
Individual Olympiad

1. Find

lim
n→∞

q2n

n!

∫ π

0

xn(π − x)n sin(x)dx,

where q is an arbitrary positive number.

Answer: 0

Solution: Obviously the limit is not negative. Hence,

0 ≤ lim
n→∞

q2n

n!

∫ π

0

xn(π − x)n sin(x)dx ≤ lim
n→∞

q2n

n!

∫ π

0

πn(π)n · 1 · dx =

= lim
n→∞

q2n

n!
π2n

∫ π

0

dx = lim
n→∞

(πq)2n

n!
π = 0,

since for any constant d (including one that equals π2q2) the limit
limn→∞

dn

n!
= 0.

2. A clock shows 12:00. How long will it take the minute hand to reach
the hour hand again?

Answer: 1 + 1/11 hours.

Solution: In 12 hours the minute hand overtakes the hour hand 11
times. The interval between these events is 12/11. Therefore, the minute
hand will reach the hour hand in 12/11 or 1 + 1/11 hours.

3. All the coe�cients of the polynomial P (x) are integers,Q(x) = P (x)(n)/n!,
where f (n) denotes the n-th derivative of the function. Prove that all
the coe�cients of the polynomial Q are also integers.

Solution: Any polynomial with integer coe�cients is an integer combi-

nation of polynomials of the form xl. But (xl)(n)

n!
= xl−n ·

(
l
n

)
has integer

coe�cients.

Note: Questions 1 and 3 arose from the proof of the irrationality of
π. If π = p/q, where p, q ∈ N, then it follows from question 3 that the
integral from question 1 is an integer.

4. A and B are two square matrices of size n × n over an arbitrary �eld
such that AB = A+B. Prove that BA also equals A+B.

Solution: The terms of the problem can be formulated as (E−A)(E−
B) = E, and the equality that we have to prove as (E−B)(E−A) = E.
All that remains is to note that if PQ = E, then QP = E.
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5. Solve the following equation for real values of x: 4
√
x− 1+ 4

√
x+ 1 = 4

√
2.

Answer: x = 1.

Solution: The function f(x) = 4
√
x− 1+ 4

√
x+ 1 has a positive deriva-

tive, increases monotonically, is de�ned for x ≥ 1 and has its minimum
value at unity, which equals 4

√
2.

6. In ancient Egypt, a quadrilateral area of land was calculated by the
formula S = a+b

2
· c+d

2
, where a, b, c and d are lengths of consecutive

sides of the quadrilateral. Can the result obtained via this formula be
smaller than the true area?

Answer: No.

Solution: It is su�cient to prove the inequality S ≤ (ab+cd)/2 for the
sides of the quadrilateral going in random order. If a, b, c and d are
lengths of consecutive sides of the quadrilateral, then the quadrilateral
is divided into two triangles T1 and T2 with sides a, b and c, d, respec-
tively. The area of a triangle equals half the product of the sides and the
sine of the angle between them, and the sine of an angle is smaller than 1
in absolute value. Therefore, S = ST1+ST2 ≤ ab/2+cd/2 = (ab+cd)/2.

If a, b, c, and d are pairs of opposite sides the quadrilateral can be
divided into two triangles along its diagonal, and one of the triangles
can be "�ipped"so that the opposite sides would become adjacent and
the area would not change.

7. An equilateral triangle of side 1000 is divided into 106 equilateral tri-
angles of side 1. Two players take turns choosing an arbitrary triangle
and coloring it. It is forbidden to use the same color for triangles that
have a common side. Can the second player make the �rst use more
than three colors?

Answer: Yes.

Solution: Suppose that there are two triangles of di�erent colors that
are joined to adjacent vertices of a triangle with side 2. In this case, the
second player during his next turn will have to color either the inner
triangle or the corner triangle inside this big triangle. Therefore, if there
are two such big triangles with corner triangles of di�erent colors and
non-intersecting pairs of triangles that have not yet been colored, then
the �rst player wins. It can be easily seen that the �rst player can
achieve this after his third move.
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8. Find the sum of the in�nite series

1 +
1

2
+

1

3
+

1

4
+

1

6
+

1

8
+

1

9
+

1

12
+ . . .

if the denominators of the members of this series are natural numbers,
the only prime divisors of which are 2 and 3.

Answer: 3.

Solution: In order to obtain the sum being sought inverse fractions,
we have to multiply the in�nite sum of all the powers of 1/2 by the
in�nite sum of all the powers of 1/3.

Hence,

S =

(
1 +

1

2
+

1

4
+

1

8
+ . . .

)
×
(
1 +

1

3
+

1

9
+

1

27
+ . . .

)
=

(
1

1− 1
2

)
·
(

1

1− 1
3

)
= 3.

.

9. Several intervals are positioned on a line in an arbitrary manner. (The
intervals may overlap). Prove that a set of points can be positioned on
the line in such a way that each interval will contain no less than a
million points, and each pair of intervals of equal length will contain
an equal number of points.

Note: A more general fact can be proven similarly. Several bounded
geometric shapes of positive (not necessarily equal) volume are placed
arbitrarily in space Rn. Prove that it is possible to position a set of
points in this space in such a way that none of them will be place on
the surface of any of the geometric shapes, each shape will contain no
less than a million points, and any two shapes of equal volume will
contain an equal number of points.

Solution: The terms of the problem can be formulated as a system
of linear equations. Let us denote the various intersections of intervals
and their additions as numbers i = 1, . . . ., k. Let xi be the number of
points in the i-th set. The equality of the number of points in intervals of
equal length will be an equality of the type

∑
xi =

∑
xj. In addition we

have the inequality xi > 106. If we can �nd rational solutions such that
xi > 0, then by multiplying all of the variables by a suitable positive
value we will obtain xi > 106. Thus we can substitute the inequality
xi > 106 by inequality xi > 0, while all the xi can be made integers.
If we substitute xi by the lengths of the corresponding sets, all of the
equalities will hold. Next we use the following lemma.
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Lemma: If a system of equations and inequalities with rational coef-
�cients has a solution, then it also has rational solutions. Proof: In-
duction on the number of equations. We take one equation, express
the variable through it, and substitute. The property of equations and
inequalities to have rational solutions is preserved.

10. P (x) = (x+1)2014Q(x) 6≡ 0. Prove that at least 2014 coe�cients of the
polynomial P are non-zero.

Solution: Let us demonstrate by means of induction that if P (x) =
(x+1)nQ(x), then at least 2014 coe�cients of set P are non-zero. First,
we assume that P (0) 6= 0, otherwise P (x) can be divided by x and the
problem is reduced to polynomials of lesser order. But if P (0) 6= 0, then
the number of non-zero coe�cients of the derivative of P is one less.
On the other hand, the derivative P ′(x) is divisible by (x+ 1)n−1, and
the induction can be proceeded.

Team Olympiad

1. Every day either the beauty or the charm of each of the girls in Guriy
Ivanovitch Munchausen's harem grows. And for all, except possibly one
girl, these qualities grow simultaneously. In addition, it is known that
during the entire year 2013 the girls have not changed at all. What is
the maximal possible number of girls in the harem?

Answer: 182.

Solution: Let us call a day "problematic"for a certain girl if only one
of her parameters - either beauty or charm - was improved. Obviously,
each girl has at least two "problematic"days. The number of days in
the year 2014 is 365. Since the "problematic"days of the di�erent girls
do not coincide, the number of girls cannot exceed [365/2] = 182. An
example can be easily constructed.

2. Find the limit
lim
x→0

(1− xx + x ln(x))/(x ln(x))2

Answer: - 0.5.

Solution:

lim
x→0

(1− xx + x ln(x)) /(x ln(x))2 = lim
x→0

(
1− ex ln(x) + x ln(x)

)
/(x ln(x))2 =

= lim
t→0

(1−et+ t)/t2 = lim
t→0

(1− (1+ t+ t2/2+ t3/3!+ . . . )+ t)/t2 = −1/2.
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3. A computer programmer wants to type all integers from 1 to 10000
in ascending order. However, the keys 2 and 5 on his keyboard do not
work, and therefore he omits all the numbers that contain these digits.
What number will he type in the 2014-th place?

Answer: 4948

Solution: Note that the programmer is actually using an octal number
system (consisting of the digits 0,1,3,4,6,7,8,9). But

2014 = 3 · 83 + 7 · 82 + 3 · 8 + 6 = 37368.

. Since the digits 2 and 5 are omitted, there is the following shift in
digits: 3 → 4, 7 → 9, 6 → 8. Thus we obtain, taking this shift into
account, that the number he will type in the 2014-th place is 4948.

4. All elements of a 4× 4 matrix do not exceed 1 in absolute value. What
is its maximum possible determinant?

Answer: 16.

Solution: The determinant of a matrix is the volume of the paral-
lelepiped generated by the vectors represented by its rows. The length
of the vector of order 4 with coordinates that do not exceed 1 does
not exceed 2, and therefore the volume of the parallelepiped does not
exceed 24 = 16. It now remains to demonstrate that this evaluation is
true, i.e. to provide an example of 4 pairwise orthogonal vectors with
coordinates of vertices ±1, which make up the required matrix. Such
an example is shown below.

1 1 1 1
−1 −1 1 1
−1 1 −1 1
1 −1 −1 1.


Note:Matrices of size n×n with coe�cients ±1 with mutually orthog-
onal rows are called Hadamard matrices. It can be easily demonstrated
that n is divisible by 4 if n > 2, and that if n = 2k, then such matrices
exist. The existence of Hadamard matrices for all n=4k is an important
open problem.

5. The speed of a pedestrian is km/h, and the speed of a cyclist - 30 km/h.
The distance between points A and B is 60 km. Two travelers have one
bicycle. What is the minimal possible time for them both to cover the
distance?
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Answer: 7 hours.

Solution: It can be easily seen that with the optimal strategy the two
will reach their destination simultaneously (otherwise the algorithm
can be corrected). Therefore, the distances covered by each of the two
travelers while riding a bicycle must be the same, and so must the
distances that they covered walking. Hence, the optimal strategy is as
follows. The �rst traveler must ride the bicycle for half of the distance,
leave it in the road, and walk the rest of the way, and the second traveler
must walk until he reaches the bicycle and then ride it the rest of the
way. The time it takes each of them to cover the distance is 1 hour
riding the bicycle plus six hours of walking - a total of 7 hours.

6. How many sides can a convex polygon have if it is possible to build it
(without gaps and overlaps) from equilateral triangles and squares the
lengths of the sides of all of which are the same?

Answer: Any number from 3 to 12.

Solution: The maximal possible angle of this polygon equals 90o +
60o = 150o, which is the angle of an equilateral 12-gon. Therefore, there
can be no more than 12 angles, because otherwise there will be an angle
whose size is no less than 180o(n− 2)/n = 180o − 180 · 2/n > 150o for
n > 12. The construction of a triangle, a quadrilateral and a hexagon
are trivial. A pentagon can be constructed by joining a triangle and a
square. By joining two squares which together form a rectangle with
sides 1 × 2, and two halves of a hexagon formed from unit triangles,
we obtain an octagon. By replacing one of the hexagon halves with a
triangle with side 2 formed from 4 unit triangles, we obtain a heptagon.
We now surround a unit triangle T with unit squares, attaching the
squares to its sides. To the vertices of T we join rhombuses formed by
pairs of equilateral triangles with angle 120o , attached to a vertices
of T . Thus we obtain a nonagon. By surrounding a rhombus formed
from two triangles with squares and inserting triangles and rhombuses
we obtain a decagon, and by surrounding an equilateral hexagon by
squares and attaching triangles to its vertices we obtain a 12-gon. Let
us now join an equilateral hexagon and a triangle. Next, we surround
the obtained �gure by squares. The longer sides will have two squares
attached to them. To the angle between the two long sides we attach a
rhombus, and into the angles formed by neighboring squares we insert
triangles. Thus we obtain an 11-gon.

7. Write the number x = 989 · 1001 · 1007 + 320 as a product of prime
numbers. Answer: x = 991 · 997 · 1009.
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Solution: Let us present x as x = (y+ a)(y+ a+6)(y+ a− 12)+ 320,
where 1001 = y + a. We will select an a such that a(a + 6)(a − 12) =
−320, i.e. a = 10. Then x is divisible by y and, moreover, x = y(y2 +
24y + 108) = y(y + 6)(y + 18) (6, 18 are the roots of the quadratic
equation t2 + 24t+ 108). Hence y = 991, y + 6 = 997, y + 18 = 1009.

8. A circle is inscribed in one of the faces of a regular tetrahedron, and
another circle is circumscribed around another face of the same tetra-
hedron. Find the distance between these two circles.

Answer:
√
2
4
(
√
3− 1).

Solution: The central projections of inscribed and circumscribed cir-
cles onto a sphere circumscribed around the tetrahedron intersect, while
projections of circles inscribed and circumscribed around the same face
of the tetrahedron do not intersect. Because of the symmetry it can be
concluded that the projections of circles one of which is inscribed in one
of the faces of a regular tetrahedron, and another circumscribed around
another face of the same tetrahedron, intersect. Hence the distance be-
tween them is equal to the distance between spheres whose center O
is at the center of our tetrahedron T on which these circles lie, i.e. the
di�erence between the distances of these spheres from O. Let us �nd
these distances. We will inscribe a regular tetrahedron with edge

√
2

into a unit cube, and circumscribe a cube with edge
√
2/2 around a unit

tetrahedron. The diagonal of this cube will equal
√
6/2, and the height

T will equal 2/3 of the length of this diagonal, i.e.
√
6/3. The point of

intersection of heights in a regular tetrahedron divides them in ratio 1:
3, and consequently the distance from the center O of the tetrahedron
T to its edge will be 4 times less than the height, or

√
6/12. The ra-

dius of a circle inscribed into an equilateral unit triangle equals
√
3/6.

Therefore, the distance from O to the circle inscribed into a face of the

tetrahedron will equal
√

(
√
6/12)2 + (

√
3/6)2 =

√
2/4. The radius of a

circle circumscribed around an equilateral unit triangle equals
√
3/3.

Therefore, the distance from O to the circle circumscribed around a face

of the tetrahedron will equal
√
(
√
6/12)2 + (

√
3/3)2 =

√
6/4. Thus, the

distance from the inscribed circle is
√
2/4, and the distance from the

circumscribed circle is
√
6/4, and hence the di�erence is

√
2
4
(
√
3− 1).
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