
1. Two friends who live in neighboring villages have agreed to meet during
their evening walk exactly halfway between the two villages. They left
their villages at the same time. The �rst friend walked half of the
time at a speed of v1, and the second half of the time at a speed of v2
(v1 6= v2). The second friend walked the �rst half of the distance at a
speed of v2, and the second | at a speed of v2. Who of them reached
the meeting place �rst?
Answer: The �rst friend reached the meeting place �rst.
Solution. Let us denote the distance between the two villages as s,
and the time it took each of the two friends to cover the distance from
his village to the meeting place as t1 and t2. Then

s = 1
2t1(v1 + v2); and therefore t1 = 2s

v1 + v2
;

In addition
t2 = s

2v1
+ s

2v2
= s

2 ·
v1 + v2
v1v2

:

Thus we obtain

t2 − t1 = s
2 ·

(v1 + v2)2 − 4v1v2
v1v2(v1 + v2) = s

2 ·
(v1 − v2)2

v1v2(v1 + v2) > 0;

which means that t1 < t2.

2. Find the limit
limx→∞

x
lnx(x1=x − 1)

Answer: 1.
Solution. We denote t = lnx

x , and thus obtain

limx→∞
x

lnx(x1=x − 1) = limx→∞
x

lnx(e ln x
x − 1) = lim

t→0
et − 1
t = 1:

3. Solve the equation
√

1−√1− x2

2 +
√

1 +
√

1− x2

2 =
√

1 + x

Answer: x ∈ [0; 1].



Solution. First, we �nd the domain of the equation: x ∈ [−1; 1]. Next,
we square the equation, and after simple identity transformations we
obtain the equation

√
x2 = x. Its solution is x ≥ 0. In view of the

domain, we obtain the answer: 0 ≤ x ≤ 1

4. It is known that x2 + x−2 É x3 + x−3 are integers. Prove that x + x−1

is also an integer.
Solution. Let us introduce the notation u = x2 + x−2, v = x3 + x−3

and t = x+ x−1. It is easy to verify that ut = v+ t, and hence t = v
u−1

is a rational number. Let t = p
q be an irreducible fraction, and assume

that its denominator q is greater than 1. Then u = t2 − 2 = p2−2q2

q2 is
also an irreducible fraction whose denominator is greater than 1. This
contradicts the assumption that the number u is an integer

5. The continuous real function f(x) satis�es the condition: f(2x) =
3f(x), for any x. It is known that ∫ 1

0 f(x)dx = 1. Find ∫ 2
1 f(x)dx.

Answer: 5.
Solution. After making the change of variables t = 2x we obtain

1 =
∫ 1

0
f(x)dx =

∫ 1

0

f(2x)
3 dx = 1

6
∫ 2

0
f(t)dt:

Therefore
∫ 2

0
f(x)dx = 6;

∫ 2

1
f(x)dx =

∫ 2

0
f(x)dx−

∫ 1

0
f(x)dx = 6− 1 = 5:

6. The president of a company told a meeting of shareholders that for
any four consecutive months of the reporting period (consisting of a
whole number of months) revenues exceeded expenses. To the tax
administration he reported that during any three consecutive months of
that period expenses exceeded revenues. It is known that the president
never lies. What is the maximal possible duration of the reporting
period?
Answer: 5.
Solution. Consider the sequence xi, equal to the di�erence between
the revenues and the expenses of the company in the i-th month. Ac-
cording to the question, the sum of any four consecutive terms of the



sequence is positive, and the sum of any three consecutive terms is neg-
ative. Let us prove that the number of terms of the sequence must be
less than six. Assuming the contrary, consider a table

x1 x2 x3 x4
x2 x3 x4 x5
x3 x4 x5 x6

:

We can �nd the sum of all its elements in two ways. Summing up the
rows, we �nd that it is positive, and summing up the columns, we �nd
that it is negative. A contradiction.
Finding a sequence of �ve terms is simple: 2, 2, −5, 2, 2. Finding the
values of the company's expenses and revenues, such that the di�er-
ences between them would form the above mentioned sequence, is not
di�cult either.

7. Does there exist a natural number n, such that a three-dimensional ball
of unit diameter 10 can be placed in an n-dimensional unit cube?
Answer: Yes. For example n = 300.
Solution. Consider three vectors in a 300-dimensional space with unit
vectors of coordinate axes ~ei (1 ≤ i ≤ 300)

~v1 =
100∑

i=1
~ei; ~v2 =

200∑

i=101
~ei É ~v2 =

300∑

i=201
~ei:

A three-dimensional cube spanned by these vectors has an edge length
of 10 and is contained entirely within a 300-dimensional unit cube.
Indeed, the radius vector of any point that belongs to this cube has the
following form

�1~v1 + �2~v2 + �3~v3 =
100∑

i=1
�1~ei +

200∑

i=101
�2~ei +

300∑

i=201
�3~ei;

(where 0 ≤ �1; �2; �3 ≤ 1) i.e., all its coordinates are between zero
and one. Within this three-dimensional cube can be placed a three-
dimensional ball of diameter 10.

8. Given that A is an arbitrary (rectangular) matrix, prove that AA∗ is
nonnegative de�nite matrix. (Asterisk means trnspose.)



Solution. Consider an arbitrary row vector x. The value of the
quadratic form de�ned by the matrix AA∗ on the vector x equals
x(AA∗)x∗ = (xA)(A∗x∗) = (xA)(xA)∗. This value is equal to the
sum of the squares of the coordinates of the row vector xA, and hence
it is always non-negative.

9. Consider two sets of four points located on a plane with the same sets
of pair-wise distances. Is it true that they are congruent?
Answer: No.
Solution. us examine arbitrary nonzero numbers a and b, and points
A(−(a+ b); 0), B(a+ b; 0), C(b; b), D1(−b; b) and D2(b;−b). The four
points (A;B;C;D1) and (A;B;C;D2) are the desired ones.


