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Abstract. For linear equations of neutral type with constant delays and periodic co-
efficients, exponential stability is investigated, which is defined as an exponential estimate
of the Cauchy function. It is shown that exponential stability is equivalent to the location
of roots of two complex variable functions on the complex plane. New exponential stabil-
ity criteria for the equation under study are obtained on the basis of known exponential
stability criteria for autonomous equations.
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1. Introduction. The purpose of the present work is to study
the stability of differential-difference equations with periodic coefficients.
This class of equations is quite close in properties to autonomous equations,
which makes it possible to count on obtaining necessary and sufficient con-
ditions of stability. The first such criterion was obtained by A.M. Zverkin
for differential-difference equations of delayed type in ‘Supplements’ to the
monograph [6, pp. 498–512]. It was shown there that the study of the asymp-
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totic stability of the equation

(1) ẋ(t) +
J∑
j=0

bj(t)x(t− jh) = 0 , t ∈ R+,

with continuous h-periodic coefficients bj may be replaced by the study of
the autonomous equation

(2) ẋ(t) +
J∑
j=0

Bjx(t− jh) = 0, t ∈ R+,

where Bj = 1
h

∫ h
0
bj(t) dt. In particular, the following result holds [6, p. 505].

Theorem 1. Equation (1) is asymptotically stable if and only if equation (2)
is asymptotically stable.

For equations (1) and (2) asymptotic stability coincides with exponential
stability.

In paper [9] Theorem 1 is generalized to the equation

(3) ẋ(t)−
K∑
k=1

akẋ(t− kh) =
J∑
j=0

bj(t)x(t− jh), t ∈ R+,

where h > 0, ak ∈ R, and bj are integrable periodic functions with period h.
Theorem 2. Equation (3) is exponentially stable if and only if the equation

ẋ(t)−
K∑
k=1

akẋ(t− kh) =
J∑
j=0

Bjx(t− jh), t ∈ R+,

where Bj = 1
h

∫ h
0
bj(t) dt, is exponentially stable.

In this paper, we continue to study the stability of differential-difference
equations of the form (3), but we do it without the assumption that the
coefficients at the derivatives are constant.

Note that the presented method, in contrast to the methods developed
in [7, sec. 12.10], does not require a priori solvability of the equation in ques-
tion with respect to the derivative and the construction of the characteristic
multipliers.

2. The statement of the problem. Denote by N the space of
positive integers. Put N0 = N ∪ {0} and R+ = [0,+∞).

For a measurable set E, denote by L1(E) the space of functions integrable
over E , and by L∞(E) the space of functions measurable and essentially
bounded on E, with natural norms.
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Denote by I the identity operator, and by Θ the zero operator, which
are acting in functional spaces. Set ∆ = {(t, s) ∈ R2 : t > s}.

Consider the equation of neutral type

(4)
ẋ(t)−

K∑
k=1

ak(t)ẋ(t− kh) =
J∑
j=0

bj(t)x(t− jh), t > s,

x(ξ) = ϕ(ξ), ẋ(ξ) = ψ(ξ), ξ < s,

where s ∈ R, h > 0, ak are bounded measurable periodic functions with pe-
riod h, bj are integrable periodic functions with period h. For the statement
of the problem to be correct, define the functions x and ẋ for negative argu-
ments by initial functions ϕ ∈ L∞[s−ω, s] and ψ ∈ L1[s−ω, s] respectively,
where ω = max{Kh, Jh}.

The background of the theory of functional differential equations shows
that the choice of a space for initial functions represens a particular problem,
which allows various approaches. Consider the statement accepted in the
Azbelev scientific school [1].

By Sh denote the shift operator that is acting in the space of continuous
(piecewise continuous, integrable) functions:

(Shy)(t) =

{
y(t− h), t− h > s,

0, t− h < s.

Set

(Sy)(t) =
K∑
k=1

ak(t)(S
k
hy)(t), (Ty)(t) =

J∑
j=0

bj(t)(S
j
hy)(t).

Consider the equation

(5) ẋ(t)− (Sẋ)(t) = (Tx)(t) + f(t), t > s,

where f is a locally integrable function. Note that we do not require to
define a solution for t < s. As is known [1], equation (4) can be considered
as a special case of equation (5), the initial functions ϕ and ψ related to the
external disturbance f .

It is known [1, p. 84, Theorem 1.1] that for every given initial condition
x(s) there exists a unique solution of (5) in the class of locally piecewise
absolutely continuous functions. It has the form

(6) x(t) = X(t, s)x(s) +

∫ t

s

Y (t, τ)f(τ) dτ,
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where X is the fundamental solution, Y is the Cauchy function. Further,
we set everywhere X(t, s) = Y (t, s) = 0 for t < s. The functions X and
Y describe any solution of (5), and the study of stability is reduced to the
study of asymptotic behavior of X and Y .

The main task of the present work is to investigate the stability of equa-
tion (5).

We shall say that equation (5) is exponentially stable, if for some N, γ > 0
for the Cauchy function the following estimate holds,

(7) |Y (t, s)| ≤ Ne−γ(t−s) for almost all (t, s) ∈ ∆.

Below we will see that the estimate (7) implies an analogous estimate for
the fundamental solution X(t, s), and therefore, by virtue of formula (6), an
exponential estimate for every solution of equation (4).

3. The fundamental solution. In this section we describe some
important properties of the fundamental solution X. From (6) it follows
that for every fixed s the function X(t, s) is locally absolutely continuous
with respect to t, and can be defined as the solution to the corresponding
to (5) homogeneous equation with the given initial condition, that is

(8)

∂X(t, s)

∂t
−

K∑
k=0

ak(t)
∂X(t− kh, s)

∂t
=

J∑
j=0

bj(t)X(t− jh, s), t > s,

X(s, s) = 1.

The first property that we describe below shows that if t − s increases,
then the function increases not faster than the exponent. We need an auxil-
iary proposition.
Lemma 1. Let the function b = b(τ) is nonnegative and integrable on the
segment [a, t]. Then limα→+∞

∫ t
a
b(τ)e−α(t−τ) dτ = 0.

Proof. Denote En = {τ ∈ [a, t] : b(τ) > n}, n ∈ N. Obviously, the set En is
Lebesgue measurable and

µEn 6
1

n

∫
En

b(τ) dτ 6
1

n

∫ t

a

b(τ) dτ −−−→
n→∞

0.

Let ε > 0. Without loss of generality assume that α > 0. Since Lebesgue
integral is absolutely continuous, there exists N such that∫

EN

b(τ)e−α(t−τ) dτ 6
∫
EN

b(τ)dτ < ε/2.
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On the other hand,∫
[a,t]\EN

b(τ)e−α(t−τ) dτ 6 N

∫ t

a

e−α(t−τ) dτ =
N

α

(
1− e−α(t−a)

)
<
N

α
.

Therewere for α > 2N/ε we have
∫ t
a
b(τ)e−α(t−τ) dτ < ε.

Let α > 0, and Lα∞[s, s + l] be a space of measurable and essentially
bounded on [s, s+l] functions with the weighted norm ‖y‖Lα∞ = vrai sup

t∈[s,s+l]
e−α(t−s)|y(t)|.

It is not difficult to verify that Lα∞[s, s+ l] is a Banach space. We denote the
norm of linear bounded operator that is acting in Lα∞[s, s+ l] by the symbol
‖·‖α.

Note that the operators Sh and S maps the space Lα∞[s, s+ l] into itself.
Since

‖Shy‖Lα∞ = vrai sup
t∈[s+h,s+l]

e−α(t−s)|y(t− h)| =

= vrai sup
t∈[s,s+l−h]

e−α(t−s+h)|y(t)| 6 e−αh ‖y‖Lα∞ ,

it follows that ‖Sh‖α 6 e−αh, therefore ‖Snh‖α 6 e−αhn for all n ∈ N0. Put

A =
∑K

k=1Ak, where Ak = vrai sup |ak(t)|. Then

‖S‖α =
∥∥∥∑K

k=1
ak(t)S

k
h

∥∥∥
α
6
∑K

k=1
Ak
∥∥Skh∥∥α 6

∑K

k=1
Ake

−αhk 6 Ae−αh,

hence ‖Sn‖α 6 Ane−αhn for all n ∈ N0.
Theorem 3. There exists α,N1, N2 > 0 such that for all (t, s) ∈ ∆ the
estimates |X(t, s)| 6 N1e

α(t−s) and
∫ t
s
| d
dτ
X(τ, s)|dτ 6 N2e

α(t−s) are valid.

Proof. Considering that the operators S and T are applied only to the first
argument, the second one being fixed, rewrite (8) in the form (I−S)Ẋ = TX.

Find n ∈ N0 such that nh 6 t − s < (n + 1)h. Then Sn+1 = Θ, and
(I − S)−1 = I + S + . . . + Sn. Hence Ẋ may be represented in the form
Ẋ = (I − S)−1TX = (I + S + . . .+ Sn)TX.

Integrating the last equality, we obtain

(9) X(t, s) = 1 + (KX)(t, s),

where the operator K is defined by the equality

(Ky)(t, s) =

∫ t

s

((I − S)−1Ty)(τ, s) dτ.



36 V. MALYGINA AND A. BALANDIN

Let y be an integrable in the first argument function. Make some esti-
mates:

vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t

s

|(Shy)(τ, s)| dτ

= vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t

s+h

|y(τ − h, s)| dτ

= vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t−h

s

|y(ξ, s)| dξ

= e−αh vrai sup
t∈[s,s+l]

e−α(t−h−s)
∫ t−h

s

|y(ξ, s)| dξ

6 e−αh vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t

s

|y(ξ, s)| dξ,

vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t

s

|(Sy)(τ, s)| dτ

6 vrai sup
t∈[s,s+l]

K∑
k=1

e−α(t−s)
∫ t

s

|ak(τ)||(Skhy)(τ, s)| dτ

6 vrai sup
t∈[s,s+l]

K∑
k=1

Ake
−α(t−s)

∫ t

s

∣∣(Skhy)(τ, s)
∣∣ dτ

6
K∑
k=1

Ake
−αhk vrai sup

t∈[s,s+l]
e−α(t−s)

∫ t

s

|y(ξ, s)| dξ

6 Ae−αh vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t

s

|y(ξ, s)| dξ,

vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t

s

|(Sny)(τ, s)| dτ 6 (Ae−αh)n vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t

s

|y(ξ, s)| dξ.

Let the parameter α be subjected to the condition
∣∣Ae−αh∣∣ < 1. Then

1 + Ae−αh + . . .+ Ane−αhn 6 (1− Ae−αh)−1.
Therefore,

vrai sup
t∈[s,s+l]

e−α(t−s)
∫ t

s

∣∣((I − S)−1y)(τ, s)
∣∣ dτ 6

6
1

1− Ae−αh
vrai sup

t∈[s,s+l]
e−α(t−s)

∫ t

s

|y(ξ, s)| dξ.
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It is obvious that the operator K is acting in the space Lα∞[s, s + l] and
bounded. Let us estimate its norm. By the definition of the norm in the
space Lα∞[s, s+ l] we have:

‖Ky‖Lα∞[s,s+l] = vrai sup
t∈[s,s+l]

e−α(t−s)
∣∣∣∣∫ t

s

((I − S)−1Ty)(τ, s) dτ

∣∣∣∣
6

1

1− Ae−αh
vrai sup

t∈[s,s+l]
e−α(t−s)

∫ t

s

|(Ty)(τ, s)| dτ

6
1

1− Ae−αh
vrai sup

t∈[s,s+l]
e−α(t−s)

∫ t

s

J∑
j=0

|bj(τ)||y(τ − jh, s)| dτ

6
1

1− Ae−αh
J∑
j=0

e−αjh vrai sup
t∈[s,s+l]

∫ t

s

|bj(τ)|e−α(t−τ)|y(τ−jh, s)|e−α(τ−s−jh) dτ

6
1

1− Ae−αh
sup

t∈[s,s+l]

(
J∑
j=0

e−αhj
∫ t

s

|bj(τ)| e−α(t−τ) dτ

)
‖y‖Lα∞[s,s+l] .

For the norm of the operator K we obtain the estimate

‖K‖α 6
1

1− Ae−αh

(
J∑
j=0

e−αhj max
t∈[s,s+l]

∫ t

s

|bj(τ)|e−α(t−τ) dτ

)
.

Applying Lemma 1, we conclude that ‖K‖α →
α→+∞

0, hence for some α >

0 the inequality ‖K‖α < 1 holds. By virtue of cotraction mapping principle
[8, p. 230], equation (9) has a unique solution X ∈ Lα∞[s, s + l] in the space
Lα∞[s, s + l], that is |X(t, s)|e−α(t−s) 6 N1. The estimate is valid for all
(t, s) ∈ ∆, since from (9) it follows that X is a continuous function. The first
assertion of the theorem is proved.

To prove the second assertion, we use once again the inequalities obtained
above while estimating ‖Ky‖Lα∞[s,s+l], and an estimate of the fundamental
solution:

sup
t∈[s,s+l]

e−α(t−s)
∫ t

s

∣∣∣∣ ddτ X(τ, s)

∣∣∣∣ dτ
= sup

t∈[s,s+l]
e−α(t−s)

∫ t

s

|((I − S)−1TX)(τ, s)| dτ

6

(
1

1− Ae−αh
J∑
j=0

e−αhj max
t∈[s,s+l]

∫ t

s

|bj(τ)|e−α(t−τ) dτ

)
× ‖X‖Lα∞[s,s+l] = N2.
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Denote

B(r) = {z ∈ C : |z| < r}, Pa(ζ, z) =
K∑
k=1

ak(ζ)zk, ζ ∈ [0, h],

Pb(ζ, z) =
J∑
j=0

bj(ζ)zj,

G(ζ + s, z) = exp

{∫ ζ+s

s

Pb(τ, z)

1− Pa(τ, z)
dτ

}
,

and consider the function

(10) F (ζ + s, z) =
G(ζ + s, z)

1− zG(h, z)
, z ∈ C, ζ ∈ [0, h].

Lemma 2. There exists a nonempty neighbourhood of zero B(r) ⊆ C such
that for all z ∈ B(r) the boundary value problem

(1− Pa(ζ + s, z))
∂F (ζ + s, z)

∂ζ
=

(
J∑
j=0

bj(ζ + s)zj

)
F (ζ + s, z),(11)

F (s, z) = zF (h+ s, z) + 1(12)

has a unique solution, which is defined by formula (10).

Proof. Since
∑K

k=1 |ak(ζ)| 6 A, one may choose a disk B(r1) ⊆ C, in which
1− Pa(ζ + s, z) 6= 0. Such a disk exists, since Pa(ζ + s, z) is a polynomial in
z, where Pa(ζ + s, 0) = 0 6= 1. For all z ∈ B(r1) the general solution of the
equation (11) has the form

(13) F (ζ + s, z) = C ·G(ζ + s, z),

where C is an arbitrary complex number (which is own for each fixed z). Let
us show that C may be chosen so that (12) holds. Substituting (13) into
(12), and taking account of the introduced above notation, we obtain:

C · (1− zG(h+ s, z)) = 1.

Since ak and bj are periodic functions with period h,

G(h+ s, z) = G(h, z).

Find a disk B(r2) ⊆ B(r1) such that 1− zG(h, z) 6= 0 in it; such a disk
exists by virtue of the contituity, hence the boundedness, of the function
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G(h, z) on every closed subset of the disk B(r1). For every z ∈ B(r2) the
constant C is uniquely defined: C = (1− zG(h, z))−1. Thus, it is proved
that for all z ∈ B(r2) the function F (·, z) defined by formula (10) is the
unique solution of the boundary value problem (11)–(12).

For any fixed s > 0 represent t > s in the form t = nh + ζ + s, where
n ∈ N0, ζ ∈ [0, h), and denote xn(ζ + s) = X(t, s). Each of the functions
xn(ζ + s) is absolutely continuous in ζ ∈ [0, h], and the sequence xn(ζ + s)
is uniquely defined as a solution of the following boundary value problem
(ẋ(ζ + s) = ∂

∂ζ
x(ζ + s)):

(14)

ẋn(ζ + s)−
K∑
k=0

ak(ζ + s)ẋn−k(ζ + s)

=
J∑
j=0

bj(ζ + s)xn−j(ζ + s), n ∈ N0,

xn(s) = xn−1(h+ s), n ∈ N,

supplemented by the initial conditions x0(s) = 1 and xn(ζ+s) = ẋn(ζ+s) =
0, åñëè n = −1,−2, . . .

Note that by virtue of Theorem 3 for some N1, N2, R > 0 the estimates
|xn(ζ + s)| 6 N1R

−n and
∫ h
0
|ẋn(ζ + s)|dζ 6 N2R

−n are valid.

Construct a generating function for the sequence {xn(ζ + s)}∞n=0:

FX(ζ + s, z) =
∞∑
n=0

xn(ζ + s)zn.

The above estimate guarantees the convergence of this series in some
nonempty neighbourhood of zero for all ζ + s ∈ [0, h). We should justify the
possibility of the termwise differentiation of this series. To this end, prove
another auxiliary statement.

Lemma 3. Let αn(t) be absolutely continuous on [a, b] functions such that
the functional series

∑∞
n=0 αn(t) converges at every point of the segment

[a, b], and the series
∑∞

n=0

∫ b
a
|α̇n(t)| dt also converges. Then the sum of the

series
∑∞

n=0 αn(t) is an absolutely continuous on [a, b] function, the series∑∞
n=0 α̇n(t) absolutely converges almost everywhere on [a, b], and

d

dt

∞∑
n=0

αn(t) =
∞∑
n=0

α̇n(t).
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Proof. By the Levi theorem [8, p. 305] we have∫ b

a

∞∑
n=0

|α̇n(t)| dt =
∞∑
n=0

∫ b

a

|α̇n(t)| dt <∞,

hence the series
∑∞

n=0 α̇n(t) absolutely converges almost everywhere on [a, b],
and its sum is in L1[a, b]. Denote σ(t) =

∑∞
n=0 αn(t). Then

σ(t) = lim
m→∞

m∑
n=0

αk(t) = lim
m→∞

m∑
n=0

(
αn(a) +

∫ t

a

α̇n(s)ds

)
=

= lim
m→∞

m∑
n=0

αk(a) + lim
m→∞

m∑
n=0

∫ t

a

α̇n(s)ds = σ(a) + lim
m→∞

∫ t

a

m∑
n=0

α̇n(s)ds.

It is easily seen that

∣∣∣∣ m∑
n=0

α̇n(s)

∣∣∣∣ 6 m∑
n=0

|α̇n(s)| 6
∞∑
n=0

|α̇n(s)|, hence, by the

Lebesgue theorem [8, p. 302], one may pass to the limit under the integral
sign,

lim
m→∞

∫ t

a

m∑
n=0

α̇n(s) ds =

∫ t

a

lim
m→∞

m∑
n=0

α̇n(s) ds =

∫ t

a

∞∑
n=0

α̇n(s) ds.

Returning to the representation of the function σ, we finally have

σ(t) = σ(a) + lim
m→∞

∫ t

a

m∑
n=0

α̇n(s) ds = σ(a) +

∫ t

a

∞∑
n=0

α̇n(s) ds.

As was shown above,
∑∞

n=0 α̇n(t) ∈ L1[a, b], hence σ is absolutely continuous,
and

dσ(t)

dt
=
∞∑
n=0

α̇n(t).

Corollary 1. The function FX(ζ + s, z) is absolutely continuous in ζ ∈
[0, h], and for all z ∈ B(R) the equality

∂

∂ζ
FX(ζ + s, z) =

∞∑
n=0

ẋn(ζ + s)zn

is valid.
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Proof. The pointwise convergence of the series
∑∞

n=0 xn(ζ + s)zn is noted

above. From the estimate
∫ h
0
|ẋn(ζ + s)|dζ 6 N2R

−n it follows that for z ∈
B(R) the series

∞∑
n=0

|z|n
∫ h

0

|ẋn(ζ + s)| dζ

converges. The statement of the corollary follows now from Lemma 3.

Theorem 4. The generating function of the sequence {xn(ζ + s)}∞n=0 is de-
termined by the equality (10), that is FX(ζ + s, z) = F (ζ + s, z).

Proof. Multiplying both the sides of the problem (14) by zn, and summing
in n, we obtain

∞∑
n=0

ẋn(ζ + s)zn − Pa(ζ + s, z)
∞∑
n=0

ẋn(ζ + s)zn

= Pb(ζ + s, z)
∞∑
n=0

xn(ζ + s)zn,

∞∑
n=0

xn(s)zn = z
∞∑
n=0

xn(h+ s)zn + 1.

Taking account of the introduced above notation and properties of the
function FX , one can give to the last two equalities the form

(1− Pa(ζ + s, z))
∂FX(ζ + s, z)

∂ζ
= Pb(ζ, z)FX(ζ + s, z),

FX(s, z) = zFX(h+ s, z) + 1.

Therefore, for all z from some neighbourhood of zero the function FX(·, z) is
a solution of problem (11)–(12). Without loss of generality we may suppose
that the solution of problem (11)–(12) is unique in this neighbourhood, hence
it coincides with the function F .

4. The Cauchy function. Consider the equation

(15) Y (t, s) = 1 +
K∑
k=1

ak(s)Y (t, s+ kh) +
J∑
j=0

∫ t

s+jh

bj(τ)Y (t, τ) dτ , t > s.

As is shown in [1, p. 61], equation (15) may be accepted as a definition of the
Cauchy function of equation (5).

Lemma 4. For every (t, s) ∈ ∆ the equality Y (t+h, s+h) = Y (t, s) is valid.
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Proof. Substituting the function Y (t+h, s+h) into (15) and using h-periodicity
of the functions ak and bj, we verify that this function turns (15) into identity.
Since (15) has a unique solution, the lemma is proved.

Remark 1. From Lemma 4 it follows that the behavior of the function Y is
determined by the difference between arguments t− s, if s takes all values in
the segment [0, h]. Therefore, in what follows, without loss of generality, we
suppose that s ∈ [0, h].

The next statement establish a simple relation between the Cauchy func-
tion and fundamental solution of equation (5).

Theorem 5. For almost all (t, s) ∈ ∆ the Cauchy function and fundamental
solution are related by the formula

(16) Y (t, s)−
K∑
k=1

ak(s)Y (t, s+ kh) = X(t, s).

Proof. Suppose hn 6 t−s < (n+1)h, n ∈ N0. Then Sn+1 = Θ, the operator
I − S is invertible, and (I − S)−1 = I + S + S2 + . . .+ Sn. On the segment
[s, s+ (n+ 1)h] equation (5) may be rewriten in the equivalent form

(17) ẋ = (I − S)−1 Tx+ (I − S)−1 f.

One can easily see that (17) has the same fundamental solution X(t, s)
as equation (5) has. Since (17) is a delay equation, its solution for x(s) = 0
has the form

(18) x(t) =

∫ t

s

X(t, τ) ((I − S)−1 f)(τ) dτ =
n∑
i=0

∫ t

s

X(t, τ)(Sif)(τ) dτ .

Denote

(S∗hy)(t, s) =

{
y(t, s+ h), t− h > s,

0, t− h < s,
(S∗y)(t, s) =

K∑
k=1

ak(s)(S
∗k
h )y(t, s),

and note that (S∗)n+1 = Θ, à (I−S∗)−1 = I +S∗+S∗2 + . . .+S∗n. Further,
for every k we have∫ t

s

X(t, τ)ak(τ)(Shf)(τ) dτ =

∫ t

s+h

X(t, τ)ak(τ)f(τ − h) dτ

=

∫ t−h

s

X(t, τ + h)ak(τ + h)f(τ) dτ =

∫ t−h

s

X(t, τ + h)ak(τ)f(τ) dτ

=

∫ t

s

(S∗hX)(t, τ)f(τ) dτ ,
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s

X(t, τ)ak(τ)(Skhf)(τ) dτ =

∫ t

s

ak(τ)(S∗kh X)(t, τ)f(τ) dτ .

Therefore,

∫ t

s

X(t, τ)(Sf)(τ) dτ =

∫ t

s+h

X(t, τ)
K∑
k=1

ak(τ)(Skhf)(τ) dτ =

=

∫ t−h

s

K∑
k=1

ak(τ)(S∗kh X)(t, τ)f(τ) dτ =

∫ t

s

(S∗X)(t, τ)f(τ) dτ ,

∫ t

s

X(t, τ)(Sif)(τ) dτ =

∫ t

s

(S∗iX)(t, τ)f(τ) dτ ,

n∑
i=0

∫ t

s

X(t, τ)(Sif)(τ) dτ =

∫ t

s

n∑
i=0

(S∗iX)(t, τ)f(τ)dτ

=

∫ t

s

((I − S∗)−1X)(t, τ)f(τ) dτ .

Based on the representations (6) and (18), we conclude that for any function
f from L1[s, s+ (n+ 1)h]∫ t

s

((I − S∗)−1X)(t, τ)f(τ) dτ =

∫ t

s

Y (t, τ)f(τ) dτ ,

hence (I − S∗)−1X = Y or X(t, s) = Y (t, s) − (S∗Y )(t, s). By virtue of the
definition of the operator S∗, we obtain the representation (16).

Combining Lemma 4 and Theorem 5, we obtain

Corollary 2. For all (t, s) ∈ ∆ the equality X(t+h, s+h) = X(t, s) holds.

From Theorem 5 and Lemma 4 another formula follows, which relates
the Cauchy function with fundamental solution. It was applied in the inves-
tigation of stability for autonomous equations ([2], [4]) and for equations of
the form (3) [9].

Corollary 3. The Cauchy function with fundamental solution of equation
(5) are related by the formula

(19) Y (t, s)−
K∑
k=1

ak(s)Y (t− kh, s) = X(t, s), (t, s) ∈ ∆.
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Note another important property of the Cauchy funcion.

Corollary 4. There exists α > 0, M > 0 such that for almost all (t, s) ∈ ∆
the estimate |Y (t, s)| 6Meα(t−s) is valid.

Proof. Find n ∈ N0 such that nh 6 t− s < (n+ 1)h. We have (S∗)n+1 = Θ,
and (I − S∗)−1 = I + S∗ + . . . + S∗n. Hence, using Theorem 5, the Cauchy
function may be represented in the form Y = (I −S∗)−1X = (I +S∗+ . . .+
S∗n)X.

Based on Theorem 3, it is easy for every i = 0, . . . , n to establish the
estimate |(S∗iX)(t, s)| 6 Neα(t−s)Aie−αhi for almost all (t, s) ∈ ∆, from
which it follows that |Y (t, s)| 6 Neα(t−s)

∑n
i=0A

ie−αhi. Note that in the proof
of Theorem 3 the exponent α was chosen so that the inequality |Ae−αh| < 1

holds. Thus, |Y (t, s)| 6 Neα(t−s)

1−Ae−αh = Meα(t−s) for almost all (t, s) ∈ ∆, which
was to be proved.

Note that if ak are continuous, then the estimate (19) is true for all
(t, s) ∈ ∆.

For any fixed s represent t > s in the form t = nh+ ζ + s, where n ∈ N0

and ζ ∈ [0, h), denote yn(ζ+s) = Y (t, s), and construct a generating function
for the sequence {yn(ζ + s)}∞n=0:

(20) FY (ζ + s, z) =
∞∑
n=0

yn(ζ + s)zn.

Corollary 4 guarantees the convergence of this series in some neighbour-
hood of zero for all ζ + s ∈ [0, h). The equality (19) may be rewritten in
terms of the sequence {xn(ζ + s)}∞n=0, {yn(ζ + s)}∞n=0 in the form

yn(ζ + s)−
K∑
k=0

ak(s)yn−k(ζ + s) = xn(ζ + s).

Multiplying both the sides of this equality by zn, and summing it in n, we
obtain

∞∑
n=0

yn(ζ + s)zn − Pa(s, z)
∞∑
n=0

yn(ζ + s)zn =
∞∑
n=0

xn(ζ + s)zn.

In view of the introduced above notation this means that

(1− Pa(s, z))FY (ζ + s, z) = FX(ζ + s, z).

Since for the function FX the explicit form is found (formula (10)), it is finally
established
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Theorem 6. The generating function of the sequence {yn(ζ + s)}∞n=0 has the
form

(21) FY (ζ + s, z) =
1

1− Pa(s, z)
· G(ζ + s, z)

1− zG(h, z)
.

Denote by z0(s) a point which is the nearest to zero, and where the
analyticity of the function FY (ζ + s, ·) is broken (from (21) it follows that
z0 does not depend on ζ, but depends on s). By virtue of the periodicity
of coefficients ak it may be supposed that s ∈ [0, h]. It is obvious that
|z0(s)| > 0, hence the function FY (ζ + s, ·) is analytic in the disk B(|z0(s)|)
for all ζ ∈ [0, h].

Theorem 7. For all elements of the sequence {yn(ζ + s)}∞n=0 the estimate
|yn(ζ + s)| 6 Ne−γn with positive and independent of ζ and s constants N, γ
is valid, if and only if for some R > 1 the inequality |z0(s)| > R holds for
almost all s ∈ [0, h].

Proof. Necessity. Suppose |yn(ζ + s)| 6 Ne−γn. Then |yn(ζ + s)zn| 6
Ne−γn|z|n, hence the series (20) converges in the disk B(eγ), where γ > 0.
Therefore |z0(s)| > eγ > 1 for almost all s.

Sufficienty. Suppose |z0(s)| > R > 1. By virtue of the Cauchy inequality
for coefficients of a power series we obtain the estimate |yn(ζ + s)| 6 NR−n,
where N = max|z|=R; ζ,s∈[0,h] |FY (ζ+s, z)|. Putting γ = lnR, we arrive at the
desired inequality.

Theorem 8. The Cauchy funcion of equation (5) has exponential estimate (7),
if and only if the following conditions hold:

(a) there exists r > 1 such that for almost all s ∈ [0, h] all roots of the
equations Pa(s, z) = 1 are outside the disk B(r);

(b) all roots of the equation zG(h, z) = 1 are outside the disk |z| 6 1.

Proof. From formula (21) it follows that the analyticity domain of the func-
tion FY is determined by the zeros of its denominator. If condition (a) holds,
then the function G is analytic in the disk B(r), therefore the equation
zG(h, z) = 1 can only have a finite number of zeros in this disk. Let z∗ be
the least of them in absolute value. It is easy to see that for the number
R = min{r, |z∗|} the conditions of Theorem 7 hold. To conclude the proof it
remains to remind the definition of the functions yn.

Corollary 5. If the Cauchy function of equation (5) has the estimate
(7), then an analogous estimate holds for the fundamental solution, that is
|X(t, s)| 6Me−γ(t−s), (t, s) ∈ ∆.

Proof. The corollary follows from the relation (16).
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Note that the converse is not true: an exponential estimate for the fun-
damental solution does not imply a similar estimate for the Cauchy function.
A corresponding example is given in paper [4].

From Theorem 8 it follows that the absence of roots of the equation
1 = Pa(s, z) in the disk {z ∈ C : |z| 6 1} for almost all s is a necessary
condition for the existence of the estimate (7). It is shown in [3] that one
may give a number of equivalent reformulations of this condition, in terms
of the invertibility of the operator I − S and exponenetial stability criteria
for difference equations.

Remark 2. All relations for the Cauchy function that must be satisfied point-
wise are valid for for almost all (t, s) ∈ ∆. This is due to the fact that ak are
measurable and (essentially) bounded functions. But if ak are continuous,
then all the relations hold for all (t, s) ∈ ∆.

5. Examples. Of all classes of functional differential equations,
autonomous equations are best studied. In particular, for the equation of
the form

(22) ẋ(t)− aẋ(t− 1) = −bx(t) + cx(t− 1), t ∈ R+,

where a, b, c ∈ R, in paper [5] a criterion of exponential stability is found in
the form of a domain in the three-dimensional space of parameters. Let us
represent it here. In the space Ouvw, define a surface

Γ = {(u, v, w) : u = cos θ + sin θ/θ, w = −θ sin θ + v cos θ, θ ∈ R}.

In the surface Γ limit the range of the parameter θ: set θ ∈ (θ1, π) for
v > 0, where θ1 is the least positive root of the equation cos y + vsiny

y
= −1,

and θ ∈ (0, θ2) for v ∈ (−2, 0), where θ2 is the least positive root of the
equation cos y + vsiny

y
= 1. The surface Γ together with the planes v = w,

u = ±1 bound a domain D (the boundaries not in D) in the space Ouvw,
which is shown in fig. 1.

Theorem 9. The Cauchy function of equation (22) has an exponential es-
timate, if and only if the point with coordinates (a, b, c) is in D.

Now we will show, how one can obtain new stability conditions for equa-
tions with periodic coefficients on the basis of Theorems 8 and 9.

Example 1. Consider the equation

(23) ẋ(t)− aẋ(t− 1) = −b(t)x(t) + c(t)x(t− 1), t ∈ R+,

where a ∈ R, b and c are integrable over [0, 1] functions, with b(t+ 1) = b(t),
c(t+ 1) = c(t).
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Fig. 1. The domain D

Proposition 1. Equation (23) is exponentially stable, if and only if the

point with coordinates
(
a,
∫ 1

0
b(t) dt,

∫ 1

0
c(t) dt

)
is in D.

Proof. Put the following equation

(24) ẋ(t)−aẋ(t−1) = −
(∫ 1

0

b(t) dt

)
x(t)+

(∫ 1

0

c(t) dt

)
x(t−1), t ∈ R+,

in correspondence to equation (23). Since∫ 1

0

−b(t) + c(t)z

1− az
dt =

−
∫ 1

0
b(t)dt+ z

∫ 1

0
c(t)dt

1− az
,

it follows that the functions G(1, z) are coincide for equations (23) and (24),
and the condition |a| < 1 is common for them. Therefore, by virtue of The-
orem 8 equation (24) is exponentially stable, if and only if the autonomous
equation (23) is exponentially stable. Applying Theorem 9 we obtain the
desired criterion.

Example 2. Consider the equation

(25) ẋ(t)− a(t)ẋ(t− 1) = −b(t)x(t), t ∈ R+.
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Let the coefficient a be defined by the equality: a(t) = 0, if t ∈ e, and a(t) = α,
if t /∈ e, where α ∈ R, e is an arbitrary measurable subset of the segment
[0, 1], and a(t + 1) = a(t); further, let b be an arbitrary integrable over [0, 1]
function, and b(t+ 1) = b(t).

Proposition 2. Equation (25) is exponentially stable, if and only if the

point with coordinates
(
α,
∫ 1

0
b(t) dt, α

∫
e
b(t) dt

)
is in D.

Proof. Put the following equation,

(26) ẋ(t)− αẋ(t− 1) = −
(∫ 1

0

b(t) dt

)
x(t)

+ α

(∫
e

b(t) dt

)
x(t− 1), t ∈ R+,

in correspondence to equation (25). Since∫ 1

0

b(t)

1− a(t)z
dt =

∫
e

b(t)dt+
1

1− αz

∫
[0,1]\e

b(t) dt

=
1

1− αz

(∫ 1

0

b(t) dt− αz
∫
e

b(t) dt

)
,

it follows that the functions G(1, z) are coincide for equations (25) and (26),
and the condition |α| < 1 is common for them. Therefore, by virtue of The-
orem 8, equation (25) is exponentially stable, if and only if the autonomous
equation (26) is exponentially stable. Since (26) is a special case of (22),
Theorem 9 can be applied to (26). This implies the desired criterion.
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