenient are the
spaces L1,L2 and L∞.

Equally interesting is the result on the equivalence of every exponential
Lp-stability to the estimate (10): by Theorem 19 the existence of this estimate
can be taken as the definition of exponential stability regardless of the choice
of the initial functions space Lp. A special effect is achieved by comparing
this result with Theorem 15: the condition limt→∞ Y (t) = 0 can serve as a
definition of exponential stability!

REFERENCES

[1] D. Andrianov, Boundary value problems and control problems for linear difference
systems with aftereffect, Russian Math. (Iz. VUZ), 37 (1993), 1-12.

[2] N. Azbelev, V. Maksimov, and L. Rakhmatullina, Introduction to the Theory of
Linear Functional Differential Equations, World Federation Publishers Company,
Atlanta, 1995.



ASYMPTOTICS OF AUTONOMOUS NEUTRAL EQUATIONS 123

[3] A. Balandin, Reduction of differential equations of neutral type to equations of a
delayed type, Dinamic Systems, 10 (38) (2020), 7-22 (in Russian).

[4] A. Balandin and V. Malygina, On exponential stability of linear differential-difference
equations of neutral type, Russian Mathematics (Iz. VUZ), 51 (2007), 15-24.

[5] A. Balandin and V. Malygina, Asymptotic properties of solutions for a class of differ-
ential equations of neutral type, Siberian Advances in Mathematics, 43 (2020),
3-49.

[6] R. Bellman and K. Cooke, Differential-Difference Equations, Academic Press, Lon-
don, 1963.

[7] B. Demidovich, Lectures on the mathematical theory of stability, Nauka, Moscow,
1967 (in Russian).

[8] S. Elaydi, An introduction to difference equation, Springer, New York, 2005.
[9] L. El’sgol’ts and S. Norkin. Introduction to the Theory of Differential Equations with

Deviating Argument, Nauka, Moscow, 1971 (in Russian).
[10] T. Gromova and A. Zverkin, Trigonometric series whose sum is a continuous un-

bounded function on the real axis and is a solution of an equation with deviating
argument, Differencial’nye Uravnenija, 4 (1968), 1774–1784 (in Russian).

[11] J.Hale, Theory of Functional Differetial Equations, Springer-Verlag, New York, 1977.
[12] S. Junca and B. Lombard, Stability of a critical nonlinear neutral delay differential

equation, J. Diff. Equat.,256 (2014), 2368-2391.
[13] V. Kolmanovsky and V. Nosov, Stability of functional differential equations, Aca-

demic Press, London, 1986.
[14] M. Lavrent’ev and B. Shabat,Methods of the theory of functions in a complex variable

Nauka, Moscow, 1987 (in Russian).
[15] L. Lyusternik and V. Sobolev, The short course of functional analysis, Vysshaya

Shkola, Moscow, 1982 (in Russian).
[16] V. Malygina and A. Balandin, Asymptotic stability of a class of equations of neutral

type, Siberian Math. J., in print.
[17] J. McNamee, V. Pan, Numerical methods for roots of polynomials, Elsevier Science,

2013.
[18] P. Simonov and A. Chistyakov, On the exponential stability of linear differential-

difference systems, Russian Math. (Iz. VUZ), 41 (1997), 34–45.
[19] V. Vlasov, Spectral problems arising in theory of differential equations with delay.

Sovremennaia matematika. Fundamental’nye napravleniia, 1 (2003), 69-83 (in
Russian).


	01Cover_2020_27_3-4 
	01Cover_2020_27_3-4 1
	FUNCTIONAL
	DIFFERENTIAL
	EQUATIONS
	Volume 27, 2020, No 3-4

	EB201834

	02Title_list_2020_27_3-4
	03FDE_2020_3-4_Table_Contents
	04Simonov
	Simonov
	Empty

	Balandin
	Derr
	Maksimov
	Maksimov
	Empty

	MalyginaChudinov
	Rodionov
	Rodionov
	Empty

	zInstruct
	Bravyi.pdf
	Bravyi
	Empty




