
Individual Olympiad. Problems and solutions.
19.09.2011

1. Let f(x) = ax2 + bx + c be a quadratic function, such that the equa-
tion f(x) = x has no solutions (in real numbers). Prove that the equation
f(f(x)) = x has no solutions as well.

Solution: The function f(x) − x is not equal to zero and is continuous
on the entire real axis. Consequently, it takes either only positive values,
or only negative. In the �rst case f(x) > x for all x, which means that
f(f(x)) > f(x) > x, and therefore does not hold for any x. Similarly, in the
second case, for any x.

2. Given positive numbers a, b and c such that a2 = b2 + c2 − bc. Prove
that (a− b)(a− c) ≤ 0.

First Solution: Let us transform the given equality: a − b = c(c− b)
a+ b :

Similarly, a − c = b(b− c)
a+ c : By multiplying the two resulting equations we

obtain:
(a− b)(a− c) = − bc(b− c)2

(a+ b)(a+ c) :

In this equation the right hand side is obviously nonpositive, and therefore,
the left hand side must be nonpositive as well.

Second Solution: Let us construct a triangle with two sides equal to b
and c, and a 60 degree angle between them. According to the law of cosines,
the third side of the triangle will be equal to a. We can now use the well-
known consequence of the law of sines: in all triangles the longer side lies
opposite the larger angle. The 60 degree angle is neither the largest nor
the smallest, and therefore, the side that lies opposite this angle is neither
the longest nor the shortest. Therefore, one of the factors a − b and a − c
is non-negative, and the second one is nonpositive. Hence, their product is
nonpositive.

3. Prove the equality
√

1 +
√

1 +
√

1 + : : : = 1 + 1

1 + 1
1 + : : :

Solution: Let ' =
√

5 + 1
2 denote the positive root of the quadratic equation
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x2− x− 1 = 0. We will prove that both sides of this equality are equal to '.
On the left side we have a limit of a sequence de�ned recursively: x0 = 1,

xn+1 = √1 + xn: By induction we prove that xn < xn+1 < ' .The induction
step consists of applying to the inequality a monotonically increasing (on
a set of positive numbers) function x =

√
1 + x. Thus, the sequence is

monotonically increasing and bounded above, and therefore convergent. Its
limit x satis�es the equality: x =

√
1 + x. It follows that x2−x− 1 = 0, and

since the limit must be positive x = '.
On the right side we have a limit of a sequence de�ned recursively: x0 = 1,

xn+1 = 1 + 1
x . By induction we prove that xn < xn+1 < ' for even n

and xn > xn+1 > ' for odd n. The induction step consists of applying
to the inequality a monotonically decreasing (on a set of positive numbers)
function 1 + 1

x . Thus, the sequences of even and odd numbers are monotonic
(increasing and decreasing, respectively) and bounded from(above and below,
respectively). Hence, they are both convergent. Their limits are positive and
must satisfy the equation:

x = 1 + 1
1 + 1

x
:

This equation can be reduced to the same quadratic equation, which means
that both limits equal ', and therefore it is the limit of the sequence.

4. The plain hexagon ABCDEF has three pairs of parallel opposite
sides: AB||DE;BC||EF;CD||FA: Prove that the area of the hexagon is no
more than twice the area of the triangle ACE.

Solution: Let us construct parallelograms having AC,CE, and EA as
their diagonal from the triangles ABC, CDE and EFA respectively. As a
result, the triangle ACE will be divided into four triangles, three of which
are halves of the three parallelograms, and the fourth is a "central" triangle
(which may degenerate to a point). The part of the area of the hexagon
ABCDEF which lies outside the triangle ACE consists of the three other
halves of the parallelograms. The assertion of the problem follows immedi-
ately from this. Equality is achieved if the central triangle degenerates to a
point, which is equivalent to the pairwise equality of the parallel sides of a
hexagon.

5. Prove that the following inequality holds for all x > 0 : (1 + x)
√

3 >
1 +

√
3x:
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Solution: According to Lagrange's theorem for any 0 < c < x

(1 + x)
√

3 = 1 +
√

3(1 + c)
√

3−1x > 1 +
√

3x;

since (1 + c)
√

3−1 > 1.
6. A bus company runs a line between two towns (there are no inter-

mediate stops). The company would like to know the average number of
passengers on the bus. For a period of one month every passenger was given
a questionnaire with a single question: \How many passengers (including
yourself) are on the bus?" At the end of the month all the collected answers
were averaged (the arithmetic mean was calculated). Does this calculation
give the correct result? Is it possible to calculate the average occupancy of
the buses based on the collected data? If yes, how? How would you arrange
a survey for evaluating the average occupancy of the buses?

Solution: The average occupancy was calculated incorrectly, because the
number of passengers on each trip was included in the calculations as many
times as there were passengers (instead of once). If there were trips during
which the busses were empty, this will not be reected in the collected data
at all, even though it obviously a�ects the average occupancy. Therefore, it
is impossible to draw any conclusions regarding the average occupancy of the
busses based on this survey. If we assume that the busses were never empty,
then the survey results can be used to calculate the average occupancy (i.e.,
the total number of passengers on all of the trips divided by the number of
trips) in the following way. The dividend will be the number of question-
naires. In order to �nd the divider, for every k we must count the number of
questionnaires with response k and divide it by k, and then summarize the
results for all k. A more reasonable way to conduct such a study would be
to carry out a similar survey of drivers, not passengers.

7. In the alphabet of the Anchurian language there are only three letters:
A, B and C. Two di�erent words have the same meaning (express the same
concept) if one can be obtained from the other one by applying the following
operations, in any order and any number of times: I) if the string ABA
appears anywhere in the word, it can be replaced with BAB, and vice versa.
Same with ACA and CAC, and BC and CB. II) a string of two identical
letters can be removed or inserted - anywhere in any word. a) Is the number
of concepts that can be expressed in the language �nite or in�nite? If it is
�nite, how many di�erent concepts can be expressed? b) The same question
if the replacement rule is canceled and the rule is introduced instead.
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Answer: a) 24 concepts; b) an in�nite number of concepts.
Solution: First, let us prove that in case b) the number of terms is

in�nite. In order to do this we will divide a plane into congruent equilateral
triangles by three families of parallel lines forming sixty-degree angles with
each other. We then select one of the triangles and call it the "original"
triangle. Straight lines containing part of the original triangle are denoted
by a; b and c, which correspond to the letters A, B and C. Each word will
be represented by a triangle obtained from the original triangle through a
series of successive mirror reections about the lines corresponding to the
letters of the word. This way words that express the same concept will be
represented by identical triangles. Word fragments consisting of the same
letter de�ne an identical transformation. Fragment ABA means a reection
about the line passing through the point of intersection of lines a and b, and
forming sixty-degree angles with each of them. Fragment BAB means the
same thing. The same is true for the pairs (ACA, CAC) and (BCB, CBC).
Thus, words that express the same concept correspond to the same triangle.
It can be easily proven that each triangle corresponds to at least one word.
Therefore, by taking a word corresponding to each of the triangles that form
the plane, we get an in�nite number of words expressing di�erent concepts.

Let us now show that the number of concepts in case a) does not exceed
24. Just as in the case discussed above, we associate letters of words with
axial symmetries. Axes corresponding to the letters A and B, as well as axes
corresponding to the letters A and C, must form sixty-degree angles with each
other. Axes corresponding to the letters B and C must be perpendicular to
each other. Thus, a triangle formed by them must have angles of 60, 60
and 90 degrees. Of course, such a triangle does not exist on the Euclidean
plane, but it can be constructed on a sphere. By reecting this triangle about
its sides, we obtain the division of the sphere into congruent triangles, just
as in the previous case we obtained the division of a plane into congruent
equilateral triangles. As in the previous case, words that mean the same
thing correspond to identical triangles. The di�erence is that the number of
triangles in this case is �nite, and it equals 24. Thus, the number of di�erent
concepts that can be expressed in this language is no greater than 24.

The list of the 24 words that correspond to the 24 triangles is shown below:
∅, A, B, C, AB, BA, AC, CA, BC, BA, ACA, ABC, BAC, BCA, CAB,
ABAC, ABCA, ACAB, BACA, BCAB, ABACA, ABCAB, BACAB,
ABACAB. We leave it to the readers to prove that every other word is
equivalent to one of the above.
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8. Let V be a linear subspace of the space of matrices of size over the
real numbers, which consists of degenerate matrices only. What is the largest
possible value of the dimension of V ?

Answer. n2 − n.
Solution: An example of a subspace of codimention n which sutis�es the

conditions is for instance the set of matrices with zeros in the �rst row.
Let us prove that codimention of a space which sutis�es the conditions is

not less than n. Codimension k is de�ned by a system of linear equations.
Its basis is the standard basis of matrix units. This system has k principal
unknowns, and the rest are free. If we assume that k < n, then it can easily
be proven that by permutation of rows and columns we can place all the
major unknowns below the main diagonal (we will leave this exercise to the
readers). As a result of this, the subspace transforms into another subspace
of the same dimension, and the condition that it contain only degenerate
matrices is preserved. But the free unknowns can be assigned any value. Let
us place unities on the main diagonal and zeros above it. We then obtain a
nonsingular matrix in this subspace.
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