
Ariel University

Department of Mechanical Engineering and
Mechatronics

Ph.D. Research Proposal

Traffic Flow of Autonomous
Vehicles

Author:

Shlomo Geller

Supervisors:

Prof. Idit Avrahami

Dr. Nir Shvalb

December 3, 2017



Abstract

This research proposal’s main issue is the traffic flow of connected Autonomous Vehicles

(AVs) in the futuristic world where the road is occupied by AVs alone. We Assume

the AV’s sensory data is of better quality and react faster than humans, and further

assuming that they would communicate with each other or communicate with and

comply to a central control system. This proposal is organized as follows: chapter 1

includes the research motivation, importance and novelty in regard to prior works. In

chapter 2 we cover the goals for the dissertation. chapter 4 covers briefly the main works

that were done to model human-driver traffic. chapter 5 introduces our preliminary

results of AVs. We characterize the traffic of AV from different aspects, such as: traffic

model, wave speed, speed profile along the road and more. Finally, in chapter 6 we lay

our research plan for the next years.
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Chapter 1

Introduction

Since the invention of an assembly line for mass production of cars in the beginning of

the 20th century, the car had become an essential tool in the advancement of the world’s

economy, and in almost every aspect of our lives. The average time an American driver,

including all drivers, spends on the road is 47.1 minutes a day, or 294 hours annually[1].

This is equivalent to seven 40-hour weeks at the office [2]. On a regular day, only 70%

of all drivers did any driving. Taking into account only those 70%, the average jumps

to 70.2 minutes a day, which add up to 427 hours annually.

These facts make the autonomous vehicle (a.k.a self-driving car, AV) an ideal solu-

tion to free drivers from driving while commuting and to allow them to use their time

for work. This will obviously boost economy even more, and could potentially allow

employees to stay in the office an hour less a day and instead be with their family.

Expecting immense drop in the number of car accidents and thus in the loss of

human lives - due to controlled traffic - the benefit of having a connected driver-less

traffic becomes even greater.

In addition to the losses mentioned above which affect mostly the individual driver,

traffic jams and unnecessary accelerations and deceleration cause problems that affect

the public as well. Each hour a car is standing with its motor running means an-

other hour of fuel waste and vehicle emissions such as CO, CO2, NOx and Particulate

Matter (PM) [3], which pollute the air and cause health and environmental problems.

Additionally, exaggerated and unnecessary accelerations and decelerations increase fuel

consumption as well [4, 5]. In conclusion, cutting the time a vehicle is on the road and

controlling its driving saves fuel and lowers emissions.

Traffic jams are usually caused due to the merging of lanes, a stop light or an

accident, when vehicles have to slow down or fully stop. But, a well known experiment

in 2008 [6], showed that traffic jams can begin even without any obstacles. In the

experiment a circular road - free of obstacles - was filled with equally distanced cars.
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Though the cars could drive around freely and non-stop, still jams were formed, since

a slowing down car that makes the following car slowdown as well, and in the end the

slowdown becomes a wave of full stop. This experiment showed that the human driver,

as much as one tries, will not be able to drive at the exact speed, keep the right gap,

or prevent from exaggerated breaking.

Achieving controlled vehicle flow of CAVs will benefit us in other ways as well: it

will be a step toward controlling the flow of robotic swarms. Using PARKAGENT -

an agent-based model for parking in the city [7] - will become much easier.

Our vision in this work is to achieve a world without any traffic jams or at most

a controlled congested traffic, so traffic flow will be optimal, to save both time, the

environment and most importantly, human lives. To this end, we will offer algorithms

to optimize the traffic flow in different road scenarios and the time it takes to travel to

one’s desired destination.

To our aid in solving these problems come the connected autonomous vehicle (CAV).

The three main advantages of CAVs over the human-driver vehicles are:

1. Reaction speed [8]. AVs have many sensors with great sensing power. They do

not get tired, and they need replacing only once in a few years. The human driver

on the other hand gets tired, exhausted from a days work, sick, unfocused or just

too emotional. Also, driver-less vehicles have a central computer with strong

calculation power. It can push the breaks at the exact amount or accelerate

much faster than a human does. Thus, with sensing power and swift actuation,

it reacts much faster and precise in face of obstacles or changing traffic, keeping

it from creating phantom jams.

2. Compliance [9]. AVs can be programed to obey road commands, with no de-

viation. Whereas human drivers sometimes deviate. The ability to merge into a

lane or to cross a junction, while allowing other vehicles to cross as well, could

be governed by merging rules or the junction’s control system respectively. This

way, vehicles will be able to merge or cross a junction smoothly without needing

to stop, and thus prevent jamming.

3. Connectivity [10]. Connected vehicles communicate with each other and share

their position, speed and acceleration in real time. This feature is not unique for

AVs. Human-driven vehicles nowadays use sharing-based navigation applications,

such as Waze, change their routes according to the information shared in real-

time. Adding the connectivity feature to AVs as an integral feature, makes CAVs

able to ”speak” to the vehicles in their proximity and thus react much faster than

just relying on their sensors.
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For the past few decades, many studies have been done in order to bring forth an

AV that will be mass produced and cheap to buy. Some of these studies concentrate on:

Off-Road [11], On-Road [12, 13] and General Navigation and Positioning [14, 15, 16];

Road Obstacle Detection [17]; Vision and Sensing [18]; Intelligent Highway Systems

[19, 20]; Economics [21, 22]; Collision and Liability [23, 24]; and Legal issues [25, 26].

A summery can be found in [27].

As far as we know, no work has been done regarding traffic flow of AVs in a road

with AVs alone. Looking at the future of traffic, when all cars on the road will be

autonomous, would we be able to prevent traffic congestions? Would we always have

a continuous flow of vehicles?

In this work, we combine traffic flow studies, which have been going on now for more

than 60 years, with the world of connected AVs. We wish to control the vehicles in a

way that will take into account not only the need of the individual vehicle to get from

point A to B, but also the need of the entire system of roads to stay flowing without

congestions. We will use one of the many traffic flow models in order to control the

traffic, while taking into account the differences between traffic of human drivers and

of AVs. In difference than humans, AVs should be much more complying, much faster

in their processing of a situation and in their reaction to it. It means, for example,

that they will keep safe distance from the vehicle before them at all times.

What is the level of autonomy for which this research is about? The SAE Inter-

national’s new standard J3016: Taxonomy and Definitions for Terms Related to On-

Road Motor Vehicle Automated Driving Systems [28] has summarized it in the table

[29] shown in Figure 1.1. This table, divides vehicles into six levels:

0. No Automation - all driving tasks are done by the human driver, including:

steering and acceleration, monitoring, and intervening.

1. Driver Assistance - steering or accelerating/decelerating can be done by the

system, but all remaining driving tasks - including monitoring and intervening -

are preformed by the human driver.

2. Partial Automation - steering and accelerating/decelerating can be done by

the system, but all remaining driving tasks - including monitoring and intervening

- are preformed by the human driver.

3. Conditional Automation - steering, accelerating/decelerating and monitoring

can be done by the system, and the human driver is only expected to intervene

when requested.
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4. High Automation - all driving tasks can be done by the system with no need

of human intervention.

5. Full Automation - all driving tasks are done only by the system with no human

intervention available.

Our research is aimed toward level 5, “Full Automation”, or level 4, “High Automa-

tion”, in normal situations.

We will suggest two kinds of models: Eulerian and Lagrangian. The vehicles can

be modeled analogously to the flow of compressible fluids in an Eulerian specification,

when the aim is to get optimal flow at a certain location. Lagrangian specification

model is best when the aim is optimizing the time an individual vehicle gets from place

to place. Our models are based upon models suggested in the past for human-driven

cars.

Many traffic models have been suggested over the decades, to model human-driven

traffic. These models are a simplification which has limitations since the behavior of

human driven cars is unpredictable. AVs, on the other hand, are controllable and thus

predictable. We are able to know what is happening along the road at any moment,

and we can let each vehicle know what is the traffic situation. We can also control the

speed of each vehicle. So the models we suggest, though still simplified, will be much

more accurate in relation to the human-driven models.

Figure 1.1: Table of levels of automation, courtesy of SAE International’s new standard J3016:

Taxonomy and Definitions for Terms Related to On-Road Motor Vehicle Automated Driving Systems
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Chapter 2

Goals and Methods

Vision: Achieving vehicle traffic without any traffic jams or at most a controlled con-

gested traffic, so traffic will flow optimaly, so time, environment and most importantly,

human lives will be saved.

Goal: Proposing Eulerian and Lagrangian models to optimize traffic flow while

taking into consideration: varying number of lanes, merging lanes, and junctions.

We wish to achieve optimal flow such that flow will be maximal and driving time will

be minimal. In order to do that we will suggest an analytical model for the Lagrangian

specification, a numerical model for the Eulerian specification, and an experiment to

test both models.

The research we intend to do will be constructed of several topics:

1. The first step of this research is to adapt an Eulerian and a Lagrangian models

to fit for autonomous vehicles (AV). A form of Eulerian specification is the flow

equation of Navier-Stokes equations equations. Some adaptations for regular

vehicles’ traffic were suggested over the years, see chapter 4. From these models

we will adapt the Phillips model as explained in chapter 5. In that chapter, We

would also suggest a Lagrangian model, which will be examined and tested along

the research.

The criteria for a successful model are if the vehicles will:

(a) Accelerate or decelerate from an initial speed on the beginning of a road

section to a desired speed at its end.

(b) Keep a safe distance from each other while changing speed.

Also, the overall results must not diverge.

We will then test the model on different scenarios such as:

• Merging two lanes into one
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• Separating one lane into two

• Emergency stop

• Merging traffic from two different roads

In order to compute the Navier-Stokes equations we will use numeric methods.

This will give us the optimal flow of the road section at a steady state.

For this purpose we will use the two-step Lax-Wendroff method to solve the

PDEs. We are aware to the limits of this methods, as pointed out by [30]: “The

MacCormack and the two-step Lax-Wendroff methods are second-order, but they

are less efficient by a factor of two and produce unrealistic oscillations close to

steep gradients”.

2. The adapted Phillips model uses an equilibrium speed profile ve(x) to create the

acceleration. ve(x) is the desired speed profile along a road section and thus

should be the command given to the AVs. Whether accelerating, decelerating or

merging we wish to find the optimal ve(x) which will save driving time or will

optimize traffic flow.

Additionally, in accordance with [31] the relaxation time τ is not constant in

actuality, rather it is speed depended. Optimally, a τ(v) should be used to

properly model the vehicles. Therefore, a proper τ(v) will be sought after as

well.

We would also examine extensively the density wave speed as a function of its

position, or C(x), which is not constant as will be noted in subsection 5.2.1. In

subsection 5.2.2 we will discuss the difference between density wave and informa-

tion wave, which define the flow to be either subsonic or supersonic. Examining

how C(x) changes according to the desired speed profile ve(x) should able us to

find a way to make the flow go from subsonic to supersonic and vice versa. In

addition, understanding the full meaning of having a subsonic flow in the context

of AVs, would be another goal of the dissertation.

3. We intend to examine the option of merging as in a jet-engine’s converging-

Diverging nozzle - where the speed before the convergence is subsonic, at the

convergence is transonic, and passing the convergence is supersonic. This method

does not control vehicles individually, rather set the the road rules such that

merging would be optimal. Another merging technique to examine would be

algorithmic merging, where each vehicle is in queue to enter the merge, similar

to a nowadays highway-entrance control light. Combining the jet method with

the algorithmic method might be found as the best way to merge.
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As will be explained in subsection 5.2.5, shortening the gap when vehicles increase

speed or lengthening it when they slow down, should make the flow subsonic. This

too would be extensively be studied by us, and hopefully be tested in real life.

4. By knowing the flow at each road section, we wish to build a road map and

assign different flows to each road. Knowing the traffic flow possible at each road

section will allow us to know the behavior of the entire system, and thus plan it,

e.g. setting the optimal trajectory for each vehicle so that no congestions would

form.

5. Another goal is to formulate the control commands to a vehicle that is using

the road. A vehicle that enters the supervised road is expecting to receive the

information about the desired speeds dictated by the road supervision.

6. We propose to test our theory on actual robotic vehicles. Small robotic vehicles, of

the department of Mechanical Engineering and Mechatronics in Ariel University,

see Figure 2.1, will be used to test the theory in the different scenarios mentioned

above.

Figure 2.1: The robotic swarm project of Arad Pinhas and Eliyah Shimol’s of the department of

ME and Mechatronics in Ariel University
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Chapter 3

Terms and Parameters

3.1 Parameters

Sign Name Definition Units

n Number of vehicles total number of vehicles along a road section veh.

L Road length km

Q Traffic flow number of vehicles per min per lane, n
t

veh.
min.

ρ Density number of vehicles per km per lane, n
L

veh.
km

v Speed km
min.

ve Desired speed desired speed at equilibrium or steady state km
min.

θ Speed variance
(
km
min.

)2

P Traffic pressure counter active “force” due to traffic, ρθ veh.·km
min.2

a Acceleration km
min.2

m Mass kg

α Vehicle number

` Car length km

g Gap rear-to-front distance between two cars km

h Headway front-to-front distance between two cars km

t Time min.

x Position position along the road. 0 < x < L km

τ Relaxation time time to change from speed v1 to v2
km
min.2

TT Thinking time time between sensing and reacting min.

SD Stopping distance distance between sensing and stopping points km

C Density wave speed veh.
km

F Force force exerted by car’s engine N

f Force per mass Fα
mα

= a km
min.2

P Probability
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3.2 Terms

Central Traffic Control System (CTCS) - a system that collects data from

vehicles and give them driving orders by means of communications (through WiFi for

example). It can govern one or more roads.

Clearance - see Gap.

Data wave - the wave of transmitted data. When data from one vehicle reaches

the sensors of another vehicle which are then transmitted to a third vehicle and so on -

this process can be viewed as a wave of data. Depending on the speed of the processors

and of the sensors of each vehicle, this speed is substantially higher then of the density

wave or vehicle speed.

Density - the number of vehicles per km per lane. Represented by ρ.

Density wave - when vehicle α lower its speed, for example, since the following

vehicle α+ 1 does not change its speed simultaneously, it will get closer to the slowing

down vehicle and will have to lower its speed to be the same in order to keep a safe

distance. This causes vehicle α + 2 to do same, and so a wave of ”gap closing” forms,

which causes the density to go up. This wave can move forward, backward or stay at

the same position. See also Data wave.

Fundamental Diagram - a function that fits the measured traffic flow with the

measured vehicle density.

Gap - clearance. The rear-to-front distance between two vehicles. Measured from

the rear of the first car to the front of the following car. Represented by g.

Headway - The front-to front distance between two vehicles. Measured from the

front of the first car to the front of the following car. Represented by h.

Relaxation time - a given time to change speed from v1 to v2. Represented by τ .

Safe Distance, SD - the distance needed for a following vehicle to stop completely

without collision with the preceding vehicle that has stopped at once. If SD=gap, at the

end of the stopping process, the two vehicles will touch each other (with no collision).

Traffic jam - traffic is in a jam when vehicles need to fully stop where the stopping

is not a result of the road elements, e.g. a junction or a crosswalk, rather it is due to

an obstacle on the road or to many vehicles for that road section to contain.

Traffic pressure - acts as a counter active force, similar to a damper, due to

differences in velocity which causes vehicles to lower their acceleration.
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Chapter 4

Literature Review

We shall review now some of the works that were done on the subject of Traffic mod-

eling, which make the basis for this dissertation.

Since mass produced vehicles started to fill the roads, as they became available to

the masses, traffic jams started to form. This propelled decades of studies aimed on

finding the reasons for traffic jams and in learning how to avoid them. The first known

study of traffic was made in 1935 by Greenshields et al. [32]. They took the results

of a traffic capacity study that was done by the Ohio State Highway Department and

presented the Fundamental Diagram.

The Fundamental Diagram is a fit function such as: Qe = ρve(ρ), between the

measured data of the equilibrium traffic flow Qe and of the equilibrium vehicle speed

of some fit function ve(ρ), where the vehicle density ρ is calculated by ρ = Q
v

. Such fit

functions can be seen in Figure 4.1.

(a) A Fundamental Diagram (b) Velocity as a function of the density

Figure 4.1: Taken from [33]. (a) An example of a Fundamental Diagram, of the flow Q as a function

of the density ρ, according to measurements. In lower densities there is a linear relation between the

flow and the density. At a critical density ρcr, a jam is formed which makes the flow to act non-linearly.

(b) Speed and density relation, according to measurements. It is clear that as denser the traffic is,

drivers will lower their velocities, and when drivers lower their speed it forces the drivers behind to

lower their speed as well.
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Three main ways to collect traffic data were used to build the diagram and the

velocity-density graph. The first method is by aerial photography [34], which gives

both speed and spacing between cars at relatively short intervals of time. The second

method is by empirical single-car-following measurements which allows to detect both

speeds, clearance, location and even acceleration [35]. The third method, which obtains

the most empirical data, is by touch or laser detectors at different cross sections along

the road [36, 37]. This method gives the speed, temporal and spatial distances between

vehicles, vehicles’ length, and the number of vehicles.

After having the collected data, traffic models can be suggested. Helbing [33]

counted the different traffic models and divided them into 5 approaches:

1. Microscopic follow-the-leader models

As in [38], this model assumes that vehicle α’s speed is mostly influenced by

the vehicle ahead, α− 1. It takes into consideration that each vehicle maintains

a specific “following distance”, gap, from the preceding vehicle. The following

distance includes a resting distance plus a distance proportional to the velocity

of the following vehicle. Generally, this is the main equation used:

dvα(t)

dt
=
v0
α + ξα(t)− vα(t)

τα
+ fα,(α−1)(t) (4.1)

where, v0
α is the initial speed of α, ξα are fluctuations, vα(t) is the safe gap

dependent velocity of vehicle α over relaxation time τ , and fα,(α−1)(t) represents

the repulsive force from vehicle α− 1 affecting vehicle α.

2. Cellular Automata

Celluar Automata (CA) deals with a space of interconnected cells. Each cell

changes, between time step ti = i∆t to ti+1 = (i + 1)∆t, from “0” to “1” and

vice versa depending on its neighboring cells. The change happens automatically,

hence the name automata, according to a set of rules that define the cells inter-

connectivity. For some initial state of the space it will change according to the

rules, until it will settle on a steady state after some amount of time.

Codd [39] thoroughly discusses the theory of Cellular Automata. This theory

begun with the work of Stanislaw Ulam and of the great mathematician John

(Yonah) von Neumann, which the latter presented in 1948 at the Hixon Sympu-

sium [40]. The theory got popularized in 1970 when John Conway came up with

the “Game of Life”, and thanks to Gardner [41].

In regards to traffic, Chowdhury et al. [42] summed up the work that has been

done using CA to model traffic. In the CA model, the road is divided into cells of
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size ∆x. Each cell is either occupied by one car or empty. Speed and density are

represented as integers. For every t this set of rules are applied on the vehicles’

configuration by this order:

(a) If the speed of vehicle n is vn < vmax then vn = vn+1. If not, then vn = vmax.

(b) If the distance gn to the preceding vehicle is gn ≤ vn then vn = gn − 1.

(c) If vn > 0 it will be randomly changed to vn = vn − 1 by probability P.

(d) Moving forward according to the new vn, i.e. x(ti+1)n = xn(ti) + vn.

See example for these steps in Figure 4.2. Step (c) simulates drivers who overreact

when decelerating. The above algorithm follows the Nagel-Schreckenberg model

[43]. The advantages of the CA model are its computational efficiency and the

easiness by which accelerations, decelerations, and most importantly crossroad

behavior are simulated.

In summery, the velocity equation for CA can be written in this form:

vn,i+1 = max
[
0,min (vmax, gn − 1, vn,i + 1)− ξ(P)

]
(4.2)

where ξ equals 1 or 0 depending on probability P.

Figure 4.2: The Cellular Automata steps from time ti to ti+1. The number by each vehicle is its

speed. The speed of each vehicle is evaluated in parallel. Taken from [42].
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3. Master Equation

Mahnke et al. [44] and others [33, 45] use the Master Equation (ME) to model

traffic. The ME describes the evolution of a system through time, for a system

of probabilistic combination of states. The transition rate W determines the

transition between states. The ME is a differential equation over time of the

probability for the system to be in state n = (n1, ..., nj, nj+1, ...nM), where n

is the number of vehicles in a cluster and M is the amount of states/clusters.

Remembering the normalization condition∑
n

P(n′, t+ ∆t|n, t) = 1 (4.3)

the probability to have state n at time t, P(n, t + ∆t), is a Markovian Chain of

all the transitions from state n′ to n:

P(n, t+ ∆t) =
∑
n

P(n, t+ ∆t|n′, t)P(n′, t) (4.4)

If the transition rate is:

W (n|n′; t) = lim
∆t→0

P(n, t+ ∆t|n′, t)
∆t

(n′ 6= n) (4.5)

then the master equation is:

dP(n, t)

dt
= inflow to state n− outflow from state n =

=
∑

n′(6=n)

W (n|n′; t)P(n′, t)−
∑

n′(6=n)

W (n′|n; t)P(n, t)
(4.6)

The ME is sometimes written in this manner [45]:

dP(n, t)

dt
= w+(n− 1)P(n− 1, t) +w−(n+ 1)P(n+ 1, t)− [w+(n) +w−(n)]P(n, t)

where w+ and w− indicate respectively the inflow and outflow rates to and from

n.

This can be translated to traffic through the speed as the determinative for the

transition rate. Mahnke et al. [44], for example, use the gap ∆x to control the

optimal speed vopt, and through that to determine the transition rate. If for

∆x = D the optimal speed is vopt = vmax/2, then:

vopt(∆x) = vmax
(∆x)2

D2 + (∆x)2
(4.7)

By assuming that a vehicle reduces its speed as soon as the gap changes from

∆xfree to ∆xclust, they manage to calculate the frequency at which cars join an

existing cluster, w+(n):

w+(n) =
vopt (∆xfree(n))− vopt(∆xclust)

∆xfree(n)−∆xclust
(4.8)
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The main difference between other traffic models, and particularly Cellular Au-

tomata, to the Master Equation model is that it is stochastic rather then deter-

ministic as other models, which are usually discrete in time rather than contin-

uous. Helbing [33] points out that this method is preferred for its traits such as:

numerical efficiency, the simple treatment of ramp inflow, and the possibility to

simulate a multi-lane traffic. Yet, Cellular Automata is much faster to compute.

4. Macroscopic Traffic Models

Similar to fluid dynamics, the main difference between Microscopic and Macro-

scopic models is that the Macroscopic model describes the collective vehicle dy-

namics and not only of the individual vehicle. The variables, e.g. velocity and

density, are both temporal and spatial, and so fluid factors such as traffic pressure

or viscosity can be used.

The pioneers in suggesting this model are Lighthill & Whitham in 1955 [46], and

Richards in 1956 [47], hence the “LWR” model. Their model is basically based

on the fluid dynamics assumption, that as a pipe - and in our case a road segment

- includes all the vehicles within it and except for on- and off-ramps no vehicle

is added or disappeared from the road. In other words, the number of vehicles

n is constant. Thus they apply the mass conservation equation, also known as

continuity equation:
∂ρ(x, t)

∂t
+
∂Q(x, t)

∂x
= 0 (4.9)

where Q(x, t) = ρ(x, t)v(x, t) is the flow of traffic per lane.

Since we know that in denser traffic the speed tends to go down, and at lower

densities speed tends to increase, Lighthill and Whitham assumed that the equi-

librium flow is basically a function of the density: Q(x, t) = Qe(ρ(x, t)) =

ρ(x, t)ve(ρ), for equilibrium velocity. While Equation 4.9 is obvious, the rela-

tion between the velocity and the density is the main work of the different traffic

models that were suggested in the past decades. For example, Greenshields [32]

suggested a linear relation:

ve(ρ) = v0

(
1− ρ

ρjam

)
(4.10)

The Burgers’ equation [48] models shock waves well, since it describes dissipative

systems and the shock wave decays when there is a density change [49]. The

Burgers’ equation is:

∂C(x, t)

∂t
+ C(x, t)

∂C(x, t)

∂x
= D

∂2C(x, t)

∂x2
(4.11)
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where the RHS is the diffusion term with coefficient D. C is the propagating

density wave speed. Assuming the flow is a function of the density Q(ρ), and by

using the chain rule on Equation 4.9 we get:

∂ρ

∂t
+
∂Q(ρ)

∂ρ

∂ρ

∂x
=
∂ρ

∂t
+ C(x, t)

∂ρ

∂x
= 0 (4.12)

This equation is a form of the unidirectional wave equation, as Whitham showed

[50].

Thus C is defined as:

C(x, t) =
dQ(ρ)

dρ
= ve(ρ) + ρ

dve(ρ)

dρ
. (4.13)

If C(ρ) = ve(ρ) + c(ρ) then c(ρ) is the wave speed relative to the vehicle, and

equals:

c(ρ) = ρ
dve
dρ

(4.14)

This means that for a linear relation of Equation 4.10 the wave will always go

backwards and C ≤ Ve, since:

dve
dρ

= − V0

ρjam
≤ 0.

Phillips [51] derived another model from the works of Prigogine [52] on the

Boltzmann-like traffic model. He used the material derivative:

D

Dt
=

∂

∂t
+ v

∂

∂x

to describe the flow. He used Equation 4.9 along with the velocity equation:

∂v

∂t
+ v

∂v

∂x
= −1

ρ

∂P
∂x

+
ve(ρ)− v
τ(ρ)

(4.15)

adding relaxation time τ(ρ), see section 5.2, and traffic pressure, P .

Traffic Pressure acts as a counter active force which forces vehicles to use lower

acceleration due to variations of speeds, and defined as:

P(x, t) = ρ(v(x, t))θ(x, t) (4.16)

where, in the continuous form, the variance, θ(x, t) of velocities v(x, t)α of vehicles

α = 1, 2, ..., n is:

θ(x, t) = θ(v) =
〈
[vα − 〈vα〉]2

〉
(4.17)

To find the velocity variance θ one needs to find the average velocity. The average

velocity of the measured vehicles is:

v(x, t) = 〈vα〉 =
1

n

α0+n∑
α=α0+1

vα (4.18)
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The Phillips model describes stop-and-go flow, but it is not numerically robust.

Kerner and Konhäuser [53] added a viscosity term, as in the Navier-Stokes equa-

tions :
∂v

∂t
+ v

∂v

∂x
= −θ

ρ

∂ρ

∂x
+
η

ρ

∂2v

∂x2
+
ve(ρ)− v
τ(ρ)

(4.19)

for some positive constant θ. This model is considered numerically robust, but

it has some sensitivity when it comes to the choice of parameters or the velocity-

density relation. Lee et al. [54] specified workable parameters, and Saavedra et

al. [55] and Carrillo et al. [56] used adimensional parameters.

5. Gas-kinetic Traffic Models

An improvement of the Macroscopic model is the Gas-kinetic model. In their 1971

book, Prigogine and Herman [57] develop their Boltzmann-like model [52]. For

the velocity distribution (or the phase-space density): ρ̃(x, v, t) = ρ(x, t)P̃ (v;x, t).

They postulated a velocity form of the continuity equation:

∂ρ̃

∂t
+ v

∂ρ̃

∂x
=

(
dρ̃

dt

)
acc

+

(
dρ̃

dt

)
int

(4.20)

where the first RHS term refer to the acceleration due to the return of the distri-

bution to the ideal one. The second term refers to the interactions of the slowing

down vehicle due to the vehicle in front.

Paveri-Fontana [58] identified that Prigogine’s acceleration term is a property of

the road instead of a property of the drivers. Hence, he distinguished different

driver-behavior driving. He corrected the acceleration to obey:(
dρ̃

dt

)
acc

= − ∂

∂v

[
ρ̃(x, v, t)

ṽe(v;x, t)− v
τ(ρ(x, t))

]
(4.21)

where ṽe is the average desired velocity of a vehicle with velocity v, and follows

this definition:

ṽe(v;x, t) =

∫
dv0v0

ρ∗(x, v, v0, t)

ρ̃(x, v, t)
≈ ve(x, t) + Cov(v, ve)

v − V (x, t)

θ(x, t)

and ve is the average velocity, Cov(v, ve) is covariance between actual and de-

sired velocity, and ρ∗(x, v, v0, t) is a phase-space density that is depended on the

individual desired velocity ve as well.

Similar to the Macroscopic models, some Gas-kinetic models were suggested that

are based on the Navier-Stokes equations . Helbing [59] and Helbing and Treiber

[60] used the Enskog-Chapman method [61, 62] to calculate the Navier-Stokes

equations from the kinetic equation. And though it captures all of the dynamic

effects of the velocity equation in the Macroscopic model, see Equation 4.19, it
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is more difficult to solve it using numerical method than solving the Lighthill-

Whitham model.

In this proposal we use the Phillips model, Equation 4.15, since we do not wish

to describe measured traffic data, rather we wish to create traffic. The Phillips model

is easy to solve numerically and is of the Eulerian specification, meaning it describes

traffic as a fluid.

4.1 Autonomous Vehicles

In this section, we will concentrate on the required and actual abilities of on-road AVs

to detect the vehicle in front of them, to receive road information, to react thereof, and

to change their speed [63].

In order to preform these tasks, AV require: Lane, traffic-light, signs and signals,

and vehicle recognition and detection. Franke et al. and Zigler et al. [64, 65] at Daimler

AG - R&D used stereo vision in addition to a monocular camera in the front and in

the back to be able to drive driver-less for a 100km.

Algorithms for traffic signs detection were suggested in [66]. The use of nowadays

signs will not be needed in the future, since the infrastructure will be suited for AVs

which can use radio to receive information and orders.

There are two main ways for AVs to get information and decisions. One option

will be a traffic management system such as the V2I, vehicle-to-infrastructure, where

algorithms to control traffic can be used. One of these algorithms is the AUTOPIA

approach, and can be found in [67]. The second way is an inter-vehicular communica-

tion and decision-making system. Such system is called by Gerla et al. ”The Internet

of Vehicles” [68], and is able to collect data and make decisions between vehicles. Sim-

ilarly, a vehicle cloud was suggested by Eltoweissy [69] which is used to share vehicular

computing, communication, sensing, power and physical resources among authorized

users.

This option of connected AVs (CAVs) can be used to improve the performance of

traffic tasks such as merging into traffic and crossing intersections [10]. This of course

will rely on the speed of data transfer between vehicles. Fernandes and Nunes [70]

came up with strategies to mitigate communication delays, in order to improve safety

and traffic flow in a platoon of vehicles.

It should be noted here, that autonomous vehicles and connected vehicles are not

the same. Autonomous vehicle is a vehicle that is controlled by a computer, meaning

that its data acquisition and processing, and its reactions are done by a computer, and

are done much faster and exact than a human driver. Connected vehicles, on the other
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hand, are vehicles that communicate with each other, so that their behavior is shared

among each other. AVs do not have to be connected, as AVs today. And connected

vehicles can be with human drivers, who share their information using phone calls,

shared navigation applications or any other method of information transmission.

Positioning vehicles is another task that AVs are able to preform today, due to

Global Navigation Satellite System a.k.a. GNSS. One such system is the Global Po-

sitioning System a.k.a GPS. Since GPS has an accuracy of 5m [71] and vehicles are

smaller in size than that, a more precise positioning is needed. Shoval and Sinriech

[14] suggested a technique to improve accuracy of absolute positioning by landmark

configuration, using an Error Sensitivity Map (ESM). Jo et al. [72] corrected the GPS

bias error to better position vehicles, by using on-board motion sensors, camera vi-

sion systems, and road map database. Whereas Yozevitch et al. [73] used 3D shadow

matching and by detecting and analyzing rapid changes in navigation satellites signal

strength. In [74] they proposed a similar way to correct the position, using shadow

matching and a particle filter.

In the reaction aspect of the on-road AVs, the motor and breaking system need to

be controlled as well. Milanés et al. [75] designed and implemented an electro-hydraulic

breaking system alongside the regular breaking system so the computer will be able to

stop the car.

As for accelerations, Lee et al. [76] proposed An adaptive cruise control system

with a longitudinal controller that follows a preceding vehicle in autonomous vehicles.

It recognizes a preceding vehicle and keep a safe distance from it, by controlling the

motor and breaking system. The distance to the preceding vehicle is obtained using a

laser scanner.

Also, simulations on the behavior of drivers, and of pedestrians in a rural envi-

ronment, could be of help. Weizman and Benenson [77] developed the SAFEPED

environment simulation for this purpose. In rural environment, where pedestrians -

who are very unpredictable - are involved, the AVs should have a way to prevent any

accidents. Ghasemlou et al. [78] used Artificial Neural Networks (ANN), Regression

Trees (RT) and Multiple Linear Regression modeling (MLRM) method to predict the

crash severity of cars with cyclists and pedestrians. Hacohen et al. [79], on the other

hand, based their model on Probabilistic Navigation Function (PNF) which, according

to the probabilistic collision risks, finds a trajectory.

As far as we know, no studies has been done regarding traffic flow of AVs in a road

with AVs alone. In research proposal we wish to suggest a few models to control and

improve AVs’ traffic flow, and some preliminary results will be discussed later on, as

the basis for the doctoral thesis.
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Chapter 5

Prelimenrary Results

In this chapter we will describe the traffic models we suggest for CAVs and show

preliminary results of the analytical and numerical models.

To formulate autonomous vehicle’s traffic flow one can model the flow as a compress-

ible fluid flow. For this end we shall now introduce the associated governing equations.

In the following we shall use the numencalture:

[M ] will represent a unit mass, [L] is a unit length and [T ] is a time unit, [N ] number

of vehicles.

5.1 The Governing fluid Flow Equations

We use two equations, the Continuity Equation and the Navier-Stokes Equation, to

model the velocity and density of AVs in a road section (i.e. between two junctions),

which in general are:
∂ρ

∂t
+ v · ∇ρ+ ρ∇ · v = 0 (mass conservation)

ρ
∂v

∂t
+ ρv · ∇v = −∇P + µ∇2v + ρf (momentum conservation)

(5.1)

where:

• ρ is the mass density (measured in M
L3 ).

• t is time.

• v is the fluid velocity.

• P is the pressure field (measured in M
T 2L

).

• µ is the fluid viscosity (measured in M
TL

).
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• f represents the acceleration per unit mass.

here M is a unit mass, L is a unit length and T is a time unit. For a fluid flow one

may look at a tube in Figure 5.1, the mass flow rate is:

ṁ = ρvA. (5.2)

Figure 5.1: Flow in tube

5.1.1 mass conservation equivalent equation for vehicle flow

Since we deal with the flow of vehicles (i.e. their number), less with their mass, the

units of the aforementioned variables should be adjusted accordingly:

Equivalently, to a fluid flux - a road segment of A lanes, filled with vehicles with

density ρ per lane along the x dimension (i.e. we define ρ to be the number of vehicles

in a given lane within a unit length), driving at speed v, as depicted in Figure 5.2, the

amount of vehicles n on a road section of the length L on A lanes is:

nL,A(x, y, t) =

∫ x+L

x

∫ y+A

y

ρ(χ,Υ, t)dχdΥ (5.3)

Figure 5.2: Flow of cars along a road

Consider a short road portion L with A lanes such that the density ρ within that

segment remains constant throughout (but may change with respect to time), the

amount of cars in this section will be n = ρLA. At every point x the sum of cars will
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change due to the density and the length of that section. Hence, Equation 5.3 simplifies

to n(x, t) = ρ(x, t)xA, and at x = L n = ρ(x = L, t)LA. The amount of vehicles that

pass a certain point x on the road with A lanes, over a certain period of time t is thus:

dn(x, t)

dt
= Q(x, v, t) +

dρ(x, t)

dt
xA (5.4)

We name Q(x, v, t) = ρ(x, t)vA the vehicle flow (while in literature the letter Q is

preserved for volumetric flow). The second term refers to the change in the amount of

vehicles within the segment L, but does not count how many vehicles went through a

cross-section at point x.

5.1.2 Average Mass and Acceleration

In this work we use the continuity equation to describe traffic. The continuity equation

regard all vehicles as homogeneous, where in fact it is not. In order to use the continuity

equation we need to show that the variation in masses and accelerations is not big, and

thus the average mass and acceleration are a good representation.

Given a system of length L with all A lanes, as in Figure 5.2 - the energy needed

to move all vehicles α = 1, 2, . . . , n, a distance L is the sum of all the work done by

each vehicle for that end:

Esystem =
n∑

α=1

Eα =
n∑
i=1

FαL (5.5)

where Fα is the force exerted on the α-th car. In general, the force equilibrium in one

dimension for a single car is: Fα = Fmotor − Fext. dissipative − Fint. dissipative = mαaα.

In the general case numerous vehicles of different types occupy the road. Let A and M

be the indexed sets of vehicle accelerations aα ∈ A and masses mα ∈ M respectively

within the road segment. Summing the forces of all the vehicles in the system gives

the total force acting on the system:

Fsystem =
n∑

α=1

Fα =
n∑

α=1

mα · aα (5.6)

Fsystem may be expressed as a function of the average (Expected Value or EV)

acceleration EV (A) and average vehicle mass EV (M):

EV (AM) = Cov(A,M) + EV (A)EV (M) (5.7)

where

Cov(X,Y) =
1

n

n∑
i=1

[xi − EV (X)][yi − EV (Y)]
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is the covariance. But note that for independent random variable sets A and M

the covariance nullifies, which is expected to hold for large amount of vehicles on

a road section. Hence, we can say that Fsystem ∼= n · EV (A)EV (M), while taking

into account that if one considers a finite set of vehicles, the covariance is bounded

by ‖Cov(M,A)‖ ≤
√
V ar(M)V ar(A) ≤ ‖EV (A)EV (M)‖, according to the Cauchy-

Schwartz inequality.

For example, let us take a case of 35 different vehicles with a set M of masses as

listed in [80], and a set A of accelerations taken from [31]. On a random distribution,

the expected values we got were EV (M) = 1551.8kg and EV (A) = 0.53m
s2

. The

variances were V ar(M) = 122031.3 and V ar(A) = 0.028. And so:

√
V ar(M) · V ar(A) = 58.73N

EV (M) · EV (A) = 822.4N
(5.8)

and since
√
V ar(M)V ar(A) < ‖EV (A)EV (M)‖, we can conclude in this example,

according to the Cauchy-Schwartz inequality, that ‖Cov(M,A)‖ << ‖EV (A)EV (M)‖.
So we can approximate:

Fsystem = nEV (AM) ∼= nEV (A)EV (M) (5.9)

Remark. Note that in the case of multiple types of vehicles occupying the road segment

the set of Equations 5.1 should be extended such that there is a ’mass’ conservation

for each vehicle type (e.g. the number of trucks/motorcycles entering a road segment

should comply with the number of trucks/motorcycles exiting it). So one should add

more equations to the above set of equations 5.1 [81]:

∂ρYk
∂t

+ vYk∇ρ+ ρYk∇v = 0 (5.10)

where Yk is the mass of the kth type with respect to the total mass.

Consider henceforth a single vehicle type with a given mass.
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5.2 The Velocity Equation

We wish to formulate the velocity equation that will model the vehicles’ flow. For this

we will first write down our assumptions.

In order to make the first step towards controlled traffic, we will neutralize the

variations between the vehicles, i.e. their lengths and masses. We will consider the

vehicles to be exactly the same.

Also, all vehicles have communications ability. They can communicate and share

self and general traffic data to one another. Moreover, they have the ability to receive

data and orders from a central traffic control system (CTCS). We expect AVs to be

compliant to the orders of the CTCS.

For a straight clear road segment with multiple lanes, we assume the density ρ(x)

of every lane at a certain point x is the same for all lanes.

In cases where there are sudden obstacles on the way (say in a given lane and a

given position in the road segment which should cause lane switchings) a variation of the

velocity and acceleration is eminent so one would have v = v(x, y, t) and a = a(x, y, t).

In cases where there is only one lane, there should be no lane switching or car passing.

Assumptions:

1. The vehicles are of the same type and mass

2. The vehicles can communicate and share data with each other and with the CTCS

3. The speed can be changed in compliance to the CTCS request

4. The vehicles can keep a safe distance SD if ordered

5. The vehicles drive as fast as the SD allows

6. A cluster of vehicles in a road section can change their speed simultaneously

7. The density ρ(x) of all lanes at point x is equal

8. No lane switching or car passing in a road of only one lane

Following the above assumptions, we will first establish the formula for the maxi-

mum speed allowed for a given density. Since it is easier to formulate the the maximum

density for a given speed, we will start with that.

The density in itself can be any arbitrary number, since we can control the distances

between the vehicles. It would be wise, though, to keep a safe distance SD between

the vehicles. Assuming the gap between cars is the safe distances, the density can be

fixed to be a function of the average velocity. The density is defined as the amount n
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of vehicles α = 1, 2, ..., n in a stretch of road of length L, and measured in [Veh./km].

The density is always the inverse of the average distance headway h, which is the sum

of the average car length ` and the average gap g, which we assume for now is the

average safe distance SD:

1

ρ(v)
=
L

n
=

∑n
1 hα
n

=

∑n
1 (`α + SDα)

n
= `+ SD(v) = h(v) (5.11)

The safe distance is the sum of the thinking distance and the break distance. The

thinking distance is the distance a vehicle does until the system reacts and start to

decelerate, in which time the speed stays the same, hence:

ThinkDist. = TTv (5.12)

where TT , the Thinking Time, is the time between recognizing the obstacle and acti-

vating the break. It is also known as Reaction Time.

Breaking distance is calculated according to kinematics:

v2
fi = v2

in + 2ax⇒

0 = v2 − 2asx

BreakDist. = x =
v2

2as

(5.13)

where as is the stopping deceleration, which could be the highest possible and different

than the regular deceleration, which should not be uncomfortably high. SD is thus:

SD = TTv +
v2

2as
(5.14)

and so the density is:

ρmax(v) =
1

h(v)
=

1
v2

2as
+ TTv + `

(5.15)

This equation gives us the maximum allowed density and hence the minimum gap, if

SD is kept.

5.2.1 Phillips Velocity Model

We wish to examine one of the velocity equations mentioned in chapter 4. Let us

examine Equation 4.15:

∂v

∂t
+ v

∂v

∂x
= −1

ρ

∂P
∂x

+
ve(x)− v

τ
(5.16)

with constant relaxation time τ .
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The first term, −∂P/ρ∂x, similar to a damper, reflects the reduction in velocity

due to Traffic Pressure P(x, t) = ρ(x, t)θ(x, t), where θ(x, t) is the velocity variance of

the vehicles. The extended traffic pressure calculation is explained in Appendix A.

The second term, [ve(x)− v]/τ , describes the change of velocity from v the current

one, to ve(x) the desired one, at position x, over relaxation time τ . Notice that Equa-

tion 4.15 used ve(ρ) and here we use ve(x). The reason is that Equation 4.15 come

to model the measured results, thus ve(ρ) describes the desired speed profile which is

the curve that fit the data. Thus, ve(ρ) stands for the desired velocity for a certain

variable. And since the empirical model cares less for the position at which the speed

is achieved and more about fitting the theoretical speed with the density - the desired

speed depends on density. Whereas here, we create the desired speed and density and

we wish to achieve a specific speed at the end of the road section, therefore the desired

speed we use is ve(x).

The equilibrium speed profile ve(x) that should be used will be one of the topics

studied by us for the Doctoral dissertation.

We calculated numerically Equations 5.1 and 5.16, using the Lax-Wendroff method

as found in [82], for equations of the following type:

∂u

∂t
+
∂F (u)

∂x
= s(u) (5.17)

where

u =

(
ρ

ρv

)
, F (u) =

(
ρv

ρv2 + P

)
, and

s(u) =

(
0

ρve(x)−v
τ

) (5.18)

Applying the two-step Lax-Wendroff method:

u
n+1/2
i+1/2 =

=
1

2

(
uni + uni+1 −

∆t

∆x
(F n

i+1 − F n
i ) +

∆t

2
(sni + sni+1)

)
(predictor)

(5.19)

un+1
i =

= uni −
∆t

∆x
(F

n+1/2
i+1/2 − F

n+1/2
i−1/2 ) +

∆t

2
(s
n+1/2
i+1/2 + s

n+1/2
i−1/2 ) (corrector)

(5.20)

For boundary conditions, we assume all vehicles enter the road at the same speed
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and density, i.e. ρ(x = 0) = ρ0, v(x = 0) = v0 for every t. The end boundary is

not calculated due to numerical constraints. Thus we say ρ(L, t) = ρ(L − ∆x, t) and

v(L, t) = v(L−∆x, t), where L is the length of the road. As for initial conditions, we

assume a road full of vehicles, where their velocity changes linearly along the road and

the density along the road is at the maximum allowed as in Equation 5.15.

For example, let the vehicles accelerate from 30kmh to 40kmh over 2km, meaning

that by the end of the road section they will reach the desired speed w =40km. Though

unrealistically, the speed profile for this example will be the desired speed ve(x) = w =

40kmh. In [31], an acceleration-velocity graph is given, and the average acceleration

for these speeds is around 0.5m/s2, which translates to relaxation time of τ = 8s. We

would use τ = 10s to take into consideration heavier cars. We will then compare it

with relaxation time of τ =30s to better understand the role of τ .

Vehicles will enter the road at speed v(x = 0, t) = v0 = 30kmh and the initial

condition is v(x, t = 0) = v0+(w−v0)x/L. The initial density will follow Equation 5.15,

and in oppose to subsection 5.2.3, the θ(v) is not constant. Figure 5.3 shows the initial

conditions.

Figure 5.3: Initial v and ρ for increasing velocity from 30kmh to 40kmh with relaxation time τ =30s

over 2km. The velocity changes linearly along the road, and the initial density along the road follows

Equation 5.15.

All vehicles in the simulation try to reach the desired speed, but the constant

relaxation time does not allow all vehicles to reach the desired speed before the end of

the road section. We can see in Figure 5.4 in the LHS (x = [0, 0.66]km) of the density

graph the density oscillations that began from the start of the simulation and continue

to move toward the end of the road as time continues. To the bystander, the density

wave direction is positive. It should be noted that the density from the top of the wave

to its end at the RHS (x = [0.66, 2]km) is dropping a little as the traffic proceeds.

The drop is not strong since the initial density was the maximal density allowed in

accordance with the initial velocity along the road. The velocity of all vehicles is

increasing non-linearly, though linearity of the right hand side is kept. The red curve
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marks the maximum density allowed. Though SD is not kept, the largest gap (= h−`)
difference between the SD and the actual gap in this simulation is 3m (=17m-14m or

82.4% of the SD).

The wave speed can be seen in Figure 5.5, and is equal to C =2km/180s=40kmh,

which is the desired speed. This result fits the theory presented above, since the

derivative of a constant ve = w is 0, the wave speed should be: C = ve = w. Checking

other constant desired speed profiles ve shows that the wave speeds are indeed close to

ve. Checking the wave speed as a function of its position shows that it is not constant

speed at all. It actually starts very high at a 120kmh and drops very quickly to 40kmh

at x = 0.3km. It drops to a low of 39.44kmh, and slowly goes back to 40kmh. So,

though it looks linear in Figure 5.5, it is not exactly, but enough to be considered linear

as the C in theory should be for this case. We wish to fully understand this behavior.

The velocity profile in Figure 5.4 is almost a reflection of the density profile (the

red curve, which represent the maximum allowed density). This is due to the fact

that at steady state the flow is constant along the road, and the velocity is calculated

according to v = Q/ρ.

Returning to the wave, it continues and the steady state forms, and by the t = 5min.

the road section is in steady state, as in Figure 5.6.

Let us examine what happens when τ =10s. The first noticed difference is with

the speed profile. For τ =10s the speed profile sets on the desired speed w = 40kmh

very quickly, as it should. The speed wave is faster too, with C = 41.26kmh. This

goes against the theory of speed wave, as it shows a subsonic behavior. This will be

examined extensively in the dissertation. The maximal density allowed is also Affected

and the gap is smaller than the gap of τ =30s. The maximal difference between the

allowed and the actual gaps is 7.5m (=18.2-10.7m or 59% of SD), whereas for τ =30s

the difference is only 6m (=17-11m or 65% of SD). At steady state the minimal gap is

the same. The velocity profile is obviously different.

Now let us see the effect of a linear velocity profile: ve(x) = v0 + (w − v0)x/L. We

will compare again the two τs.

The obvious thing observed in Figure 5.7 is the very small wave in both cases

that hardly crosses the maximal density allowed. The acceleration at τ = 10s is

stronger than of τ = 30s, thus it crosses the red curve more. They do not cross the

maximal density allowed since the desired acceleration is lower than of the constant

ve(x) = w, ∀x, since for linear ve(x) when x < L: w − v > ve(x)− v. This is also the

reason the vehicles achieve a slower speed then w (only 38.4kmh at x = 2km).

As for the speed wave, it can be observed as time progressed or in Figure 5.8), but

for lower relaxation times the acceleration force is stronger and pushes the density over
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(a) τ =30s.

(b) τ =10s.

Figure 5.4: Speed and density behavior after 1min. when increasing velocity from 30kmh to 40kmh

and for τ =30s and 10s.

the maximal allowed density. Here as well, though it seems constant the wave speed is

not constant, and changes from 24kmh to 30kmh.
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(a) τ =30s

(b) τ =10s

Figure 5.5: 2D Density graph for speed increasing from 30kmh to 40kmh and for τ =30s and 10s.

The density ranges from 47 veh./km to 75 veh./km. The wave is the diagonal yellow line.

Figure 5.6: The speed and density after 5min. The vehicles reach the desired speed in less than

2km. But the density is above the maximal density allowed (red curve).
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(a) τ =30s

(b) τ =10s

Figure 5.7: Velocity and density profiles at t = 1min. for speed increasing from 30kmh to 40kmh,

by a linear ve(x), and for τ =30s and 10s.
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(a) τ =30s

(b) τ =10s

Figure 5.8: 2D Density graph for speed increasing from 30kmh to 40kmh, by a linear ve(x), and for

τ =30s and 10s. The wave is the diagonal yellow line.
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5.2.2 Shock Wave Speed

Shock wave is a phenomenon that occurs with todays traffic, when traffic flow is con-

gested. Similar to fluid dynamics - where a converging nozzle forms shock waves - in

traffic theory, shock waves form when a vehicle stops, and thus causing the vehicles

behind it to stop as well. This forms a wave of stopping vehicles that goes backwards,

see [47]. Shock wave is a special case of a density wave. Reasons for stopping would

be: traffic-light junctions, accidents, merging lanes, and sudden slow-downs.

It should be noted at this point, that for regular human-driven vehicles, there is no

distinction between the data wave and the density wave. The data transfer is dependent

on the human driver to sense the data (breaking signal for example) and react to it.

When the driver push the break paddle, at that same moment the data (”stopping”)

is transfered to the next vehicle.

In AVs, on the other hand, there could be a distinction between the waves. Assum-

ing a CTCS knows the the exact positions of each vehicle, and controls their speed,

the data wave will be transmitted by a CTCS to the vehicles, which sense it with

their sensors. Both the CTCS’s computer and the vehicles’ sensors process the data

much quicker than the human-driver. Moreover, the data can be transmitted to all the

vehicles in the road at the same time, and not in a serial manner as by nowadays cars.

Hence the speed of the data wave will always be higher than the speed of the vehicles.

To be more exact, we can control the speed of the data transfer, so we can lower the

data wave speed to be lower than the vehicles’ speed if we want.

If there is no CTCS involved, and the data transfer is dependent on the AVs’

sensors (similar to human driven vehicles), then the density wave speed will determine

the traffic behavior, though it should be much faster than in todays traffic. Let us

then, understand better what is the density wave in AVs.

As explained in chapter 4, the wave speed is: C(x, t) = dQ(ρ)
dρ

= ve(ρ) + ρdve(ρ)
dρ

, see

Equation 4.13. We have showed there that for a linear relation of the vehicle speed and

density we would always get c ≤ 0, which means the wave is propagating backwards.

When using the Safe Distance relation, and by assuming v ≥ 0, solving Equation 5.15

one gets:

ve(ρ) =

√
as[(asTT 2 − 2`)ρ+ 2]

ρ
− asTT (5.21)

Theorem 1. The RHS of Equation 5.21 cannot be negative.
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Proof. If
√

as[(asTT 2−2`)ρ+2]
ρ

− asTT < 0 then:√
as[(asTT 2 − 2`)ρ+ 2]

ρ
< asTT

⇒a2
sTT

2 − 2as`+
2as
ρ

< a2
sTT

2

⇒1

ρ
= h < `

(5.22)

and since the headway h cannot be smaller the a car’s length, `, hence:√
as[(asTT 2 − 2`)ρ+ 2]

ρ
≥ asTT (5.23)

Theorem 2. The relative wave speed is always c(ρ) = ρdv(ρ)
dρ
≤ 0

Proof. In reality, when the velocity increases the density should drop, and vice versa,

when the velocity decreases the density can stay the same or increase. This means

that the function ve(ρ) is monotonically decreasing, or in other words, that the relation

between velocity and density is inversely proportionate: ve(ρ) ∼ 1
ρ
. Differentiating ve

will always give a negative derivative.

This means that the wave speed always goes backwards relative to the direction of

traffic. So, in our case:

c(ρ) = ρ
dv(ρ)

dρ
= −

√
as

ρ[(asTT 2 − 2`)ρ+ 2]
≤ 0 (5.24)

Theorem 3. The traffic is always super-sonic, i.e. M(ρ) = ve(ρ)
C(ρ)

> 1.

Proof. Following Equation 4.13 and Theorem 2, the wave speed is:

C(ρ) = ve(ρ) + c(ρ)︸︷︷︸
≤0

≤ ve(ρ)

Hence:

M(ρ) =
ve(ρ)

C(ρ)
≥ 1 (5.25)

The wave speed in our case is:

C(ρ) = ve(ρ) + c(ρ) =

√
as
ρ

(asTT
2 − 2`)ρ+ 1√

(asTT 2 − 2`)ρ+ 2
− asTT (5.26)
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Solving C(ρ) = 0 gives the density at maximum flow. For example, using ac-

celeration as = 12.24km/min2 according to [83], and a very fast reaction time TT =

0.001s = 0.001/60 min, with average car length ` = 0.003km and a constant relaxation

time of τ = 30s; solving ρ(C = 0) = 166.54 veh./km (=half of 1/`). Substituting the

result gives maximum flow: Q(ρ = 166.54) = 45.13 vhe./min, and optimal velocity:

vopt = 0.271km/min = 16.26kmh.

This result is surprising. The optimal flow is high, but the speed is very low. This

may be good for the Traffic in general, but for the individual it is a very slow pace.

This assumes, of course, that the density should increase unlimitedly. But the density

can be limited. Limiting the density to 20 cars, let us say, will allow greater speeds.

Moreover, in many cities, on rush hours, a 12km drive can take an hour or even more,

which make the total drive speed was 12kmh. So, maybe 16kmh for smooth ride is not

as bad after all.

Also, one has to remember that normally, cars do not stop on the spot. When the

first car stops completely, it will take it a certain distance to fully stop. The following

car will start stopping right away and so the initial gap should stay the same at the

end of the process. And even if the gap will decrease due to the Thinking Time of the

following car, it will still be enough of a gap between them. This is true, because if the

distance the first car is covering once breaking is equal to the following car’s breaking

distance, the gap at the end should be v2

2as
. And in a more general manner, if the car α1

is at speed v1 at the beginning of the breaking process, the gap will be
v21
2as

, assuming

car α2 is keeping SD.

5.2.3 Phillips Model for Autonomous Vehicles

Going back to AVs, assuming they have the same characteristics and having the same

mass, if they communicate and know that vehicle α1 is about to stop - they all stop

at the same time. And so the gap between them will always stay the same, no matter

how small it is. It may be wise to keep some gap between them as a precaution, but it

still allows for higher densities with higher speeds then Equation 5.15 allows.

But, realistically, having the same vehicle on the road, with the same mass is far.

It is enough to have the same exact vehicle with different amount of people to change

the adequate reaction. This means that two successive vehicles will reduce speed

differently. This means their relaxation times τ will be different, and there will be

variation of accelerations and speeds (θ) when the speed changes.

The relaxation time can be taken as the longest one, τ = 30, as in the example of

Figure 5.4, forcing all vehicles to reach the desired velocity at the same time. This will

allows us to compare the two cases. The acceleration can also be taken equally, as the
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Figure 5.9: Applying Phillips’ model on AV, with constant variance of θ = 32, and for increasing

speed from 30 to 40kmh.

lowest or the average one. Hence we chose as = 12.24km/min2. For this example we

also use a constant speed profile ve = w = 40.

As for the speed variation, human drivers behave differently on the road, one is

more cautious and the other takes risks. This is why the variation occurs. But with

AVs, it ought to be small since they all comply to the desired velocity. The difference

would be because of measurement error, as the speedometer shows a speed different

than the actual one. Both the European law [84] and the Australian law [85] requires

the speedometer accuracy to have the difference between the true and the measured

speed to be: 0 ≤ Vmeter − Vtrue ≤ 0.1Vtrue + 4kmh. But tests [86] might suggest an

even lower speedometer error of 6% at 100km. So, assuming Gaussian distribution of

errors, and assuming 2σ = 6kmh, we get the variance to be θ = σ2 = 32kmh2.

Applying these parameters to Equation 5.16, one gets the following results. In

Figure 5.9 we see a wave forms as the vehicles that enter the road changing the density.

In contrast to Figure 5.4, in the autonomous case, almost no ripples are made, which

indicate reaching equilibrium density very quick. Steady state along the whole road

is achieved after 3.5 minutes, see Figure 5.11, which is much faster than in the non

autonomous case.

As in the non-autonomous case the density is higher than the maximal density

allowed (red curve). The biggest difference between the actual gap and the SD is 6m

(=17-11m or 65% of the SD). Also, at steady state, the gap difference is highest at

x = 2km with difference of 3.5m (=18.1-14.6m or 80.5% of the SD) of Even though the

actual gap is smaller than the minimal allowed gap, we saw in subsection 5.2.2 that it

should not alarm us at all. The way we calculated, see Appendix A, as a non constant

θ made it to be very small, even smaller than the constant θ we chose for this example.

Meaning the results at least for this example have no clear differences. Enlarging the

scope of the variance to include a larger length of road might make the influence of the

P larger. This too would be examine in the dissertation.
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Figure 5.10: The density graph for the autonomous case, with θ = 32. The wave is clear and is

traveling at speed of 41.1kmh.

Figure 5.11: The autonomous model achieve steady state much faster than the non autonomous

case, after 3.5min..
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5.2.4 Velocity and Flow Comparison

Until this point, we have discussed the Phillips’ model for AVs with a constant and

linear speed profiles. How do the velocity v(ρ) and flow Q(ρ) look like in this model?

And how it compares with the empirical graphs shown in Figure 4.1 and with the Safe

Distance approach?

To do a complete comparison we would have to compare this results with the results

of other speed profiles such as the linear and non-linear ve(x), and the SD speed profile.

This would be done in the dissertation, but for the mean time we would compare only

the empirical results and the results of the Phillips’ model for constant ve(x) with the

somewhat ideal relation of the SD v(ρ) of Equation 5.21. The case of the linear ve(x)

is exactly the same as the case of the constant ve(x), therefore we do not need to show

it. The reason they are exactly the same is because their v(ρ) profile is depended

on the flow. At steady state their flow is constant along the whole road. And since

v(ρ) = Q/ρ and their flow is the same their velocity is the same.

The parameters used in this example for the steady state Phillips model are: θ =

32kmh2, τ = 30, vi = 15, vf = w = 120kmh, and ve(x) = w = 120kmh.

In Figure 5.12 we can compare the results of the actual world with the Phillips’

model for constant speed profile, and with the optimal Safe Distance v(ρ) profile. The

empirical graph starts at very low density, where it gets to peak speed of 110kmh.

For showing purposes the SD graph does not show low densities, though it can. The

Phillips’ model do not show low densities as well. According to this model, it is

clear that for low densities the speed will be unrealistically high, which is one of the

disadvantages of this model.

As for the shape of the graphs, all have the same shape as the bottom half of

the empirical results, where for high densities the speed decrease is not steep, though

shifted. A surprising observation is that the empirical results cross the SD graph, which

means that for speeds v = [45, 105] the gap is smaller then it should. In other words,

human driver do not keep safe distance. Or that the empirical graph does not take

passing into consideration.

The same is true to the Phillips’ model that crosses at steady state the SD profile

a lot more than the empirical case. For this particular case, where we model speed

increase from 15 to 150kmh in just 2km even τ = 30s makes a very strong acceleration

force that pushes the density way above the allowed curve. Going back to this section’s

topic we see that the Velocity-Density can give a strong evidence on how a model will

look like at steady state. For a smaller range of speeds the curve will get closer to the

SD curve. The important thing we learn from this graph is that using the Phillips’

model, even in the bounds of the SD would give us higher velocities per density.
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Figure 5.12: Velocity-Density profile graph for: a. Phillips’ model, b. empirical results from [33] ,

c. optimal Safe Distance.

Figure 5.13 shows the Flow-Density graph. The empirical matches the results shown

in Figure 4.1, except after ρ = 30veh/km. The reason for this difference is due to the

fact that the graph shown here only took the points on the fit curve of the Figure 4.1

but not the rest of the scattered points in the diagram. But still, it does give a good

representation of the flow behavior. We see that though Q = ρv, the flow goes down

as the density goes up. With the Phillips’ model the flow is constant and higher than

the empirical flow. The Phillips’ model would be preferred if we care for the flow.

At low densities, the empirical results show better flow than the SD model. As-

suming that an SD model of speed profile ve(ρ) would follow the SD curve - this means

that it would not be optimal at low densities, whereas for ρ ≥ 40veh/km the SD model

would be better. The SD model is parabolic, and peaks at ρ ≈ 166.5 = 1/2`, as men-

tioned in subsection 5.2.2. From that point on the flow would drop, though it stays

very high to the point where velocities are already very low, and realistically the SD

velocity-density connection would not be valid anymore.

The graphs Figure 5.14 are all based on polynomial fitting curves, and thus may not

show the exact relation between the wave and the equilibrium speeds. The empirical

curve is a derivative of a 4th degree polynomial fit and the Phillips’ model curve is a

derivative of a quintic polynomial fit. The SD curve did not need any fitting since we

have its analytical definition. The SD curve is thus acting as a guideline for the other

curves.

All of the curves start at a subsonic speed in low velocities and turn supersonic

very quickly for speeds used in most of the roads. In any case, the wave direction is

not always positive, meaning it does not always progresses in the direction of traffic.

We can also see that as speed is increased the wave speed drops.
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Figure 5.13: Flow-Density profile graph for: a. Phillips’ model, b. empirical results, c. optimal Safe

Distance. The empirical results graph is calculated and does not follow [33].

Figure 5.14: Wave speed-Velocity profile graph for: a. Phillips’ model, b. empirical results, c.

optimal Safe Distance.
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5.2.5 The Case of Constant Density

Until this point, our assumption was that the density should not be constant. Since

AVs can keep their distance, and following the conclusion of subsection 5.2.2, would it

make optimal flow to let them drive at a constant gap and varying speeds.

Let us, first, examine the naive case where all the vehicles change their velocity

simultaneously. It means, that at a straight highway they will drive at speed v1. Once

they arrive at a turn, where the speed should be v2 < v1, the whole line of cars moving

at the same speed will now decelerate, no matter how close they are to the turn. They

all decelerate and accelerate at the same time, and thus keep their gaps. Thus, we can

choose a constant gap G, and hence a constant density ρ≤ρmax = 1
`+G

. It also means

that density changes do not affect the speed at all. Thus, the speed can increase to the

maximum speed allowed by the vehicle and its tires. So the flow Q can increase too to

to be maximal as possible.

In this case of incompressible flow, with constant θ, the Navier-Stokes equations

degenerate to: dv
dx

= 0, dv
dt

= w−v
τ

. It means that along the road in scope the velocity

is the same for all vehicles, but it can change over time such that the velocity changes

simultaneously along the whole road, as explained above.

But this tempting naive case, as a major draw back. If this line of cars stretches

over many kilometers, turns and junctions - the whole line will have to drive at the

lowest speed allowed in any of the turns or junctions. And so, the cars will never be

able to drive as fast as they can and the flow will be very low. This scenario is parallel

to what happens in an electric or fluid circuit, where respectively the current or flow

can not be higher than the smallest resistance or pressure allowed by the resistor or

the valve.

The naive case might be optimal in cases where there are separated clusters of cars,

which are smaller in length then the distance between two “resistors” (e.g. junctions).

Otherwise, for a long and tight line of vehicles, it would be wise to allow them to change

the gaps and speeds according to one of the traffic models mentioned in chapter 4.

Another suggestion for constant density (number of cars per road, not per lane) is

to allow speeds to vary according to the number of lanes, as in a venturi tube, in which

the speed increases as the number of lanes drop. This would mean that the gap will

have to increase enough to allow merging from all the other lanes (hence the number

of cars in the road section stays the same, even though per lane it has multiplied).

This means, though, that the initial speed at the wide section has to be much lower

than the maximum vehicle speed, in order to allow the increase in speed. And after

the conversion, when the road widens again, the velocity must drop again to allow the

increase at the next divergence. This case will end with the same flow, and ultimately
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makes the extra lanes redundant since they necessitate low speeds.

In the case of compressible flow, the option of merging as in a converging-Diverging

nozzle - where the speed before the convergence is subsonic (Mach = v/C < 1), at the

convergence is transonic(Mach = v/C = 1), and passing the convergence is supersonic

(Mach = v/C > 1) - should be carefully examined as an optimal way to merge.

Speaking on Mach numbers, by controlling the densities and gaps it is possible to

have as any Mach number one desires. If we recall Equation 4.13, we saw that v(ρ)

is usually monotonically descending, meaning, the density rises as speed drops and

vice versa. Therefore, dv(ρ)/dρ < 0 and C < v(ρ), and thus M = v/c > 1 and the

flow is supersonic. In order to achieve subsonic flow, or M < 1, the wave speed must

be C > v(ρ). In order for that to happen v(ρ) must be monotonically ascending,

which means that when the speed increase the density must increase too, and vice

versa. Shortening the gap when vehicles increase speed or lengthening it when they

slow down, should make the flow subsonic.

Implementing this is not that easy. It means that when the leading vehicle α1

is increasing speed with acceleration a1, vehicle α2 must accelerate with a1 to keep

the current gap g1. For α2 to shorten the gap, it must accelerate with a2 > a1. In

order for vehicle α3 to shorten the gap g2 with vehicle α2, it must accelerate with

a3 > a2 > a1. Hence, inductively, for vehicle αn to shorten gap gn−1 with vehicle

αn−1, it must accelerate with an > an−1 > ... > a3 > a2 > a1. Even if the difference

ai − ai1 = ∆a is very small, for a long line of hundreds of vehicles, it might get to

unrealistic accelerations. This is true also for the opposite case where an < an−1 <

... < a3 < a2 < a1. There is a limit to how strong one’s breaking is.

A way that might work is if the acceleration will begin by the last car in the

line, instead of the leading car. Assuming this process begins with equal gaps gi, αn

accelerates from vi to vf , as long as αn−1 did not accelerate at the same time as αn -

the gap would always shorten. So if αn accelerates, and while accelerating αn−1 starts

accelerating too, they would get to a higher speed with higher density. Continuing

with this manner, αn−1 would shorten the gap to αn−2, and eventually at the end

of the process, all the cars would have their speed and density increased (the gap is

equal again but smaller). So if αn accelerates and a short time after αn−1 accelerates,

and a short time after αn−2 accelerates, and so on to α1 we would get, for the same

acceleration by all the vehicles, subsonic flow. It would look like as if the vehicles in

the back push those in the front, hence a forward wave of C > v.

In conclusion, it seems that using constant density would not be optimal while

using regular autonomous cars and regular roads. If instead of cars driven by wheels

we would use, for example, monorails-like vehicles, or instead of our current road system
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we would use, for example, a tunnels system as in Elon Musk’s Boring Company [87] -

the constant density might be optimal and will allow super speeds thanks for the low

chance of accidents. Otherwise, it seems that a long line of autonomous cars with the

current road system dictates the use of the traffic models that have been suggested and

studied over the decades for human drivers.
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Chapter 6

Research Plan

The main parts of the research will be:

A. Optimizing the traffic model by:

(a) Finding an optimal speed profile ve(x) or ve(ρ)

(b) Finding relaxation time τ(v) as a function of the speed

(c) Simulations of the Phillips’ model using the optimized parameters.

(d) Examining the relations between the wave speed C and the desired speed

profile ve

B. Merging lanes methods:

(a) Jet Method: optimal merging due to the shape of the road

(b) Algorithmic Method: optimal merging by using queues and by control-

ling the vehicles

C. Real life implementation and testing:

(a) Modifying an existing or building new small robotic cars for testing

(b) Programing the algorithm for different traffic and road scenarios

(c) Modifying the theory and implementation according to real life results

D. Road map route planning:

(a) Profiling a real life street map, e.g. flows and allowed speeds at different

streets

(b) Testing the traffic models as they influenced by pressures, congestions and

densities in other streets

(c) Modifying the traffic model of one street according to these tests
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See also the gantt, in chart:

Figure 6.1: Gantt chart

46



Appendix A

Traffic Pressure

Traffic Pressure acts as a counter active force which forces vehicles to use lower accel-

eration due to variations of speeds, and defined as:

P(x, t) = ρ(v(x, t))θ(x, t) (A.1)

where, in the continuous form, the variance, θ(x, t) of velocities v(x, t)α of vehicles

α = 1, 2, ..., n is:

θ(x, t) = θ(v) =
〈
[vα − 〈vα〉]2

〉
(A.2)

To find the velocity variance θ one needs to find the average velocity. The average

velocity of the measured vehicles is:

v(x, t) = 〈vα〉 =
1

n

α0+n∑
α=α0+1

vα (A.3)

Writing this equation in a continuous form is more appropriate for our needs. Since

P is depended upon the difference in velocities, it cannot be measured at a point.

The average velocity will thus be the integration of the velocities between x − l/2 to

x + l/2 so that PL(x) = {P(x)|x− l/2 < x < x+ l/2}. Summing by integration over

the distance of l gives:

v(x) =
1

l

∫ x+l/2

x−l/2
v(x)dx (A.4)

In case of constant speed, there will be no pressure, as vα = v. When speed needs

to be changed, for example, as before entering a turn, the speed goes down from vi to

vf over distance L, see Figure A.1, where it goes down linearly: v(x) = vi− x
L

(vi− vf ).
From Equation A.4 it follows that in this case v(x) = v(x).

As indicated by Helbing, Equation 4.18 gives only the spatial average speed. In

cases where the speed should be controlled over time interval the average velocity

would be integrated over time interval τ :

v(t) =
1

τ

∫ t+τ/2

t−τ/2
v(T)dT (A.5)
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When the speed changes linearly: v(t) = vi + at, (0 ≤ t ≤ T ), for any comfortable

constant acceleration a,

where in reality the velocity distribution measured over a time interval ∆T is dif-

ferent than the velocity measured over a length ∆X. To compensate the difference,

the harmonic average velocity is suggested:

1

v(x)
=

〈
1

vα

〉
(A.6)

The continuous form of Equation A.6 would be:

v(x) =
l∫ x+l/2

x−l/2
1

v(x)
dx

(A.7)

Figure A.1: Velocity change over distance L from vi to vf . Since P cannot be measured at a point

it is calculated between x− l/2 to x+ l/2
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