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ON PERIODIC SOLUTIONS TO A NONLINEAR

DYNAMICAL SYSTEM FROM ONE-DIMENSIONAL COLD

PLASMA MODEL
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Abstract. We consider a non-linear parameter-dependent system associated with

a mathematical model of cold plasma. For any parameter value, we obtain a criterion

of whether the solution to this system with given initial data is periodic. For periodic

solutions we give an analytic formula for the period.
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1. Introduction. Consider the dynamical system

(1)











dx

dt
= −y − x2,

dy

dt
= x− γxy,

where γ is a real parameter. Our main aim is to determine, for any γ,
according to initial data (x1, y1), whether or not the related trajectory of the
system is periodic. If some trajectory of (1) is periodic, we obtain an explicit
formula for its period.

This system arises in the mathematical model of cold plasma (see [1], [2],
[3], [4]). In[4] and [5] the existence of periodic solutions to (1) and criterion
for their existence are studied for some special meanings of parameter γ

(γ = 1, 2) having a physical sense.
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To obtain the results we use some authors’ methods obtained for studying
asymptotic properties to nonlinear differential equations (see, for example,
[6], [7], [8], [9]).

2. General preliminary considerations. When we try to deter-
mine whether the trajectory passing through a point (x1, y1) is periodic, the
first evident is to check if (x1, y1) is a fixed point of the system. We do not
need to find all its fixed points (one or three), although it is not difficult at
all. But we need just to check if y1 + x2

1 = x1 − γx1y1 = 0.
In order to investigate non-constant trajectories, consider the points

where vanishes the right-hand side of either equation of system (1) (green
points in the figures below for the first equation and red points for the second
one).

x

yγ < 0

x

yγ = 0

x

yγ > 0

Note that, according to the first equation of (1), the x coordinate of
a point moving in conformity with system (1) increases (corr. decreases)
when the point is below (corr. above) the green parabola x2 + y = 0. So,
any periodic non-constant trajectory must regularly pass from the domain
x2 + y < 0 to the domain x2 + y > 0 and backward.

Next, note also that if γy1 = 1, then, according to the second equa-
tion of (1), the y coordinate is constant on the entire trajectory, while the
x coordinate, according to the first equation, is either constant or strictly
monotonic. So, any trajectory of (1) is either entirely above the red horizon-
tal line γy = 1, or entirely below it, or entirely within it.

Consider the case γy > 1 (which is impossible for γ = 0).
If γ > 0, then also y > 0 and hence x decreases on the entire trajectory,

which makes periodicity impossible.
If γ < 0, then y is always negative and the trajectory, when intersecting

the parabola, is directed down (corr. up) whenever x > 0 (corr. x < 0).
So, if we divide the domain γy > 1 into three parts: left (x < −

√

|y|),

right (x >
√

|y|), and central (−
√

|y| < x <
√

|y|), then any trajectory in
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the domain, if not staying in one part, can pass from the right part to the
central one and from the central part to the left one. Hence, the x coordinate
is ultimately monotonic and the trajectory itself cannot be periodic.

Thus, if analysing an initial point (x1, y1) we understand that it is not a
fixed point of the system, the next step is to check the sign of (1− γy) and
in the non-positive case to conclude that the trajectory is not periodic.

In what follows, we suppose that 1 − γy > 0. In this domain, opposite
to what we saw above, any trajectory, when intersecting the parabola, is
directed down (corr. up) whenever x < 0 (corr. x > 0). So, any periodic
non-constant trajectory must intersect the y-axis exactly at two points, one
above the parabola (therefore with y > 0) and another below it (and therefore
with y < 0). Similar relations hold for two inevitable intersections of any
non-constant periodic trajectory with the x-axis.

Note that the substitution x 7→ −x, t 7→ −t does not change our system,
which yields symmetry of any periodic non-constant trajectory about the y-
axis. So, to determine periodicity of a trajectory passing through an initial
non-fixed point (x1, y1), it suffices to check that the trajectory gains the y-axis
both before and after (x1, y1). We also can limit ourselves to consideration
of points with non-negative x-coordinate.

Now we make a change of variables z = x2, x dt = ds transforming (1)
into the linear system

(2)











y′ =
dy

ds
= 1− γy,

z′ =
dz

ds
= −2y − 2z.

Note that the foregoing change admits arbitrary constant addend for s,
which will be used to provide the condition y

∣

∣

s=0
= 0.

Note also a singularity this change has at the points with x = 0. So, we
should admit that a trajectory of system (2) having end-points with z = 0 at
some finite s1 and s2 can correspond to a trajectory of system (1) that does
not have two related end-points with x = 0 at some finite t1 and t2 but tends
to at least one such point as t → ±∞. In this case we have no periodicity.

However, if for the first of the two mentioned trajectories we have z′ 6= 0
at s1 and s2, then

t2 − t1 =

∫ t2

t1

dt =

∫ s2

s1

ds
√

z(s)

with the last improper integral converging to some finite value, which forces
both t1 and t2 to be finite. In this case the part of the trajectory with z ≥ 0
corresponds to two symmetric parts (with x ≤ 0 and x ≥ 0) forming a
periodic trajectory of system (1).
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All maximally extended trajectories of the linear system (2) are defined
for all s ∈ (−∞; +∞) and keep sgn(1− γy) unchanged, just like for system
(1).

System (2) can be resolved explicitly with different formulae for γ =
0, γ = 2, and others. Our general strategy to determine periodicity for
the trajectory of (1) passing through an arbitrary initial point (x1, y1) with
1− γy > 0 consists of the following steps.

1. Find the general solution to system (2) with the initial data (0, z0)
at s = 0.

2. Express z0 in terms of y1 and z1 = x2
1 ≥ 0.

3. Check sgn z0 provided z1 ≥ 0. If z0 < 0, then the related trajectory
of (1) does not intersect the x-axis and therefore is not periodic. In
this case further steps are not needed.

4. Check that z′ cannot vanish more than at one s and therefore z
cannot vanish more than at two s.

5. Consider behaviour of z at infinities. If ultimately z < 0 both as
s → +∞ and as s → −∞, then the trajectory of (2) intersects the
y-axis at two different s and the related trajectory of (1) is periodic
(due to Step 4, the trajectory of (2) intersects the y-axis with non-
zero z′). If not, then the trajectory of (1) is not periodic.

Now we perform these steps for the three cases of γ mentioned above.
Hereafter we use the notation

γ1 =
1

γ
, γ2 =

1

2− γ
.

3. The case γ = 0. Now γ2 = 1/2 and system (2) looks like

(3)

{

y′ = 1,

z′ = −2y − 2z.

Step 1. Solving this system with the initial data (0, z0) at s = 0, we
obtain

y = s, z = (z0 − γ2)e
−2s − s+ γ2.

Step 2. z0 = (x2
1 + y1 − γ2)e

2y1 + γ2.
Step 3. z0 ≥ z0

∣

∣

x1=0
= (y1 − γ2)e

2y1 + γ2. Since the derivative of the last

expression with respect to y1 equals 2y1e
2y1 , we obtain

z0 ≥ z0
∣

∣

x1=0
≥ z0

∣

∣

x1=y1=0
= 0.

Step 4. The derivative z′ = (1−2z0)e
−2s−1 cannot vanish at more than

one s. Hence, z cannot vanish at more than two s.
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Step 5. Now consider behaviour of z = (z0−γ2)e
−2s−s+γ2 at infinities.

We have z → −∞ as s → +∞.
As for s → −∞, we see that z → −∞ if z0 < γ2, but z → +∞ otherwise.
Thus, if γ = 0, the trajectory of (1) with initial data (x1, y1) is periodic

if and only if 1− γy > 0 and

z0 = (x2
1 + y1 − γ2)e

2y1 + γ2 < γ2,

which is equivalent to

(4) 2x2
1 + 2y1 < 1.

4. The case γ = 2. Now γ1 = 1/2 and system (2) looks like

(5)

{

y′ = 1− 2y,

z′ = −2y − 2z.

Step 1. Solving this system with the initial data (0, z0) at s = 0, we
obtain

y = γ1(1− e−2s), z = (z0 + γ1) e
−2s + se−2s − γ1.

Step 2. z0 =
x2
1 + γ1

1− γy1
+ γ1( log(1− γy1)− 1) ≥ z0

∣

∣

x1=0
.

Step 3. z0
∣

∣

x1=0
= γ1(1− γy1)

−1 + γ1 log(1− γy1)− γ1.
Since the derivative of the last expression with respect to y1 equals

(1− γy)−2 − (1− γy)−1 = (1− γy)−2γy,

we obtain z0 ≥ z0
∣

∣

x1=0
≥ z0

∣

∣

x1=y1=0
= 0.

Step 4. The derivative z′ = −2 (z0 + s) e−2s cannot vanish at more than
one s. Hence, z cannot vanish at more than two s.

Step 5. Consider behaviour of z = (z0 + γ1) e
−2s+se−2s−γ1 at infinities.

We have z → −∞ as s → −∞ and z → −γ1 < 0 as s → +∞.
Thus, the related trajectory of (1) is periodic.

5. The case 0 6= γ 6= 2. Consider the most general case for γ.
Step 1. Solving system (2) with the initial data (0, z0) at s = 0, we

obtain

y = γ1(1− e−γs), z = z0e
−2s − γ2e

−2s + 2γ1γ2e
−γs − γ1.

Step 2. z0 = (x2
1 + γ1)(1− γy1)

−2γ1 + γ2 − 2γ1γ2(1− γy1)
1−2γ1 ≥ z0

∣

∣

x1=0

Step 3. z0
∣

∣

x1=0
= γ1(1− γy1)

−2γ1 + γ2 − 2γ1γ2(1− γy1)
1−2γ1 .
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Since the derivative of the last expression with respect to y1 equals

2y1(1− γy1)
−2γ1−1,

we obtain z0 ≥ z0
∣

∣

x1=0
≥ z0

∣

∣

x1=y1=0
= 0.

Step 4. The derivative z′ = −2z0e
−2s + 2γ2e

−2s − 2γ2e
−γs cannot vanish

at more than one s. Hence, z cannot vanish at more than two s.

Step 5. Consider behaviour of z = z0e
−2s − γ2e

−2s + 2γ1γ2e
−γs − γ1 at

infinities. At +∞ we have either z → −γ1 < 0 (if γ > 0) or z → −∞ (if
γ < 0). As for −∞, we have z → −∞ if either γ > 2 or z0 < γ2, but we see
that z → +∞ otherwise.

Taking into account the expression for z0 from Step 2, we find that the
condition z0 < γ2 is equivalent to

(x2
1 + γ1)(1− γy1)

−2γ1 < 2γ1γ2(1− γy1)
1−2γ1 ,

which can be simplified to (2− γ)x2
1 + 2y1 < 1.

Note that in the case γ = 0 the final condition given by (4) can be
presented just as the last inequality.

6. General criterion of periodicity. In light of the above con-
siderations we can formulate the following general criterion of whether a
trajectory of system (1) passing through a point (x1, y1) is periodic.

Theorem 1. If (x1, y1) is not a fixed point of system (1), then its trajectory

passing through this point is periodic if and only if 1 − γy1 > 0 and either

γ ≥ 2 or (2− γ)x2
1 + 2y1 < 1.

7. Calculation of the period. If some trajectory of (1) is periodic,
we can give an explicit formula for its period:

T = 2

∫ t2

t1

dt = 2

∫ s2

s1

ds

x(s)
= 2

∫

z(s)>0

ds
√

z(s)
,

where z(s) is a function obtained in the previous sections according to the
value of γ, namely

z(s) =











(z0 − γ2)e
−2s − s+ γ2 if γ = 0,

(z0 + γ1) e
−2s + se−2s − γ1 if γ = 2,

z0e
−2s − γ2e

−2s + 2γ1γ2e
−γs − γ1 for other γ
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with

z0 =



















(x2
1 + y1 − γ2)e

2y1 + γ2 if γ = 0,

x2
1 + γ1

1− γy1
+ γ1( log(1− γy1)− 1) if γ = 2,

(x2
1 + γ1)(1− γy1)

−2γ1 + γ2 − 2γ1γ2(1− γy1)
1−2γ1 for other γ.
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