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• This paper introduces the notion of a Probability Navigation Function for motion planning.
• We start by estimating and predicting the Probability Density Function (PDF) of the obstacles’ locations.
• We then calculate the PNFs for a sequence of Nfwd time steps.
• We then calculate the kth incremental movement taking into consideration the k + 1, . . . , k + Nfwd predicted configurations.
• The algorithm is demonstrated on different scenarios and compared with the performance of a static PNF with that of a traditional NF.
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a b s t r a c t

This paper introduces a novel motion planning algorithm for stochastic dynamic scenarios. We apply
a Probability Navigation Function (PNF), discussed in the authors’ previous research work, to dynamic
environments. We first consider the ambient configuration space to be an n- dimensional ball; the robot
and the obstacles loci are all known with a Gaussian probability distribution, and both the robot and the
obstacles are assumed to have n-dimensional disc shapes. We fuse the geometries of the robot and the
obstacles with the localization probability distribution using convolution. We then define a Probability
Navigation Function (PNF) ϕ from the configuration space to R. We also provide a numerical method for
the case where the obstacles and the robot shapes are non-symmetric and their probability distributions
are non-Gaussian respectively. The PNF is applied to the dynamic case, where the obstacles are moving at
different velocities, by calculating consecutive probability navigation functions according to a prediction
of the obstacles’ positions and their estimation error covariance. We then apply a simulated annealing
scheme on the sequence of motion directions to choose an optimal path. We demonstrate our algorithm
for various scenarios.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Motion planning for a moving robot in deterministic dynamic
environment has been studied thoroughly [1–3]. Nevertheless,
real life information like the robot’s position, the environment
and the obstacles often possess a random portion (referred to
as random variables) due to limited data, measurement noises,
physical process etc. [4]. Uncertainties emerge in different contexts
like in crosstalk problems [5], which appear when using multiple
ultrasonic sensors simultaneously, or when signals are echoed
from several surfaces. Other sources for uncertainties are dynamic
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properties of obstacles which are not perfectly known [6]. In opti-
mization problems uncertainties may arise from the estimation of
the cost function value [7].

Shah et al. [8] consider a static and perfectly known environ-
ment with a ‘‘parasitic’’ random component, and use a naviga-
tion function [9] for robot navigation. Shah modifies the robot’s
controller to solve the problem of dynamic uncertainty drift due
to Brownian motion component by adding a stabilizing con-
troller to ensure asymptotic convergence; (under some simple
non-degeneracy conditions the robot is guaranteed to successfully
reach the goal in finite time). Vitus et al. [10] consider a static
environment estimation using noisy sensors. They solve the mo-
tion planning problem by a two step approach: firstly, an expected
shortest path problem on an uncertain graph, and then a chance
constrained motion planning problem is solved.
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Blackmore and Williams [11] consider a perfectly known static
environment while the agent’s position remains uncertain. They
introduce an algorithm that ensures a given probability for a mo-
tion planning trajectory to reach a predefined target, where each
of the trajectory points keep a minimal distance (a function of
the covariance) from all obstacles. This is extended to the non-
Gaussian noise case and to the case of a non-linear system using
particles [12]. Some studies guarantee a threshold value for col-
lision probability by ‘‘inflating’’ the obstacle in a predetermined
radial length [13]. Others take into account the uncertainty of both
the robot and obstacle positions [14] (also see [15]which considers
a radius proportional to the dynamic drift of the robot).

Most researchers keep a ‘‘safety probability for collision’’
(i.e. the level of risk the user is willing to take while moving)
proportional to the problem’s uncertainties. In this paper we in-
troduce a different approach in which the robot’s and the obsta-
cles’ geometries and dimensions are replaced by their probability
distributions, andwedo the same for the states of the robot and the
obstacles (location, velocity, etc.). This enables us to directly mini-
mize the collision probability rather than to set a safety coefficient.

A common line of action in order to handle uncertainties in-
volved in robotic path planning is to modify deterministic algo-
rithms: Lazanas and Latombe [16] use a Back-Projection algorithm
which defines landmark areas—the extended areas where sensing
is accurate, and restrict the robot’s motion to these areas (which
are constantly being enlarged). Another approach to maximize
certainty is to guide the robot through known landmarks. This line
of action is taken, for example, by modifying the A* algorithm,
introduced in [17]. The researchers add a fourth dimension to the
geometry (the additional dimension corresponds to the uncertain-
ties). Applying the A* algorithm results in a path with a lower
uncertainty. Pepy and Lambert [18] define a configurationwith the
additional uncertainty data (σx, σY , σZ , θ, φ), and then introduce a
safe-RRT algorithm for a solution. Their experimental results show
pathswhich form safe trees that follow thewalls in order to reduce
the uncertainties. Grid based path planning is applied in [19]. These
algorithms (c.f. [20]), use a predetermined grid fromwhich a road-
map is built. Fulgenzi et al. [21] apply the Velocity Obstaclesmethod
which considers linear-prediction-cones.

The Potential Field Method [22] and Navigation Function (NF)
path planning [23] are the best known methods due to their
simplicity and elegance. Both are closely connected, and yield a
path and control signals (motion directions and speeds) simul-
taneously (other methods provide these separately, e.g. [1]). Po-
tential field and NF algorithms ensure an asymptotic convergence
property [23] [22], thus, in our research we use a modified ver-
sion of the NF algorithm. The NF motion planning algorithm was
first published by Koditschek and Rimon [9]. Such a function is
continuous and smooth, it vanishes at the target point, and has a
unity value on the boundaries of the environment and obstacles.
Moreover, in order to ensure a solution, theNF critical points are all
non-degenerated, and applying a simple gradient descent ensures
convergence from any initial condition to any given goal.

Remark. Note that other concepts of navigation functions have
been proposed for the purpose of robot motion planning (see
for example [24]) which numerically solve a discrete differential
equation to find a NF.

In [25] the authors extend the notion of NF to a Probabilistic
Navigation function (PNF) by fusing the geometry of the robot and
the obstacles with their locations’ probability distributions using
convolution. This way the resulting function—ptot integrates the
geometries into a probability function which describes the proba-
bility for collision at any point. A reasonable scenariowould be that
the user can ‘‘tolerate’’ a certain risk for collision - ∆. We denote
the corresponding probability density value by p∆. Classically, the

Fig. 1. PNF (a) Vs. classic NF (b) with safety distance computed as the number of
STDs appropriate to ∆. The obstacles are depicted as gray discs and the robot as a
dark disc. The path is computed over static environment and is marked by the dark
curve. The target and start positions are indicated by T and S respectively.

algorithm uses the distance from the obstacles to calculate the
obstacles function β which is the base of the NF; however, we
substitute β for p∆ − ptot . We then prove that the result is a NF.

Most researchers in the field of motion planning under uncer-
tainty conditionsmaintain a safe distance fromobstacles according
to the probability function (see for example [11] and [26]). While
such algorithms use the geometry as metric, our algorithm uses
the metric as a function of the probability for collision. In Fig. 1
the right obstacle has a larger location uncertainty expressed by
its covariance compared with the left one. The path generated by
the PNF is shown in Fig. 1(a), while the path generated by the NF in
Fig. 1(b). The PNF takes this into consideration and keeps a larger
distance from the right obstacle, while the NF considers only the
geometry of the ‘‘inflated’’ obstacles, resulting in a path with a
larger probability for collision.

Most studies in motion planning consider the stationary prob-
ability function of an obstacle’s location and the its configuration.
This paper addresses the problem of stochastic motion planning
in dynamic environments (needless to say such scenarios are more
realistic than the stationary ones), i.e. the robot’s and the obstacles’
states are random variables.

Commonly, for deterministic, dynamic scenarios, the robot’s
path is calculated taking into consideration the obstacles future
locations. In such algorithms, computations are updated contin-
uously [1,27], see also Lopes et al. [28], which consider a poten-
tial field for dynamic environments. Several researchers consider
this type of environment [14,15] by continuously calculating the
control signal at each time step. Nevertheless, dynamic uncertain
environments should be further investigated. Herewe sequentially
generate static Probability Navigation Function for several steps
ahead. Every PNF corresponds to a specific time step and is gen-
erated based on the relevant predicted obstacles’ location, and the
predicted location covariance of both the robot and the obstacles.

The remainder of this paper is organized as follows: in the
next section we formally introduce the problem. In Section 3 we
review themain components of our algorithm, namely estimation,
prediction, and optimization of the path. For self containment, a
short overview describing the PNF construction is given in Sec-
tion 4. A generalization of the problem for arbitrary shapes and
distributions is given in Section 5. We demonstrate our algorithm
in Sections 6 and 7 provides a summary and future implementation
of the model in real life applications.

2. Problem formulation

Given a robot traveling towards a target location and a set
of moving obstacles. A configuration space C describes the robot
location xr ∈ M as well the set of obstacles’ locations xi∈O ∈ M,
whereO denotes the set of obstacles andM is a smooth Euclidean
manifold, which we assume to be M = RN . Each configuration
c ∈ C is an ordered set of n probabilities {Pri : RN

→ R}i∈O,r where
Pri(x) = Pr(xi∈O = x) is the probability for the ith obstacle to be
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Fig. 2. Algorithm overview.

at x ∈ RN . Similarly Prr (x) = Pr(xr = x) is the probability for the
robot to be at x ∈ RN . Note that n = ∥O∥ + 1. We assume that
xr , xi∈O are generated using a sub-optimal nonlinear filter, which
is a possible source for localization uncertainties.

We consider a dynamic uncertain environment in which all
obstacles have a predictable control signal (uk at Eq. (1)). We shall
denote the state space (which includes the positions and velocities)
of the robot and obstacles by Xr and Xi

o respectively (note that
C ⊂ X = Xr ∪ Xi

o). The governing equation of our (Markovian)
system is:

xk+1 = f (xk, uk, wk). (1)

Here: uk is the control signal and wk stands for the process noise.
Setting q0, qd ∈ RN to be the robot’s initial and target positions
respectively, our main problem is formulated as follows:

Consider a dynamic uncertain environment, generate a feed-
back control law for the robot motion while reducing the proba-
bility of obstacle–robot collision and pursuing the convergence to
qd. Furthermore, the probability for collision should be bounded
by ∆ throughout the entire robot motion.

The constant ∆ indicates the highest allowable probability for
collision: It is expected that in some scenarios the robot would
follow a shorter path at the expense of the collision avoidance
probability. Thus, in order to limit the probability for collision, we
introduce the user determined∆.

3. The algorithm components

In this section we describe the main components of our algo-
rithm for motion planning. Fig. 2 provides the outline of the pro-
posed algorithm. Given the probability distributions of the robot’s
and the obstacles’ locations together with their velocities, we start
by estimating and predicting the Probability Density Function (PDF)
of the obstacles’ locations. Note that the estimation and prediction
procedures are out of the scope of this paper and therefore are
described briefly. We then calculate the PNFs (see Section 4) for
a sequence of Nfwd time steps, resulting with a consecutive set of
PNFs.Nfwd defines theprediction timehorizonbasedon the current
locations and speeds of the robot and the obstacles. We then
calculate the kth incremental movement taking into consideration
the k + 1, . . . , k + Nfwd predicted configurations. We repeat this
process by updating the PNFs of the next time step estimations. The
path is constructed step by step according to the set of these PNFs
and is locally optimized using energy as cost function. We now
briefly review the main components of our algorithm: estimation,
prediction, and path optimization.

Estimation: In order to follow the proposed algorithm, an effi-
cient PNFneeds the statistics-moments of the locations of the robot
and obstacles to be as realistic as possible. For that, we need to
estimate the PDF of the positions of the robot and the obstacles. It is
advisable to use a particle-filter (see [29,30]) which is effective for

Fig. 3. The predicted PNFs decay over time. Notice that at the 6-th step the contour
lines vanish as the prediction process results in increased uncertainty. This means
that after a small number of prediction steps the probability for finding an obstacle
becomes almost identical throughout the work space.

this purpose, since, unlike other filters, it assumes nothing about
the linearity or the shape of the probability distribution.

Prediction: Obviously, predicted positions of obstacles need
to be taken into account when considering the PNF for dynamic
environments. As discussed above, one should consider the quality
of the PDF propagation. For simple cases (when assuming linearity
and normal distributions), the propagation equations (Eq. (1)) can
be approximated as linear f (xk, uk) = Fkxk, so the predicted
expectation and covariance can be generated simply by (see [12]
for a similar application):

x̂k+1|k = Fkx̂k|k−1, (2a)

Pk+1|k = FkPk|k−1F T
k + Qk. (2b)

For the general case, a numerical scheme can be used to propagate
the PDF which is represented by particles (see Section 5). The NF is
static by nature, so, in order to consider the dynamics of ourmodel,
we need to re-calculate the PNF at each time step, using Eq. (2).
This way the path is represented by a sequence of static PNFs. In
order to efficiently use the available knowledge (that is, to use the
predictions as well), the PNF is calculated for the current time step
k, as well as for the future time steps k + 1, k + 2, . . . , k + Nfwd.

Length of the Time Horizon: In a deterministic dynamic en-
vironment, future configurations are known. In an uncertain sce-
nario, on the other hand, the obstacles’ loci are random variables
and so are their predicted locations. As the uncertainty increases
over time, the prediction for the probability of a collision is ‘‘flat-
tened’’ over a larger space, and at some stage may cover the entire
space. Fig. 3 shows how the isolines (contour lines) vanish as the
predicted time grows. In step 6 of Fig. 3 the probability for collision
is almost uniform throughout the entire space. For that reason only
a small number of predicted steps are taken into consideration.

By trial and error at the preliminary stage (i.e. we make a
prediction of the PDF for some steps ahead and stop when the
probability to find an obstacle is uniform across most of the area),
we make a decision as to the required number of steps forward
(Nfwd). We then generate a PNF associated with each kth step (k ∈

{1, . . . ,Nfwd}) prediction to be used for calculating the next k + 1
node of the path. It should be noted that the number of forward
steps can be determined based on the robot speed; the obstacles’
dynamics; the risk factor of collision etc. We denote ϕk as the PNF
at time step k.

Optimization:Given the set ofNfwd PNFs,wewish to determine
an optimal path using a simulated annealing approach. The initial
path is the one generated by a collection of points, each follows the
gradient descent of the relevant Nfwd PNF. We mark the set of the
path nodes byΛ = (λk, . . . , λk+Nfwd )whereλk = xrob is the current
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Fig. 4. Illustration of the path optimization. The initial path (light) has E = 1.5744
and the path after the optimization (dark) has E = 0.9297. The dark discs present
the kth prediction of the obstacles’ locations while the light discs are the previous
predictions.

(the kth time step) robot location. Given λk we calculate ϕk+1 (for
time step k + 1) and following its gradient, the robot can establish
a new λk+1 location (see Fig. 4). Similarly, having calculated ϕk+2

and following its gradient (when the robot is at λk+1) the robot can
establish a new λk+2 location.We define a cost function E0 (Energy)
for the pathΛ (i.e. picking theΛ according to local decisions at each
step) given by:

E0 =

Nfwd∑
i=1

ϕk+i(λk+1).

Note that Λ simply follows the gradient descent. To improve the
path we need to extend our search in order to seek the least
costly path. In the following optimization steps, a new path is
generated by determining one or more of the path nodes by a
random perturbation, while maintaining a maximal step size (the
Euclidean distance between two nearby nodes) of dmax. The deci-
sion to accept the candidate path or reject it is based on the ratio
between the previous path energy and the candidate path. At the
end of the process we hope to identify the least costly path, which
may not necessarily follow the gradient at each time step. Instead,
we pursue the minimal pathΛ in the sense of:

E = min
Λ

⎧⎨⎩
Nfwd∑
i=1

ϕk+i(λk+1)

⎫⎬⎭ .

Note that although we are interested in a globally optimal path
(over space and time), uncertainty bounds the path optimality
to a given time horizon Nfwd. Intuitively, at times we prefer to
make ‘‘expensive’’ detours in order to reduce the total cost (see
Fig. 4). Finally, the optimization process stops when a predefined
condition is achieved (e.g. the number of steps is too large, the
derivative of improvement in the cost function is too low etc.).

To summarize, in order to implement the concept of PNF to a
dynamic environment, we generate Nfwd consecutive PNFs. These
correspond to Nfwd time steps using the predicted locations. We
consider the uncertainties in (1) the current kth location and
(2) the speed of the obstacles. Note that increasing the obstacles’
speed uncertainty results in an increase in the uncertainty of the
predicted locations at the following k + 1, . . . , k + Nfwd steps.

In thisworkwe do not consider the uncertainty of the obstacles’
geometry, which is of interest when dealing with Simultaneous Lo-
calization AndMapping (SLAM). Adding such an uncertainty should
be a well-defined probability function, which, though interesting,
is beyond the scope of this paper.

4. Probability navigation function

In this section we present the algorithm for generating the
PNF. For the static case (see [25]) the authors introduce a poten-
tial function for the stochastic case and prove it is a NF. The NF
scheme guarantees obstacle avoidance within a given predefined
configuration-region, such that convergence is guaranteed from
any initial condition (given a correct choice of the set of the pa-
rameters).

Given the target position qd, one can compute the ‘‘absolute
distance to target’’ function ∥q − qd∥ and the obstacles’ function
β . The NF at any point q ∈ C is:

ϕ(q) =
∥q − qd∥2[

∥q − qd∥2K + β (q)
] 1
K

(3)

where K is a constant and β (q) is:

β (q) =

Nobs∏
i=0

βi (q)

βi (q) refers to the ith obstacle location, and it depends on the prob-
ability function for collision between the robot and the obstacles.

4.1. Collision probability density function

The free configuration space - Cfree is a sub-set of the entire
configuration space C in which a robot can travel safely with-
out colliding with obstacles. Many techniques and algorithms use
Cfree for path planning (e.g. [31] and [32]). Other methods use.
Cobs which is the complement of Cfree and is determined by the
Minkowski sums of the robots and the set of obstacles. Commonly
the robot is taken as a point, and the obstacles are expanded by the
robot’s dimensions. Let A denote the set of vectors that construct
the robot’s geometry, measured from a point on the robot (usually
its center ofmass); and let B denote the set of vectors that construct
the obstacles’ geometries measured from the origin. Then,

Cobs = B ∗ (−A) = {b − a|a ∈ A, b ∈ B} . (4)

Example 4.1. Let us define the robot and the ith obstacle geometry
(for simplicity a disc) as:

Di (q) =

{
1;

q − x̂iobs
 ≤ robs

0; otherwise

Drob (q) =

{
1;

q − x̂rob
 ≤ rrob

0; otherwise

where x̂ is the estimated location of the obstacle’s or the robot’s
center. The Minkowski sum of Di (q) and Drob (q) (also known in
the literature as Convolution [33]) yields:

D̃i (q) = Drob (q) ∗ Di (q)

=

{
1;

q − x̂iobs
 ≤ robs + rrob

0; otherwise. (5)

The convolution of the geometries above describes the ith ob-
stacle while the robot ‘‘becomes’’ a point-mass at the estimated
location of the robot. For the arbitrary case, we denote the robot’s
geometry at this stage by:

r̃ob(q) = δ
(
q − x̂rob

)
.

Here δ stands for Dirac’s delta function. We mark õbsi(q) as the
ith obstacle arbitrary geometry (i.e. 1 inside the obstacle and 0
outside while the obstacle is located at the origin). Next, we would
like to implement the above for a stochastic scenario. Let us first
consider a simple case of a point-mass obstacle and a point-mass



S. Hacohen et al. / Robotics and Autonomous Systems 87 (2017) 237–246 241

Fig. 5. The convolution of two Gaussian distribution functions; one represents the
obstacle’s and the other the robot’s location PDF(dark isolines) calculated as the sum
of the covariancematrices. The gray isolines are the resulting convolutionwhile the
new PDF for the robot location is a point.

robot with given probability density functions embedded in Rn

(for arbitrary configuration space dimension n). We consider A,B
of Eq. (4) to be the probability functions of the robot and the
obstacles respectively. The binary nature of Cobs, which indicates
if a configuration is free or occupied, is replaced by a continuous
function—the probability for a grid cell in the work space to be free
of obstacles at a given time step.

Example 4.2. Consider symmetric Gaussian distribution functions
for both the robot and the obstacle’s locations (see Fig. 5). Due to
symmetry, theminus sign in the integrand (Eq. (4)) can be replaced
by a plus sign so:

fi(q) = p
(
q|x̂iobs,Σ

i
obs

)
∗ p

(
q|0⃗,Σr

)
=

∫
M
p
(
x|x̂iobs,Σ

i
obs

)
p
(
q − x|0⃗,Σr

)
dx (6)

fi(q), then describes the probability function for the ‘‘inflated’’ (in
a similar way as with the Minkowski sums) ith obstacle to be at
q. This is simply the probability for the obstacles and the robot to
be simultaneously at the same location while the robot’s expected
value (location) is fixed at the origin. As in [34] we can explicitly
write:

fi(q) =
(2π)−

n
2⏐⏐Σ i

obs +Σr
⏐⏐ 1
2
e−

1
2

(
x̂iobs−q

)T (
Σ i

obs+Σr
)−1(

x̂iobs−q
)

with expectation x̂iobs and covarianceΣi = Σ i
obs +Σr such that

fi(q) = p
(
q|x̂iobs,Σi

)
(7)

is the distribution function for the location of the ith obstacle.

Eq. (7) can be reformulated in the arbitrary case (and numeri-
cally calculated) for any distribution functions as:

fi(q) = frob(q − x̂rob) ∗ fobsi (q)

where, frob(q) and fobsi (q) are the PDFs for the robot’s and the ith
obstacle’s locations at point q respectively. Note that once the
robot’s covariance appears in all fi(q)’s, the robot can be thought
of as having a zero covariance. So again, we consider the robot’s
location as having a distribution function in the form δ

(
q − x̂rob

)
also in the sense of probability distribution function.

4.2. Collision probability function—the case of rigid body robot and
obstacles

After calculating the probability for an obstacle to be at a certain
point (Eq. (6)), we can now estimate the probability distribution
function for any grid cell of the obstacle to be at q ∈ C. By grid
cell we mean infinitesimal volumetric portion of the obstacle: The
location of any point v⃗ of the obstacle, relative to a fixed point, is a
deterministic value which can be defined as a random variable by:
pv⃗

(
q|xiobs

)
= δ

(
q −

(
xiobs + v⃗

))
. Note that the ith obstacle center

Fig. 6. A convolution (b) of a Gaussian and a disc (a).

location (assumed here to be at xiobs measured at global coordinate
system) and v⃗ (measured at the local coordinate system) are inde-
pendent. The convolution of these functions which describes the
probability for a grid cell v⃗ to be at q is therefore:

pv⃗ (q) = pv⃗
(
q|xiobs

)
∗ fi(q).

By definition of Dirac delta function (cf. [35] Pg. 53):

pv⃗ (q) = fi
(
q −

(
x̂iobs + v⃗

))
.

We now focus on the ith obstacle. Setting the coordinate frame to
its origin we denote τ = q − x̂iobs. Since we would like to avoid
collision with any of the obstacle’s points, the density function for
such a collision is given by the integral:

ptot (τ ) =
1
A

∫
Rn

õbsi (v⃗) fi(τ − v⃗)dv⃗

where A is the total volume of pv⃗ . This amounts to:

ptot (τ ) =
1
A
õbsi (τ ) ∗ fi(τ ). (8)

Example 4.3. For Gaussian distributions of the robot and the
obstacles with a point mass robot and a disc shaped obstacle with
Ri radius (see Eqs. (A.14), (A.13) and Fig. 6) we have:

pv⃗ (q) =
1

|2πΣi|
e

−1
2

(
q−

(
x̂iobs+v⃗

))T
Σ

−1
i

(
q−

(
x̂iobs+v⃗

))

and according to Eq. (A.15):

ptot (q − x̂iobs) =
e−(q−x̂iobs)

2

2n/2

∞∑
k=0

(q − x̂iobs)
2k

k!
P

(
k + n/2, R2

i

)
. (9)

4.3. Bounding the probability for collision

In order to ensure a ‘‘reasonable’’ safemovement (in the sense of
probability for collision), we need to limit the collision probability
to a predefined value ∆. In other words, we are interested in a
closed curve Ψ ⊂ C ⊆ Rn such that:

∆ =
1
A

∫
Rn

ptot (ξ) dnξ . (10)

Obviously, for arbitrary distribution functions or geometries the
only way to solve (10), (to find ψ) is numerically, which we do in
Section 5. For the case of a non-symmetric Gaussian distribution
we can extend the common practice of enclosing an ex-centric
shaped robot by a circle for Gaussian distributions. This may be
done by setting the ’’enclosing Gaussian’’ covariance to Σ ′

= I ·

max {λi}
n
1, where λi are the eigenvalues of the original covariance

matrix (Σ), and I is the unit matrix. We then find the radius of a
circle such that the integral over a Gaussian having Σ ′ covariance
equals ∆ (discussed in Appendix B). Next we substitute R∆ into
Eq. (9) which yields:

p∆ = ptot (R∆)

=
e−R2∆

2n/2

∞∑
k=0

R2k
∆

k!
P

(
k + n/2, R2) . (11)
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See Appendix B for an implicit formulation of R∆ which can be
solved numerically. For applications where the geometric size of
the robot is less than the ‘‘size’’ of the Gaussian or vice versa (more
precisely R ≪ min(λi) or R ≫ max(λi)), we can approximate equa-
tion (11). Experiments show that inmost cases such an approxima-
tion yields very accurate results (normalized approximation error ∼=

10−2). Following Bryson (cf. [36], §10.7) we are interested in R̃∆
which is given by:

∆ = (2π)−n/2
∫ ˜R∆

0
e−1/2r2 f (r) dr (12)

where f (r) dr is the volume element in n-dimensional space. For
the twodimensional case R2

∆ = −2ln(1−∆). This can be thought of
as the modified obstacle boundary. In other words, the obstacle is
inflated to include the probability∆. Since (q − µo)

TΣ−1 (q − µo)

= R2
∆, the probability for a collision can be approximated by:

p∆ =
1 −∆

√
|2πΣ |

.

This is beneficial when dealing with a point mass robot and a
point mass obstacle. For scenarios where the obstacles’ radii are
much smaller than the covariance determinant or vice versa, the
approximation is tight. In practice such an approximation is useful
when dealing with non-radial obstacles as well.

4.4. Computation of βi (q) for the stochastic scenario

We nowmodify β to fit an uncertain environment (see Eq. (3)).
In the deterministic scenario, ϕ decreases the distance to the goal
position while keeping the robot away from the obstacles (up to
sliding along their boundaries). However, under uncertainty con-
ditions, the only information we have on the obstacles’ positions is
statistical. In order to bound the probability for collision to ∆, we
replace the original β by the probabilistic value in two ways:

Given ptot (q) as the probability density function for collision at
qwe write:

βi (q) =

{
0; ptot (q) > p∆
p∆ − ptot (q) ; otherwise.

Thus, βi vanishes (and so does β) on the boundary of the allowed
region (i.e. where the probability for collision is less than∆).
β0 relates to the distance from the ‘‘permitted area’’ boundary

(taken here as circular). It acquires −1 at the interior of the disc
and 0 otherwise. Note that K remains constant. Still, based on
numerous experiments, a rough estimate should be (cf. [23]):

K = Nobs±1

where Nobs is the number of obstacles. Having the above, we can
now define a probabilistic navigation function as one that satisfies
the following:

1. It is a Navigation function since it satisfies the following
conditions::

(a) It is analytic in all q ∈ Cfree;
(b) It is polar throughout C, with single minimum at qd ∈

Cfree;
(c) It ismorse on Cfree;
(d) It is admissible on Cfree.

2. The probability for collision is bounded by a predefined
probability∆.

Fig. 7. (a) The two sets of particles, which are samples of the location of the
robot (left bottom) and an obstacle. (b) Their Minkowski sum (c) The resulting
distribution.

Note that as a consequence of the above ∇ϕ also minimizes the
probability for collision (subject to decreasing the distance to the
target).

Remark. ϕ is a probabilistic navigation function. The full proof is
available in [25].

5. Numeric scheme

Since Gaussian distribution is not a proper approximation in
many real life cases, we now relax any assumption on the type
of probabilities. Obviously when doing so, we use a numerical
scheme rather than an analytical one ([25]. Eqs. 2, 5). We present a
numerical approach for the preliminary stages of the PNF genera-
tion. In order to convolute the density’s functions with the location
distribution of the robot (Eq. (6)), we propose to use theMinkowski
sum. To establish this we first randomly sample the robot’s and
obstacles’ locations (we call these samples particles) (Fig. 7(a)) and
convolve them following 4.1 (see Fig. 7(b))

x̃kNs:k(Ns+1)
obsi

= xkobsi −
([

x1rob, x
2
rob, . . . , x

Ns
rob

]
− µrob

)
∈ k = 1...Ns

here, xkobsi and xirob are the ith sample of the ith obstacle and the
robot, and µrob is the mean location of the robot particles. The
result is then formulated as a discrete density function (Fig. 7(c))
which is simply the particles’ density. This is then convolved with
the obstacle’s geometry, where the convolution of two discrete
functions f , g ∈ Rn is defined as ([37]§11):

f (x1, . . . , xn) ∗ g(x1, . . . , xn)

=

∑
k1

. . .
∑
kn

f (k1, . . . , kn)g(x1 − k1, . . . , xn − kn).

In order to maintain a reasonable lattice size we use only the
central portion of the convolution—i.e. by trimming the margins.
The overall computational complexity of the two convolution steps
is then O((N2

s + VlogV )(Nobs + 1)), where Ns is the number of
particles and V is the number of node points. As an example setting
Nobs = 5, Ns = 200 and V = 10,000 for a two dimensional
lattice and using Intel Core i5 computer requires 0.4 seconds for
computing ϕ at each computational step.

6. Simulation study

In this section we present some simulation results where the
robot and the obstacles shapes are spheres, stars and polygons,
while the world is modeled as a sphere (see Figs. 9 and 10).
We demonstrate the analytic and approximated solutions (of Sec-
tion 4.3) for the case where the distribution is Gaussian and
the shapes of the players (robot and obstacles) are spheres and
stars, and implement the numerical solution (Section 5) for the
case where the players are polygons and the distribution is non-
Gaussian (see Fig. 11). It should be emphasized that for the sim-
ulation purposes we apply only a numerical approach even when
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considering Gaussian distributions (a purely analytic approach can
be found in [25]).

The players’ loci are estimated by an external tracker (e.g. track-
ing sensory systems). The players’ velocities are random variables
measured by the players themselves (e.g. odometry), which are
then assigned to the estimator. We use Markov Chain Monte Carlo
Particle Filter (MCMC-PF) [29] for the estimation-process (see 3),
and a linear model for the robot and for the obstacle’s propagation.
This allow us to use an optimal estimation (e.g. KF estimator):

xk+1 = Fkxk + ωk

where Fk = diag (1 + uk∆t), uk and ωk are the velocity vector and
process noise respectively at step k. The velocities are constant
during k and selected at the first step from: u ∼ N (0⃗, 5I2). The
measurement model is:

yk =

⎡⎢⎣
xk − x1radar


...xk − xNradar


⎤⎥⎦ + νk

where νk is the measurement noise. For the Gaussian scenarios,
the process noises for the robot and the obstacles ωk, are random
variables distributed by ωk ∼ N (0,Q ), and the measurement
noise distribution is given by νk ∼ N (0, R), where we chose the
arbitrary matrices:

Q =

[
13 3
3 13

]
; R =

[
0.25 0
0 0.25

]
.

These matrices reflect dominant measurement noise that still
enables convergence. When the distributions are non-Gaussian,
the process noise is distributed as ωk ∼ U ([−4, 4]), and the
measurement noise is distributed by νk ∼ U ([−0.5, 0.5]).

TheMCMC-PF uses 200 particles and a burn-in period (the num-
ber of iterations it takes the Markov chain to get to stationarity)
of 90. The MCMC-PF lets us chose a smaller number of particles
since those particles that are accepted after the burn-in period can
approximate the density functionwell. However, choosing a larger
number of particles provides a good representation of the PDF and
is chosen after some ‘trial and error’. In these experiments we as-
sume the world’s radius is R = 45. In the sphere-robot simulation
the obstacles and the robot’s radii are r = 5. In the star-robot
simulation the obstacles and the robot’s maximal bounding radii
are r = 7. The step size is limited by dmax = 5. For a deterministic
navigation function the recommended K is Nobstacles±1 (which is
a rule of thumb, there is no analytical way to compute it [23]).
Our experiments show that for a stochastic scenarios it is better
to assume K = Nobstacles − 1, In Table 1 we examine the effect
of different choices of K on the algorithm performance. The table
provides each experiment with a success rate, which is calculated
as the number of collisions divided by the number of time steps
(convergence time) to complete the mission (this is equal to the
percentage of good decisions made in the course of the task). The
data provided is the average taken over 100 random experiments,
each having 5 obstacles. The world, obstacles and robot are of
radius 45, 5, 5 respectively. An explanation to the experimental
results in this case is shown in Fig. 8.

Table 2 shows the algorithm performances for different choices
of ∆. Note that as the value of ∆ increases, the success rate in-
creases, but (as expected) the convergence time increases as well.

7. Summary

We have constructed a method for motion planning in a dy-
namic environmentwith uncertainties.We allow the obstacles and
the robot to have any shape.We have (partially) analytically solved
the case of a disc shaped robot and disc shaped obstacles with a
respective Gaussian distribution probability.

Fig. 8. The effect of k on the sharpness of the PNF. Note that when k = 3 local
minima occurs, while for k = 6 the PNF flattens in areas which are far from the
target point.

Fig. 9. Sequence of a dynamic simulation in sphere world for K = 4,∆ =

0.9,Nfwd = 4 and dmax = 8. Dark disc represents the robot, light discs represent
obstacles,⊕ represents the target position. The black course in the front of the robot
is the Nfwd planned path. The trail behind the robot represents the path till the
current time step.

Table 1
Performance of the algorithm for various K (∆ = 0.9 in a sphere world).

Case K Success rate Convergence time

1 6 0.9503 64.35
2 5 0.9848 44.47
3 4 0.9871 155.68

Table 2
Performance of the algorithm for various ∆ (in a sphere world).

Case ∆ Success rate Convergence time

1 0.99 0.9975 63.55
2 0.95 0.9795 52.85
3 0.90 0.9848 44.47
4 0.75 0.9789 43.80
5 0.60 0.9751 42.32
6 0.50 0.9700 41.72

In the course of our algorithm we replace all references to
these geometries by probability maps for the obstacles, leaving
the robot with a point geometry and Dirac’s-δ probability. This
enables a straightforward gradient descent algorithm rather than
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Fig. 10. Sequence of the simulation in star world for K = 3,∆ = 0.9,Nfwd = 4
and dmax = 8. Dark disc represents the robot, light discs represent obstacles, ⊕

represents the target position. The black course in the front of the robot is the Nfwd
planned path. The trail behind the robot represents the path till the current time
step.

calculating an expected force exerted on the robot (which should
involve an integral over the entire space). We have introduced a
limiting probability for collision ∆, and analytically formulated a
safe ‘‘distance’’ p∆ for which we also provide an approximation
expression.

We have tested our algorithm on different scenarios, demon-
strating success in 99% of the cases. In [25] we compared the
performance of a static PNF with that of a traditional NF where we
considered the obstacles’ geometry to be discs of radii equivalent
to∆. Averaged over 200 different simulations, the PNF performed
7 times better for ∆ = 0.9 in terms of number of collisions, and 5
times better for∆ = 0.67.

We plan to implement the abovemethod to two real world sce-
narios: (1) Roughly speaking, the resulting behavior is very similar
to that of a humanbeing.We thereforewould like to investigate the
decisionmaking of pedestrianswhile crossing busy roads. (2) Since
the PNF advantage arises for scenarios were the obstacles move in
a non-linear manner, the authors wish to implement the PNF to a
robot navigating in an environment crowded with people.

It would be of interest to construct a PNF for the configuration
space coupled with the time axis. However for such an approach, a
different analytical solution is required; we aim to construct such
a PNF in our future work.

Fig. 11. Sequence of the simulation in polygonal world for K = 4,∆ = 0.9,Nfwd =

4 and dmax = 8. Dark polygon represents the robot, light polygons represent
obstacles, ⊕ represents the target position. The black course in the front of the
robot is the Nfwd planned path. The trail behind the robot represents the path till
the current time step.

Appendix A

Consider a normal distribution G(r⃗) (with a covariance Iλ) and a
discD(r⃗) so C(r⃗) = D(r⃗)∗G(r⃗) where r⃗, g⃗ ∈ Rn. The disc is centered
at the origin and the Gaussian is centered at g⃗:

D(r⃗) =

{
1, ∥r⃗∥ ⩽ R
0, otherwise (A.13)

G
(
r⃗ − g⃗

)
=

(
1
2π

) n
2

e−∥r⃗−g⃗∥
2
. (A.14)

Following Plesser results (see [38]) for R2. For Rn the convolution
is :

C(g⃗) =

∫
Rn

G
(
r⃗ − g⃗

)
D

(
r⃗
)
dr⃗

using ([39], Pg. 65–66):

C(g⃗) =

(
1
2π

) n
2
∫ R

0

2rn−1π (n−1)/2

Γ ((n − 1)/2)∫ π

0
e−r2−g2−2rg cos(φ)sinn−2(φ)dφ

=
e−g2

√
πΓ

( n−1
2

)
2

n
2 −1

∫ R

0
rn−1e−r2

·

[∫ π

0
e2rg cos(φ)sinn−2(φ)dφ

]
dr

we denote r = ∥r⃗∥ and g = ∥g⃗∥.
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Following Abramowitz ([40] Eqs. 9.6.10 , 9.6.18):

Iν (z) =
(z/2)ν

π
1
2Γ

(
ν +

1
2

) ∫ π

0
ez cos(θ)sin2ν (θ) dθ

= (z/2)ν
∞∑
k=0

(z/2)2k

k!Γ (ν + k + 1)

C(g⃗) =
e−g2

(2g)n/2−1

∞∑
k=0

g2k+n/2−1

k!Γ (k + n/2)

·

[
1
2

∫ R2

0
r2(k+n/2−1)er

2
dr2

]
.

Finally using [40] (9.5.1, 9.5.2) we have:

C(g⃗) =
e−g2

2n/2

∞∑
k=0

g2k

k!
P

(
k + n/2, R2) (A.15)

where P (a, b) is the Normalized Incomplete Lower Gamma Function
defined as:

P (a, b) =
1

Γ (a)

∫ b

0
e−xxa−1dx. (A.16)

Appendix B

Recall that we pursue the ‘safety’ distance R∆ from õbsi in a way
thatwill ensure∆ (or less) probability for collision. In otherwords:

∆ =
1
A

∫
Rn

C (ξ) dnξ (B.17)

where ξ = |r⃗| is the distance from the origin and A is the
normalization factor, which by expansion yields:

∆ =
1
A

∫
Rn

e−g2

2n/2

∞∑
k=0

g2k

k!
P

(
k + n/2, R2) dng.

Using [39] we get:

∆ =
1

2( n2 −1)A

πn−3/2

Γ
(
n −

1
2

) [∫ π

0
sinn−2φdφ

]
·

∞∑
k=0

1
k!
P

(
k +

n
2
, R2

)[
1
2

∫ R2∆

0
e−g2g2(k+n/2−1)dg2

]
.

Denoting the Double Factorial by X !!, one may easily compute the
following equality:

l(n) =

∫ π

0
sinnφdφ =

(n − 1) !!
n!!

·

{
π, n mod 2 = 0
2, n mod 2 = 1.

Finely Eq. (B.17) may be written as:

∆ =
1

2( n2 −1)A

πn− 3
2

Γ
(
n −

1
2

) l(n − 2)

·

∞∑
k=0

1
k!
P

(
k + n/2, R2) γ (

k + n/2, R2
∆

)
. (B.18)

Eq. (B.18) can be approximately solved for R∆. Here:
1. γ (a, b) =

∫ b
0 e−t ta−1dt , is the Lower Incomplete Gamma

Function.
2. The value of A can be simplified due to Fubini’s theorem:

A =

∫
Rn

D(r) ∗ G(r)dnr =

∫
Rn

D(r)dnr
∫
Rn

G(r)dnr

= Vn(R) =
πn/2

Γ ( n2 + 1)
Rn.

Remark. For a two dimensional configuration space (n = 2)
Eq. (B.18) becomes:

∆ =
1
πR2

∞∑
k=0

P(k + 1, R2)P
(
k + 1, R2

∆

)
.
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