
Problem 1 

The population of the city Roachrach consists of cockroaches and cucarachas. The number 

of residents of the city is no greater than 2,000,000. Each cockroach is acquainted with 

1,000 cucarachas, and each cucaracha – 1,001 cockroaches. The acquaintances are mutual 

(if cockroach X is acquainted with cucaracha Y, this means that cucaracha Y is also 

acquainted with cockroach X).  

What is the maximal number of residents of the city? 

Problem 2 

A car started its journey from town A to town B with a constant acceleration. From the 

time the speed of 80 km/h was reached, for half of the total travel time the car continued at 

this speed.  

The remaining distance was covered with a constant deceleration. 

Find the average speed of the car during the whole journey. 

Problem 3 

A natural number N satisfies the equality N + S(N) = 2999, where S(N) designates the 

digit sum of N. Find the value of N. 

Problem 4 

Function f(x) satisfies for all x the following equalities f(x) + f(-x) = 2, f(1+x) = f(1-x). 

Calculate 
2016

0

)( dxxf .  

Problem 5 

The determinant of matrix A equals 1, and all the entries of matrices A
2015

 and A
2017

 are 

integers. Is it true that all the entries of A are integers?  

Problem 6 

In a group of n people, subgroups with common interests (football, dancing, philately) are 

formed. The number of subgroups equals 2
n-1

. Any three subgroups have a common 

member. Prove that there is a person who is a member of all the subgroups. 

Problem 7 

A point M0 with positive coordinates (x0, y0, z0) (x0>0, y0>0, z0>0) is given. A plane is 

drawn through this point. Find the minimal possible volume of a triangular pyramid whose 

faces lie in the plane mentioned above and in the coordinate planes. 



Problem 8 

Find the limit 
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, where m, n are natural numbers. 

Problem 9 

Prove that for all prime numbers p>2000 the sum 1 + 2
2000

 + 3
2000

 + … + (p-1)
2000

 is 

divisible by p. 

Problem 10 

A) A policeman is chasing a gangster in a city which is built like a cross formed by two 

segments of length 2 that intersect at right angles in the middle (see Figure). The 

policeman can see the gangster only if he bumps into him, and they both can only move 

along the cross. The speed of the policeman is 10 times greater than that of the gangster. 

Can it be guaranteed that the policeman will be able to catch the gangster in a limited time 

period? 

 
B) The same question with the additional condition that the policeman is allowed to make 

no more than 2015 turns. 

Problem 11 

A right tetrahedron and a ball arbitrarily located in space are 

given. It is allowed to reflect the tetrahedron from each of its faces 

(see the picture). Is it possible to place the center of the 

tetrahedron inside the ball utilizing such transformations?  
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