
FINITE SUBGROUPS OF SL(2, F ) AND AUTOMORPHY

YUVAL Z. FLICKER

Abstract. We give a new proof of the well-known classification of finite subgroups of
SL(2,C), that generalizes to the three dimensional case of SL(3,C); recall the geometric
proof, based on study of the motions of the Platonic solids, that does not seem generaliz-
able to higher SL(n) nor to other fields, but gives geometric intuition; use the classification
to give a more algebraic proof that two dimensional representations of the Weil group of
tetrahedral and octahedral type are automorphic; and use this approach to construct an
automorphic representation π of GL(3,AF ) that is the unique candidate to be the auto-
morphic representation π(ρ) corresponding to a certain three dimensional representation ρ
of the Weil group of a number field F , to initiate study of the global Galois-Automorphic
correspondence in dimension > 2 for number fields.
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1. Introduction

The finite subgroups of SL(2,C) are conjugate to subgroups of the compact group SU(2),
which is a two fold covering group of SO(3). The latter is the group of motions of the unit
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sphere in the real 3-space, and its finite subgroups are the groups of motions of the Platonic
solids, known from antiquity. This gives a geometric proof of the classification of the finite
subgroups of SL(2,C). There is a purely algebraic classification, due to Jordan, of the finite
subgroups of SO(3) by counting its abelian subgroups.

Section 2 here gives a completely different, purely algebraic, proof of this classification, that
generalizes to SL(3,C), and to algebraically closed fields F other than C, of characteristic not
dividing the order of the finite group. It is based on determining first the reducible subgroups
(cyclic Cn, or Lie type A), then the irreducible imprimitive subgroups (binary dihedral BD4n,
or Lie type D), then those that are primitive with normal imprimitive subgroups (the binary
tetrahedral BT24 and binary octahedral BO48 groups with images A4 and S4 in SO(3), or
Lie types E6, E7) – these are analyzed here using contemporary ideas that we used in [F3]
also in the 3 dimensional case, then the primitive simple mod center subgroup (the binary
icosahedral group BI120 with image A5 in SO(3), or Lie type E8), determined by a study of
eigenvalues. This is inspired by and prepares for Jordan, Klein, Valentiner and Blichfeldt’s
work in the analogous 3 dimensional case, see [F3].

For comparison and completeness we give here also the geometric proof, in section 3. It
is based on study of the motions of the Platonic solids: it does not seem generalizable to
higher SL(n) nor to other fields, but its adherents believe it gives geometric intuition.

In section 4, subsections 4.1-4.2, we use the classification to reprove that representations
of the Weil group of tetrahedral and octahedral type are automorphic. In contrast to Lang-
lands’ celebrated original proof the proof given here is more algebraic, and does not mention
any Platonic bodies, so I feel it is (at least a little) clearer. Using this approach we construct
in subsection 4.3 an automorphic representation π of GL(3,AF ) that is the unique candidate
to be the automorphic representation π(ρ) corresponding to a 3-dimensional representation
ρ of the Weil group of a number field F whose image G′ in PGL(3,C) (is irreducible, prim-
itive, non-simple, and) has a normal subgroup V = Z/3 × Z/3 with G′/V = Z/4, if π(ρ)
exists, to initiate study of the global Galois-Automorphic correspondence in dimension > 2
for number fields.

In more detail, it is classical that the finite subgroups of PSL(2,C) are cyclic Cn, dihe-
dral D2n, tetrahedral: A4, octahedral: S4, icosahedral: A5. Klein [K84] showed that the
finite subgroups of the two-fold cover SL(2,C) of PSL(2,C) are cyclic Cn, binary dihedral
BD4n, binary tetrahedral BT24 = 2A4 = SL(2, 3), binary octahedral: BO48 = 2S4, binary
icosahedral: BI120 = 2A5 = SL(2, 5). The index in Cn, BD4n, BT24, BO48, BI120 indicates
the cardinality of the group. This is useful for various questions in number theory, algebraic
geometry, math physics.

More precisely, the classification of the finite subgroups of SL(2, F ), where F is an alge-
braically closed field of characteristic p ≥ 0 and the order |G| of G is prime to p if p > 0,
can be stated as follows: G is conjugate to one of the following.
(Ar), r ≥ 1: The cyclic group of order r + 1 generated by diag(ζr+1, ζ

−1
r+1), where ζr denotes

a root of 1 in F of order r.
(Dr), r ≥ 4: The binary dihedral group of order 4(r − 2) generated by (A2r−5) and
antidiag(ζ4, ζ4).
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(E6) The binary tetrahedral group – whose order is 24 – generated by (D4) and 1√
2

(
ζ8 ζ38
ζ8 ζ78

)
.

(E7) The binary octahedral group – whose order is 48 – generated by (E6) and (A7).
(E8) The binary icosahedral group – whose order is 120 – generated by (E6) and

θ =

(
i/2 β − iγ

−β − iγ −i/2

)
, β =

1−
√

5

4
, γ =

1 +
√

5

4
,

alternatively by (A9), ( 0 1
−1 0 ), and

1√
5

(
−ζ5 + ζ45 ζ25 − ζ35
ζ25 − ζ35 ζ5 − ζ45

)
.

Conversely, if n = r + 1 (resp. 4r − 8, 24, 48, 120) is not zero in F then (Ar) (resp. (Dr),
(E6), (E7), (E8)) is defined and is a finite subgroup of SL(2, F ) of order n.

A geometric proof of the classification for SL(2,C), based on study of motions of Platonic
solids, is in [MBD16, X, 97-103, pp. 215-223]. A purely algebraic proof for PGL(2,C),
due to Jordan [J77], based on expressing G as a union of its abelian subgroups, is found in
[D71, Section 26]. As it is written clearly there, we do not discuss it here. The extension
to SL(2,C) via the two fold covering Spin(3) ' SU(2) � SO(3) of compact groups, due to
Klein [K84], is described in [LW12, Theorem 6.11], and used in [H15, Theorem 3.2].

The finite subgroups of SL(2,C) are the “binary polyhedral” groups, that are double
covers of the rotational symmetry groups of the Platonic solids, together with two degenerate
cases. The classification of the Platonic solids goes back to Theaetetus around 400 BCE,
and is at the center of Plato’s Timaeus; the final book of Euclid’s Elements is devoted
to their properties. According to Bourbaki Lie groups and Lie algebras, Chapters 4-6, the
determination of the finite groups of rotations in R3 goes back to Hessel, Bravais, and Möbius
in the early 19th century, though they did not yet have the language of group theory. Jordan
[J77] was the first to explicitly classify the finite groups of rotations of R3, that is, the finite
subgroups of the special orthogonal group, SO(3).

There are generalizations of these results to higher SL(n,C) – for up to 1970 information
see, e.g., Feit [F70, Subsection 8.5], and Dornhoff [D71, end of Section 26], for references
in the cases of n = 3 and n = 4 to Blichfeldt [B07], [B17], n = 5 to Brauer, n = 6 to
Lindsey, n = 7 to Wales. References for the cases n = 8, 9, 10 are announced in [F76]. For
n = 11 there is Robinson’s unpublished thesis [R80]. Especially in the context of the proof in
subsection 2.1 here, note also that a partial description of all maximal subgroups for all finite
classical linear groups, including SL(n, q) for all n, is given by Aschbacher [A84]. He does
not determine those G such that G/Z embeds in the automorphism group of a finite simple
group and G acts absolutely irreducibly on Fnq , i.e., the analogue of the case G = SL(2, 5) for
SL(2,C) in subsection 2.2 here. His method extends to finite subgroups of classical simple
Lie groups, e.g., SL(n,C). This appears in Liebeck and Seitz [LS98].

For history and discussion of the subject pre-1917 see Blichfeldt [B17, 126, p. 174].
Here we discuss only the case of n = 2, and give a proof that generalizes to SL(3, F ),

inspired by our work [F3] in the case of n = 3. This case is sufficiently important, and we
wanted to explain the method of proof that extends to higher dimensions, that is different
from the one in [D71, Section 26] and [LW12, Theorem 6.11], and the classical geometric
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one. This case alone has numerous applications, even for automorphic representations of
GL(2) – this is discussed in subsections 4.1-4.2 here, and admissible representations of the
p-adic GL(2), as well as in algebraic geometry and mathematical physics. We shall not
discuss here the relations to simply laced Dynkin diagrams and to quotient varieties C2/G
and their (Kleinian, Gorenstein) singularities and the subregular elements in the unipotent
variety ([St80]), the McKay correspondence ([R02]) – that states that there is a one-to-
one correspondence between the McKay graphs of the finite subgroups of SL(2,C) and the
extended Dynkin diagrams of the ADE classification of the simple Lie algebras, and mirror
symmetry of Calabi-Yau manifolds in string theory; there is extensive literature on these.
Extending these theories to SL(3) is a natural problem of great interest, see, e.g., [R02], [F3].

In [F2] we use the work here to study rationality questions, namely we show that if two
finite subgroups of SL(2, F ) are isomorphic, then they are conjugate, where F is a field of
characteristic not dividing the order of the finite group in question.

The path we pursue uses the following notions. A subgroup G of GL(V ) is called irre-
ducible (or transitive in [MBD16]) if V is an irreducible G-module. It is called reducible (or
intransitive) if V is a reducible G-module. Over C, if V is a reducible G-module then it is
completely reducible as a G-module. Thus G is reducible if it is contained in a proper Levi
subgroup of GL(V ). I prefer the term irreducible to transitive as the former describe closer
the property.

A subgroup G of GL(V ) is imprimitive if V is an irreducible G-module and if there is
a direct sum decomposition V = ⊕1≤j≤mVj such that for each j and g ∈ G there is a k
(1 ≤ j, k ≤ m) with g(Vj) = Vk. A subgroup G ⊂ GL(V ) is primitive if V is an irreducible
G-module and there is no such decomposition of V . If G ⊂ GL(V ) is imprimitive, denote by
G1 = {g ∈ G; g(V1) = V1} the stabilizer of V1 in G. Denote the action of G on V by ρ, and
the restricted action of G1 on V1 by ρ1. Then (ρ, V ) = IndGG1

(ρ1, V1), namely the G-module
V is induced from the G1-module V1. (This corrects a wrong sentence before the list (A),
(B), . . . in [F3, section 2]).

The steps in our proof are to list the G that are reducible (intransitive, lie in a Levi sub-
group), then deal with the irreducible G, that are imprimitive, and those that are primitive.
The latter can have a proper normal non-central imprimitive subgroup, or be simple mod
Z = {±I}, the center of SL(2,C). The reducible ones are cyclic: An = 〈diag(ζn, ζ

−1
n )〉,

where ζn = exp(2πi/n) (or any primitive nth root of 1 if instead of working with the
field C of complex numbers we work with an algebraically closed field F of characteristic
prime to the order |G| of the group G). The irreducible imprimitive G are binary dihedral
BD4n = 〈a, b; a2n = 1, b4 = 1, b2 = an, bab−1 = a−1〉, as the least order of a representative
in SL(2,C) of the nontrivial element (12) in the Weyl group W = N/D (N is the normalizer
of the diagonal subgroup D in SL(2,C)) is 4 (it is 2 in GL(2) or PGL(2)). The case of
primitive but nonsimple mod Z we analyze in the style of [F3], where the case of SL(3) is
considered, and to study the case of primitive simple mod Z groups we adapt an argument
of Blichfeldt based on a study of eigenvalues involving roots of unity, and transforming iden-
tities into congruences mod a prime. Thus our analysis is entirely different from the classical
proof, based on geometric study of motions of Platonic solids, and from Jordan’s algebraic
proof ([D71], [LW12]). This is the contents of section 2, subsections 2.1-2.2, 2.3.
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For comparison and completeness we give also the geometric proof, in section 3. It is based
on study of the motions of the Platonic solids: it does not seem generalizable to higher SL(n)
nor to fields other than C, but its adherents believe it gives geometric intuition.

Finally, in section 4, subsections 4.1-4.2, we use the classification to modify Langlands’
[L80, Chapter 3] (extended by Tunnell [T81]) celebrated result that representations of the
Weil group of tetrahedral and octahedral type are automorphic. The variant of the proof
we give is more algebraic, and does not mention any Platonic bodies, so I find it to be
clearer. In fact, the initial motivation for this paper was the attempt to understand this
result, in particular reprove it in a more accessible way, independent of Platonic bodies, and
give the background material not even referred to in [L80], in the hope that it – together
with the classification of the finite subgroups of SL(3,C) given in [F3] with a new proof,
would open the way to construction of automorphic representations of GL(3,A) associated
with 3-dimensional Galois representations. Using this approach we construct in subsection
4.3 an automorphic representation π of GL(3,AF ) that is the unique candidate to be the
automorphic representation π(ρ) corresponding to a 3-dimensional representation ρ of the
Weil group of a number field F whose image G′ in PGL(3,C) (is irreducible, primitive, non-
simple, and) has a normal subgroup V = Z/3 × Z/3 with G′/V = Z/4, if π(ρ) exists, to
initiate study of the global Galois-Automorphic correspondence in dimension > 2 for number
fields.

Note that the center Z of SL(2,C) is 〈−I〉, and −I is the unique element of order 2 in
SL(2,C), so if a subgroup G of SL(2,C) contains an element of even order then G 3 −I. We
write φ = φG for |G ∩ Z|, so this is 2 if G ⊃ Z and 1 if not, and |G| = |G/Z|φ.

Note that the binary icosahedral group SL(2, 5) = 2A5 is not S5. SL(2, 5) has a normal
subgroup Z = 〈−I〉 of order 2, and the quotient SL(2, 5)/Z is isomorphic to A5. SL(2, 5)
has no subgroup isomorphic to A5. Of course, S5 does. Both groups have exactly one proper
normal subgroup. For SL(2, 5), it is Z. For S5 it is A5.

A more subtle point, the binary octahedral group 2S4 is not isomorphic to GL(2, 3), even
though both have normal subgroups of index 2 isomorphic to SL(2, 3) = 2A4. The binary
octahedral group 2S4 contains only one element of order 2, namely −I. GL(2, 3) contains
quite a few elements of order 2. The direct product S2×S4 has center S2 and central quotient
S4, but it is not isomorphic to what we denote here by 2S4.

Finally we prove in the Lemma in the proof of Proposition 2.4 here a claim described as
“easy and well-known lemma” in [F3, Proposition 3.7], and prove in Theorem 2.5 here the
claim [F3, Theorem 7.1] of independent interest: Suppose (α1, . . . , αk) is a sequence of k > 0
roots of 1 whose sum

∑
αi is 0. Then {1, . . . , k} can be partitioned into subsets, I, each of

prime cardinality, such that the sum of the αi over i in each such subset I, is 0. In fact the
sequence (αi; i ∈ I) has the form α, αζp, αζ

2
p , . . . , αζ

p−1
p (up to permutation), where p = |I|

is a prime, ζp is a primitive pth root of 1, and α is some root of 1.
It could be argued that section 4 here be separated into an independent paper, as it

concerns automorphic representations, in contrast to the group theory study of sections 2, 3.
However the results of subsections 4.1, 4.2 are based on those of sections 2, 3. In fact that
was part of my motivation to work out sections 2, 3. The work of subsections 4.1, 4.2, in
addition to the results of [F3], is necessary to understand the conjecture of subsection 4.3.
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2. Finite subgroups of SL(2,C), a new algebraic proof

2.1. Primitive groups with normal imprimitive subgroups. This subsection deter-
mines the primitive finite groups G ⊂ SL(2,C) that have a non-central normal imprimitive
subgroup H, in our two-dimensional case, as an introduction to and a different perspective
to the three-dimensional case considered in [F3]. It has the advantage that it is purely alge-
braic, which makes it clearer, and it also emphasizes other properties of the binary platonic
groups 2A4 = BT24 and 2S4 = BO48. The other finite subgroups are the reducible cyclic
Cn = Z/n and imprimitive binary dihedral BD4n groups, and the primitive simple mod
center group 2A5 studied in the next subsection.

In this section F means an algebraically closed field of characteristic p ≥ 0, and we
determine the finite subgroups G of SL(2, F ) of cardinality |G| not divisible by p. Notation
such as i means a primitive 4th root of 1, and then p 6= 2. We assume p 6= 2 in this section.

Put Z = {±I} for the center of SL(2, F ). We may assume H ⊃ Z by replacing G, H with
GZ, HZ. Then up to conjugacy H is contained in the monomial group M of matrices in
SL(2, F ) with a single nonzero entry in each row and column. The quotient M/D, where D
is the diagonal subgroup of SL(2, F ), is the permutation group S2 on two letters. As H ⊂M
we see that H is a solvable group, so the following proposition applies.

A subgroup of a group G is called characteristic if it is invariant under every automorphism
of G. Note that if K is characteristic in L and L is normal in G, then K is normal in G.

Proposition 2.1. Let H 6= Z be a solvable subgroup of a finite primitive subgroup G of
SL(2, F ). Then the group H/Z contains a characteristic elementary abelian 2-subgroup A/Z.
The group A is normal in G, and it is not abelian.

Proof. The last term, H1/Z, in the derived series for H/Z, is characteristic abelian. Then
there is a prime p such that the subgroup A/Z of x ∈ H1/Z with xp = I is nontrivial. The
group A/Z is characteristic elementary abelian p-group. Since A/Z is characteristic in H/Z
that is normal in G/Z, A/Z is normal in G/Z, hence for each a ∈ A, g ∈ G there is a′ ∈ A
and z ∈ Z ⊂ A with g−1ag = a′z ∈ A, so A is normal in G.

Next we claim that the group A is not abelian. If it is then A is diagonalizable and normal

in G. Hence G permutes the weight spaces Vχ = {v ∈ V ; av = χ(a)v ∀a ∈ A}, χ : A→ F
×

,
for A. Since A 6= Z there is more than one weight space for A. Hence G is imprimitive,
contradiction. So A is nonabelian, and the commutator [A,A] = Z has order 2.

The prime p equals 2. For this note that if a, b are in A with [a, b] = a−1b−1ab not 1, then
[a, b] = z in Z is of order 2. Since [A,A] ≤ Z(A), [a2, b] = a−1[a, b]b−1ab = [a, b]2 = 1. If p
is not 2, then 〈a〉 = 〈a2〉, and so [a2, b] is not always 1, a contradiction. Another proof: If
p 6= 2, then A has a Sylow p-subgroup P such that A = P ×Z and P is isomorphic to A/Z,
that is abelian. But A is not abelian. �

The diagonal subgroup D in SL(2, F ) is a rank one torus. Consider the group E = A∩D,
where A is the group defined in Proposition 2.1.

Proposition 2.2. The subgroup E = A ∩ D of A is the cyclic group of order 4, generated
by diag(i,−i). The group A is the quaternionic group Q8 = BD4·2 of 8 elements,

{±I, ( i 0
0 −i ) , ( 0 1

−1 0 ) , ( 0 i
i 0 )} .
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The group A contains 3 subgroups isomorphic to Z/4, all normal in A, but not characteristic:
E1 = E, E2 = 〈( 0 1

−1 0 )〉, E3 = 〈( 0 i
i 0 )〉.

Proof. D consists of
(
a 0
0 a−1

)
. This element lies also in A only if [

(
a 0
0 a−1

)
, ( 0 i

i 0 )] =
(
a−2 0
0 a2

)
is

±I.Thus a ∈ 〈i〉 and E = 〈( i 0
0 −i )〉, as E = Z would imply A abelian. Up to conjugation by

D, the nonabelian A ⊂M has to include ε = ( 0 1
−1 0 ), hence also ( 0 i

i 0 ), but no η =
(

0 u
−u−1 0

)
,

u /∈ 〈i〉, as the square of ε η = diag(−u−1,−u) has to be central. �

Remark 2.1. Here is a general description of Q8 = 〈i, j; i2 = −I = j2, j−1ij = i−1〉 in
SL(2, F ), useful for rationality questions over any field F . By matrix multiplication, s = ( a bc d )
in SL(2, F ) satisfies s2 = −I if and only if d = −a and a2 + bc = −1, thus s =

(
0 b
−1/b 0

)
if

a = 0. In a suitable basis, that is, up to conjugacy in GL(2, F ), i = w, where w = ( 0 1
−1 0 ). If

j too has the form
(

0 b
−1/b 0

)
, as (ij)2 = −I we have b = ±i, and Q8 is the group displayed

in Proposition 2.2. If i = ζ4 lies in F , this group lies in SL(2, F ). If not, j = ( a b
c −a ), and as

ij =
(

c −a
−a −b

)
lies in the ringQ8 (as i, j do) its square is−I, so c = b, and 1 = det j = −a2−b2.

Note that we cannot have i = y, with y =
(
a b
b −a

)
, and j =

(
c d
d −c

)
, as then (ij)2 6= −I.

Conversely, if a, b ∈ F , a2 + b2 = −1, then with a suitable choice of a basis i will be taken
to be y, then j has to be w or −w, the only element in the normalizer of 〈y〉, modulo 〈y〉,
and 〈y, w〉 is a copy of Q8 in SL(2, F ), unique up to conjugation.

Proposition 2.3. Let G be a primitive subgroup of SL(2, F ) with a solvable normal subgroup
H ⊃ Z, H 6= Z. Then G is either the binary tetrahedral group 2A4 = Q8 : C3 or the binary
octahedral group 2S4 with 2S4/Q8 = S3. The group 2S4 is the normalizer NSL(2,F )(A) of

A = Q8 in SL(2, F ).

Proof. Let G be a group with a normal subgroup N . Then the conjugation action of G on
N defines a homomorphism c : G→ Aut(N). The kernel of c is the centralizer ZG(N) of N
in G. So, there is an induced injective (but not necessarily surjective) map c′ : G/ZG(N)→
Aut(N). Take N to be A. As A acts irreducibly on F

2
, the centralizer ZG(A) of A in G is

Z. This gives the embedding c′ : G/Z ↪→ Aut(A).
Our next aim is to describe Aut(A). The group Aut(A) has a normal subgroup C =

ZAut(A)(A/Z), i.e., the subgroup fixing each coset aZ. Put a1 = ( 0 1
−1 0 ), and a2 = ( 0 i

i 0 ). As
a1, a2 do not commute, their commutator [a1, a2] is −I. Hence a1, a2 generate A, namely
A = 〈a1, a2〉. Then any automorphism f of A is completely determined by its action on a1
and a2. If f is in C, then f(ai) is in aiZ. Since |aiZ| = 2, there are 2 possibilities (at
most). So |C| ≤ 4. But the restriction of c to A defines a homomorphism c : A→ Aut(A)
with image contained in C (since [A,A] = Z) and kernel Z. So, c(A) = Inn(A) = C ∼= A/Z.

Now Aut(A)/C is isomorphic to a subgroup of Aut(A/Z) = GL(A/Z). The commutator
map k : A × A → Z defines a symplectic form on A, that is preserved up to similarity
by every element of Aut(A/Z): [g(a), g(b)] = λ(g)[a, b] for all a, b in A, g ∈ Aut(A/Z),
λ : Aut(A/Z) → Z. It is easy to show that in fact every element of the symplectic group
GSp(A/Z) of similitudes induces an automorphism of A. Since dim(A/Z) = 2, in our case
GSp(A/Z) is isomorphic to GL(A/Z). So GSp(A/Z) ∼= GL(2, 2) = SL(2, 2) and

Aut(A) = C : Aut(A/Z) ∼= A/Z : SL(2, 2) = V : SL(2, 2).
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This means that Aut(A) has a normal subgroup C = A/Z = V – a 2-dimensional vector
space over F2 – complemented by the group Aut(A/Z) = SL(2, 2).

So G/Z embeds into C : SL(2, 2) = A/Z : SL(2, 2) = V : SL(2, 2). They need not be
equal, as G may not be the biggest subgroup of SL(2, F ) normalizing A. All we know is that

A is normal in G and that G acts primitively on F
2
. So, G must be bigger than A, since A

acts imprimitively on F
2
. But we do not immediately know how big. We do know that G

is not contained in the monomial group M .
Now the group SL(2, 2) = S3 = C3 : C2 is the unique nonabelian group of order 6. It has

a unique proper normal subgroup, C3, whose order is 3, generated by ( 0 1
1 1 ).

There are three possibilities then: either G = A : C3 = Q8 : C3 = 2A4, or G/A = S3,
or G/A = S2. The groups A and C3 are complementary as A has no element of order
3. The groups A and S3 are not complementary as SL(2, F ), hence its subgroup G, has a
unique element of order 2, the central −I, while S3 has 3 elements of order 2, conjugate to
each other, so G cannot contain S3. The group G with G/A = S2 is the 2-Sylow subgroup
of the previous G (with G/A = S3); its order is 16, a generalized quaternion group, the

binary dihedral group BD4·4 or (D6) = 〈
(
ζ8 0
0 1/ζ8

)
, ( 0 i

i 0 )〉 of the introduction. But it is not

primitive. �

Remark 2.2. The 2-Sylow subgroup, BD16, of 2S4, of index 3, is not normal in 2S4. Had it
been, its image under the quotient by Z map 2S4 → S4, D8 = 〈(1234), (12)(34)〉, would have
been normal in S4, but it is not. Had it been, the image of D8 under S4 → S3, a 2-Sylow
subgroup in S3, would have been normal in S3, but S3 has 3 elements of order 2.

The above is in SL(2, F ). In PSL(2, F ) factor out the center Z to get
1′) A4 = V : C3, where V = A/Z is of order 4, a two dimensional vector space over F2;
2′) S4 = V : S3, of order 4 · 6.

Proposition 2.4. Let G be a primitive subgroup of SL(2, F ). Then G is either the binary
tetrahedral BT24 or the binary octahedral BO48 group, or a minimal normal subgroup H/Z
of G/Z is a nonabelian simple group.

Proof. We use the following well-known

Lemma. If H is a minimal normal subgroup of a finite group G, then H is either (1) an
elementary abelian p-group for some prime p, or (2) H is a direct product of (isomorphic)
nonabelian simple groups.

Proof. If H is simple (possibly of prime order), done. If not, let K be a minimal normal
subgroup of H. Then K is not normal in G. Hence there exists a conjugate L = Kx, x ∈ G,
different from K. Since H is normal in G, L is also contained in H. Conjugation by x is an
automorphism of H, therefore L is also minimal normal in H. Then K ∩L = 1, because the
intersection is normal in H, and K is minimal. Thus L and K generate their direct product
in H. Because H is minimal, it is the product of all conjugates of K. If K × L is not H,
there is another conjugate M of K in H, but not in KL. Then KLM is a direct product
of all three, and in the same way we keep adding conjugates of K, until H equals the direct
product of them. Since K is a direct factor of H, a normal subgroup of K is also normal in
H, and by the minimality of K, it is simple. �
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Case (1) is covered by Proposition 2.3, so applying the lemma to H/Z we get: if G is a
primitive subgroup of SL(2, F ), then G is BT or BO, or a minimal normal subgroup H/Z of
G/Z is a direct product H/Z = H1/Z×H2/Z×· · ·×Hr/Z of nonabelian simple groups. Now

the nonabelian H1 acts irreducibly on F
2
, since otherwise H1 is conjugate to a subgroup of

the abelian group D. Then the centralizer of H1 in SL(2, F ) is Z, the scalar matrices. Hence
r = 1, as if r ≥ 2, since H1/Z commutes with H2/Z, H1 would commute with H2. The
last implication follows from Philip Hall’s Three subgroups Lemma, a reminiscent of Jacobi
identity, that asserts:
Let X, Y , Z be subgroups of a group G. If [[X, Y ], Z] = I and [[Y, Z], X] = I, then
[[Z,X], Y ] = I (“= I” can be replaced by “⊂ N” where N is a normal subgroup of G).

This is a consequence of the Hall-Witt commutators identity :
If x, y, z ∈ G, then [[x, y−1], z]y · [[y, z−1], x]z · [[z, x−1], y]x = 1.

Indeed, let x ∈ X, y ∈ Y , and z ∈ Z. Then [[x, y−1], z] = 1 = [[y, z−1], x]. By the Hall-
Witt identity it follows that [[z, x−1], y]x = 1 and so [[z, x−1], y] = 1. Therefore, [z, x−1] ⊆
CG(Y ) for all z ∈ Z and x ∈ X. Since these elements generate [Z,X], we conclude that
[Z,X] ⊆ CG(Y ). Hence [[Z,X], Y ] = 1.

Use this with X = Z = H2 and Y = H1 to conclude from [H1, H2] = I that [[H2, H2], H1]
= I. Now [H2, H2] = H2, as H2 is simple nonabelian. So H/Z is a nonabelian simple
group. �

We give an explicit presentation of the finite subgroups of SL(2, F ) – in fact over their
fields of definition, and this description can be and is given in the introduction – in subsection
3.2, on lifting generators of Cr, D2r, A4, S4, A5, using the fact that −I is the only element of
SL(2, F ) of order 2. This actually proves that Cr, BD4r, 2A4, 2S4, 2A5 embed in SL(2, F ),
but it does not show exhaustion.

Remark 2.3. In our two-dimensional case, an alternative proof can be given as follows. Yet
our wish above is to apply the methods of [F3] in our simpler case, as an introduction.
(1) Every irreducible imprimitive subgroup of SL(2, F ) has the form

BD4m = 〈a, b; am = b2 = −1 ba = a−1b〉.

In particular, it contains the central element −1 in SL(2, F ).

Indeed, imprimitive means that the given representation F
2

splits as a direct sum of two
subspaces that are either preserved or interchanged by the group action.

Let now G be a primitive subgroup of SL(2, F ).
(2) If G contains a cyclic group Cm as a normal subgroup then m = 2.
(3) If G contains BD4m as a normal subgroup then m = 2.

In other words, if G is primitive but has a normal subgroup H that is irreducible and
imprimitive then H = BD8, the quaternionic group Q8.

To prove (2), note that if m ≥ 3 then the action of Cm in SL(2, F ) has two eigenspaces
with distinct eigenvalues z = ζm, z−1 = ζ−1m . The action of g in G either preserves these or
interchanges them, contradicting the assumption that G is imprimitive.

As for (3), the derived group H ′ = [H,H] of H = BD4m is cyclic of order m, generated
by a2. It is characteristic in H, so is normal in G. Thus (2) implies m = 2.
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It follows in this case that G is a subgroup of Aut(Q8). The group BD8 = 〈1, i, j, k〉 has
S3 symmetry, given by permutations of the i, j, k, so there are two possibilities for G:
(a) the binary tetrahedral group BT24 that sits in the exact sequence

1→ BD8 → BT24 → Z/3→ 1,

(b) the binary octahedral group BO48 placed in the exact sequence

1→ BD8 → BO48 → S3 → 1.

2.2. Traces, and roots of unity. To deal with primitive groups G whose image mod Z is
simple, we recall as in [MBD16, p. 240] and [F3, Theorem 7.1], but also prove:

Theorem 2.5. Suppose (α1, . . . , αk) is a sequence of k > 0 roots of 1 whose sum
∑
αi is 0.

Then {1, . . . , k} can be partitioned into subsets, I, each of prime cardinality, such that the
sum of the αi over i in each such subset I, is 0. In fact the sequence (αi; i ∈ I) has the form
α, αζp, αζ

2
p , . . . , αζ

p−1
p (up to permutation), where p = |I| is a prime, ζp is a primitive pth

root of 1, and α is some root of 1.

Proof. Dividing the αis by α1 we may assume α1 = 1. Suppose the sequence (α1, . . . , αk)
is minimal: no proper subsequence of it adds up to 0. Then our claim is that there is a
prime p such that (α1, . . . , αk) equals (1, ζp, ζ

2
p , . . . , ζ

p−1
p ) where ζp is a primitive pth root of

1. Denote the order of αi by ni. Let p be a prime dividing (at least) one of the ni. Let pa

be the largest power of p to divide one of the ni.
We claim that a = 1. For this, write ζ = ζpa for a primitive root of 1 of order pa, such

that ζp
a−1

= ζp. Then αi = ζj(i)βi where j(i) is a non negative integer, and βi is a root of
1 of order prime to p. Renumber the indices so that j(i + 1) ≥ j(i) for all i. Denote by γj
the sum of βi with j(i) = j. Put g(x) =

∑
0≤j<pa γjx

j. Then g(ζ) = 0, and all γj lie in a
number field F generated over Q by finitely many roots of 1 of order prime to p. Denote
by Φm(x) the (cyclotomic mth) polynomial whose roots are precisely all the primitive mth

roots of 1 (with multiplicity one). Then Φpa(x) is
∑

0≤i<p x
ipa−1

. Denote it by Φ. Already

Kronecker proved [Kr54, Théorème, §I] that Φ is irreducible over F (not only over Q). In
current terms, if ζ is a primitive path root of unity and F is a cyclotomic field of conductor
prime to p then [F (ζ) : F ] = (p− 1)pa−1 because Q(ζ)/Q is totally ramified at p while F/Q
is unramified at p; this is proved in standard books on number theory.

As g(ζ) = 0, there is a polynomial h(x) over F with g(x) = Φ(x)h(x). Since deg g(x) ≤
pa − 1, and deg Φ(x) = (p− 1)pa−1, we get deg h(x) < pa−1. In particular γj = hj (0 ≤ j <
pa−1), where h(x) =

∑
0≤j<pa−1 hjx

j. Recall that γ0 = α1 + · · ·+ αm0 is the sum of the αi of

order prime to p. From g(x) = Φ(x)h(x), we have γrpa−1+j = γj (0 ≤ j < pa−1, 0 ≤ r ≤ p−1).

So
∑

r γrpa−1xrp
a−1

= Φ(x)γ0. It vanishes at x = ζ. Namely
∑

r γrpa−1ζrp
a−1

= 0. By
minimality this is the sum of αi, so a = 1, that is, the exponent of any αi in the sum
α1 + · · ·+ αk is divisible by p at most once, as ζp

a−1
= ζp. This holds for all p.

Now take p maximal (to appear as a factor in the order of some αi). We have γ0 + ζpγ1 +
ζ2pγ2 + · · ·+ ζp−1p γp−1 = 0. Since the γi’s are sums of roots of 1 of orders products of different
primes < p, and since by minimality no subsum of the βi whose sum makes γj is zero, we
conclude that up to reordering (βi; j(i) = j) is equal to (βi; j(i) = 0) for all j. By minimality
again we conclude that all γi are equal to 1, as required. �
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Example 2.4. k = 3: α1 + α2 + α3 = 0; then α2 = α1ω, α3 = α1ω
2.

k = 4: α1 + α2 + α3 + α4 = 0; then there are two sets of two roots each, α1 + α2 = 0,
α3 + α4 = 0, up to reindexing.
k = 5: α1 + · · · + α5 = 0; then there are two possibilities: αi = ε ζ i5, where ζ5 is a primitive
5th root of 1; or

∑
αi = (γ − γ) + (δ + δω + δω2) where γ, δ are roots of 1.

Corollary 2.6. Suppose N ∈ F is the sum of finitely many roots of 1, 0 < k ∈ Z, and N/k
is an algebraic integer. Then N/k is the sum of finitely many roots of 1. In other words, the
roots in N can be split into two subsets such that the sum of one subset is 0, while the roots
of 1 in the other subset are repeated each (a multiple of) k times.

Proof. We may assume that N =
∑

1≤i≤m kiαi, αi distinct roots of 1, 0 < ki < k, that
no subsum of N is 0, and that α1 = 1. Since N/k is integral in the (cyclotomic) field
F = Q(α1, . . . , αm) generated over Q by the αi, there are distinct roots of unity αi in F
(1 ≤ i ≤ m′, m′ > m) and ri ∈ Z (rj 6= 0 for m < j ≤ m′), with N = −

∑
1≤i≤m′ kriαi,

by minimality of N . Then 0 = N − N =
∑

1≤i≤m′ k
′
iαi, where k′i = ki + kri and we put

ki = 0 for i > m. This sum is minimal in the sense that no αi can be deleted from the right.
The argument used in the proof of the theorem above permits deducing for each prime p
that p2 does not divide the exponent of any αi. Choose p to be the maximal prime that

divides at least one exponent. Write each αi as ζjpα
(j)
i where α

(j)
i is of order prime to p.

Our sum becomes 0 =
∑

0≤j<p ζ
j
p

∑
i k
′
iα

(j)
i . By minimality there is no cancellation in any

βj =
∑

i k
′
iα

(j)
i , and βj is independent of j. The sum β0 includes α1 = α

(0)
1 , with coefficient

k′1 = k1 + kr1 which is not a multiple of k. The terms with α
(j)
i = 1 add up to 0, thus

0 =
∑

0≤j<p ζ
j
p

∑
i(j) k

′
i(j), and at least one of the k′i(j) is a multiple of k. But this contradicts

k′1 not being a multiple of k, by the irreducibility of the cyclotomic polynomial Φp. �

Theorem 2.7. Suppose the prime p divides the order |G| of a finite primitive subgroup G
of SL(V ), dimF V = 2. Then p ≤ 5.

Proof. The proof is based on the Proposition below. Suppose p > 5 is a prime that divides
|G|. Since p divides |G|, G contains a p-Sylow subgroup, hence an element S of order p.
By the Proposition below, all elements of G of order p or 1 generate a subgroup P of G of
cardinality a power of p, as P contains no element of order other than p or 1. It is abelian
by [F3, Proposition 5.4(2)]. Also P is normal in G, as a conjugate of an element of order p
has order p. But by [F3, Proposition 5.2] a finite linear group G that has a normal abelian
noncentral subgroup P is reducible or imprimitive. As G is irreducible and primitive, we
have p ≤ 5, and the theorem follows. �

Remark 2.5. Propositions 5.2, 5.4 and 9.1 (used below) of [F3] are self contained, so we refer
to them here without reproducing their proofs.

Starting from the next result, we use the letter g for an element of G, that we regard as
a usual one, and also the letters S, T , R, that we regard as auxiliary elements, hence the
change from lower to upper case, for separation of roles.

Proposition 2.8. Let G be a finite subgroup of SL(V ), dimF V = 2. Let p > 5 be a prime
dividing |G|. Then the product gS of any two elements g, S ∈ G of order p has order 1 or p.
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Proof. The proposition is proven in three steps. (i) There is an equation of the form F = 0,
where F is a sum of roots of 1. (ii) Transforming such an equation into a congruence mod
p. (iii) Applying this method to the equation F = 0. The proof of the theorem is in fact a
4th step, where the proposition is used to produce an abelian normal subgroup P of G of
order pk.

(i) As p divides |G|, there is an element S of order p in G, that for a suitable basis of V
takes the diagonal form S = diag(α1, α2), α

p
i = 1, α1α2 = 1. The αi’s are distinct.

Let g be any element of G of order p. Then

g =

(
a1 a2
b1 b2

)
.

The traces of g, gS, gSµ are given by

tr g = a1 + b2,
tr gS = a1α1 + b2α2,
tr gSµ = a1α

µ
1 + b2α

µ
2 .

As the left column is a linear combination of the other two, the following determinant
vanishes: ∣∣∣∣∣∣

tr g 1 1
tr gS α1 α2

tr gSµ αµ1 αµ2

∣∣∣∣∣∣ = 0.

Expansion using the left column followed by division by α2 − α1 gives

(2.1) tr gSµ +K tr g + L tr gS = 0,

where K = (αµ−12 −αµ−11 )/(α2−α1), L = −(αµ2 −α
µ
1 )/(α2−α1) are Z-linear combinations of

monomials αa1α
b
2, that are powers of a primitive pth root α of 1. The traces tr gSj are sums

of two roots of 1 each, as G is finite. Thus our last displayed equation is of the form F = 0.
By Kronecker’s theorem 2.5, this equation can be written in the form

(2.2) A
∑

0≤j<p

αj +B
∑

0≤j<q

βj + C
∑

0≤j<r

γj + · · · = 0,

where A, B, C, . . . are some sums of roots of 1; p, q, r, . . . are different prime numbers; α,
β, γ, . . . are primitive p-, q-, r-th . . . roots of 1.

Any root ε 6= 1 of 1 that appears in A, B, . . . will now be written into factors of prime-
power orders: ε = εp εq εr . . . , where εp is of order pm, εq of order qn, etc.

Within A, any root εp will be 1 or a root of order multiple of p2. If εp is of order p, say
εp = αk, we could replace it by 1, as αp = 1 so

αk
∑

0≤j<p

αj =
∑

0≤j<p

αk+j =
∑

0≤j<p

αj.

Similarly any root εq in B is either 1 or a root of order that is a multiple of q2, etc.
Having performed these changes, we say A, B, . . . were put in the standard form.
For example, the standard form of

(−iω − 1)(1− 1) + (τ 2ω − ω2 + i)(1 + ω + ω2) τ 3 = ω, ω3 = 1, i4 = 1
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is

(i3ω + 1)(1− 1) + (τ 5 − 1 + i)(1 + ω + ω2)

as −i = i3 has order 4 = 22 (so it is not changed), −1 has prime order 2 (so it is replaced by
1 (in the first summand, corresponding to A, where p = 2 and α = −1), and ω2 has prime
order 3 so it is replaced by 1 in the 2nd summand, corresponding to B, where p = 3 and
β = ω; τ 2ω = τ 5 has order 32.

(ii) We next operate on the equation (2.2) as follows.
Replace by 0 each root εq, εr, . . . whose order is a multiple of the square of a prime other

than p (e.g., if p = 2, then τ 5 in the example above), but do not change the roots of 1 whose
orders are not a multiple of such a square, such as α, α2, . . . , β, . . . . Then A, B, . . . are
changed into sums denoted by A′, B′, . . . in (2.2).

Next we replace q − 2 of the roots β, β2, . . . , βq−1 by 0, and the remaining root by −1,
thus changing B′(1 + β + β2 + · · ·+ βq−1) to B′(1 + 0 + 0 + · · ·+ (−1)), which is still zero.
We do the same with γ: replace r − 2 of the roots γ, γ2, . . . , γr−1 by 0, and the remaining
root by −1, and so on.

The equation (2.2) is thus changed into an equation of the form

A′′(1 + α + α2 + · · ·+ αp−1) = 0,

where A′′ contains only roots of 1 of the form ± εp.
Finally we replace each root α, α2, . . . , αp−1, by 1. The left side of the last displayed

equation becomes an integral multiple of p, rather than zero.
In our example, at the end of (i), for p = 2, the factor 1− 1 becomes 1 + 1 (since α = −1

is replaced by 1), i = εp is replaced by 1, 1 + ω + ω2 by 1 − 1 = 0, so we end up with
(ω + 1)(1 + 1), that is 2 if ω is replaced by 0, and 0 if ω is replaced by −1.

Notation. (a) A sum N of roots of 1 transformed as above will be denoted N ′p.
(b) A sum N of roots of 1 in that each p-power root εp of 1 is replaced by 1 (but no other
changes as in (a)) will be denoted by Np. If N = 0 then Np ≡ 0 mod p.

(iii) We shall now apply N → N ′p to the left side of equation (2.1). Each of the traces
tr gS, tr gSµ, is the sum of two roots of 1, so under N → N ′p it becomes one of the five
numbers 0, ±1, ±2. But tr g, being the sum of two roots of order 1 or p, under N → N ′p is
mapped to 2. The left side of equation (2.1) then becomes

(2.3) (tr gSµ)′p + 2K ′p + L′p(tr gS)′p.

This number is zero mod p by (ii).
The integers K ′p, L

′
p are K ′p = µ− 1, L′p = −µ. Inserting these in equation (2.3) we obtain

a congruence

(2.4) (tr gSµ)′p ≡ −2(µ− 1)− µ(tr gS)′p ≡ tµ+ v mod p,

where t, v are integers independent of µ; in fact v ≡ 2 mod p.
Now µ may take the p values µ = 0, 1, 2, . . . , p − 1, but (tr gSµ)′p mod p is−2, −1, 0, 1,

or 2. Each of these five values may be obtained from at most one value of µ mod p if t is not
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0 mod p, since the right side is linear in µ. So the five remainders may come from at most
5 values of µ, so p ≤ 5 unless t ≡ 0 mod p.

If t ≡ 0 mod p and p > 5 then for all µ we have

(tr gSµ)′p ≡ vmod p, thus (tr gS)′p ≡ v ≡ (tr g)′p ≡ 2 mod p,

hence (tr gS)′p ≡ 2 mod p. Hence the roots whose sum is tr gS are of order 1 or p. Indeed,
if the order of one of the two roots of 1 whose sum makes tr gS had been divisible by the
square of a prime, or by a prime other than p, then N → N ′p would send this root to 0 or
−1. But then (tr gS)′p would be in {−2, −1, 0, 1}, not 2.

This completes the proof of the proposition, and as we saw, also the theorem. �

Recall that we write φ = φG for |G∩Z|, so this is 2 if G ⊃ Z and 1 if not, and |G| = |G/Z|φ.

Theorem 2.9. Suppose the finite group G ⊂ SL(2, F ) contains an element S of order p2

where p is a prime 6= 2, or of order 8 = p2φ if p = 2. Then there is a normal subgroup Hp

of G (possibly equal to G) that contains R = Sp. Any T ∈ Hp satisfies

(tr g)p ≡ (tr gT )p mod p

for every g ∈ G. Recall that Np means that the sum N of roots of 1 gets each εp (a p-power
root of 1) replaced by 1.

Proof. This is similar to the proof of the previous theorem, 2.7. If p > 2 write S in a diagonal
form, and consider gS, gR where R = Sp. The eigenvalues of S are distinct. We obtain an
equation analogous to (2.1):

tr gR +K tr g + L tr gS = 0.

Applying N → Np (thus replacing each p-power root εp of 1 by 1), as in the computation of
K ′p, L

′
p, M

′
p, since each αj is a p-power root, and using µ = p we obtain that Lp is 0 mod p,

while Kp ≡ −1 mod p. Hence (tr gR)p ≡ (tr g)p mod p.
The conjugates of R in G generate a normal subgroup Hp of G, and have the property of

T stated in the theorem, as they satisfy the conditions of the theorem. Each T ∈ Hp has
this property, as it is a product of conjugates of R, that have the property.

When the order of S is 8 (= 23 = 22φ) construct the 3 × 3-determinant using tr g, tr gS,
tr gS2. The conjugates of S2 in G generate the normal subgroup H2 in G. �

Proposition 2.10. The order of Hp is a power of p.

Proof. If not then there is T ∈ Hp of prime order q 6= p, and by the congruence displayed in
the theorem for each j we have

(trT j)p ≡ (tr IT j)p ≡ (tr I)p ≡ 2 mod p,

where I is the identity in G. The eigenvalues of T being α, β, we have

αj + βj ≡ 2 mod p,

hence ∑
1≤j≤q

α−j(αj + βj) ≡ 2
∑

1≤j≤q

α−j mod p.
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This T is not a scalar in the center Z, as if α, β are equal then p 6= q = 2 and 2α ≡ 2 mod
p implies α = 1, hence q = 1. Then the roots are not all equal. Hence the left side here is
equal to 2q if α = β, and to q if not. The right side is 0 as α 6= 1. So p|q, but p 6= q. �

So the order of Hp is a power of p, hence Hp is monomial, by [F3, Proposition 5.4(1)]. If
G is primitive then Hp 6= G. Hence

Corollary 2.11. A finite primitive simple mod Z subgroup G of SL(2, F ) cannot contain
an element of order p2 if p ≥ 3, or p3 if p = 2.

Recall that by a simple mod Z group we mean a finite group that has no proper normal
noncentral subgroup.

Proposition 2.12. The order |G| of a primitive simple mod Z subgroup G of SL(2, F ) is
not divisible by 32, 52, or 24.

Proof. By [F3, Proposition 5.4(2)] (a subgroup of SL(n, F ) of order power of prime p > n is
abelian), a subgroup H of G of order 32 or 52 is abelian. If H is cyclic then it has an element
of order 32 or 52, violating Corollary 2.11. If H is not cyclic then it is an elementary abelian

3- or 5-group, in the diagonal subgroup of SL(2, F ), namely in F
×

, so it is of order 3 or 5.
The group G cannot contain a subgroup of order 24. If it did, by [F3, Proposition 9.1(b)] it

would contain an abelian subgroup, hence an element, of order 23, and contradict Corollary
2.11. �

We conclude that the order |G| has to divide 5 · 3 · 24. The only simple nonabelian group
satisfying this is A5, of order 5 ·3 ·22. It embeds in PSL(2, F ), but not in SL(2, F ). Its 2-fold
cover 2A5 has order 5 ·3 ·23, it contains the center Z, and embeds in SL(2, F ). Note that the
group S5 also has order 5 !, but it has A5 as a normal subgroup, so it is not embeddable in
SL(2, F ). This completes the list of finite subgroups of SL(2, F ), once we show the following.

Proposition 2.13. A finite primitive subgroup G of SL(2, F ) contains a primitive subgroup
H as a normal subgroup only if G = H. The same holds for PSL(2, F ).

Proof. Proposition 2.4 asserts that if G 6= H then H – assumed minimal – must be simple
mod Z, so it has to be 2A5, of order 23 · 3 · 5, and so |G| = 23 · 3 · 5h. The number n5 of
5-Sylow subgroups in H satisfies n5 ≡ 1(mod 5) and n5|23 · 5, so it is 6. Denote the set of
5-Sylow subgroups in H by X = {K1, . . . , K6}. The group G acts on X by conjugation, as
H �G, and H acts on X transitively (as the 5-Sylow subgroups are conjugate to each other
in H), so G does too. Let G1 = {g ∈ G; gK1g

−1 = K1} be the fixer of K1 in G. Thus
|G/G1| = 6, and K1�G1, and |G1| = 22 · 5 · h. Then G1 cannot be imprimitive (binary
dihedral DB4·5) if h > 1, so it is primitive with an imprimitive normal proper non-central
subgroup, but it is neither 2A4 = BT24 nor 2S4 = BO48, so h must be 1, and G = H. �

2.3. Elements in simple mod Z groups. The following is true, but follows also from the
fact – shown at the end of last subsection – that the only finite primitive simple mod Z
subgroup G of SL(2, F ) is 2A5.

Proposition 2.14. Let p 6= q be primes, q 6= 2. Put p′ = 2φ if p = 2 and p′ = p if not. A
finite primitive simple mod Z subgroup G of SL(2, F ) cannot contain an element S of order
p′q.
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Proof. The assumption implies that S1 = Sp
′

and S2 = Sq are not central ( 6= ±I). We may
write S diagonally, put Sp

′
= diag(α1, α2) and Sq = diag(β1, β2). For any g ∈ G, consider g,

gSq, gSp
′

and obtain an equation such as (2.1) for these:∣∣∣∣∣∣
tr g 1 1

tr gSq β1 β2
tr gSp

′
α1 α2

∣∣∣∣∣∣ = 0.

As there, replace each root of 1 of order pk by 1, thus βi by 1. Then the equation becomes
a congruence

((tr gSq)p − (tr g)p)(α1 − α2) ≡ 0 mod p.

By l’Hopitâl’s rule, for a primitive qth root ε of 1 we have

(1− ε)(1− ε2) . . . (1− εq−1) = lim
x→1

xq − 1

x− 1
= q.

Thus multiplying our equation by a suitable factor we get

q((tr gSq)p − (tr g)p) ≡ 0 mod p.

Hence (tr gSq)p − (tr g)p ≡ 0 mod p. But then the argument of Theorem 2.9 holds: G would
have a proper imprimitive normal subgroup Hp containing Sq. �

Corollary 2.15. A finite primitive simple mod Z group G ⊂ SL(2, F ) does not contain an
element of order 3 · 5, 2φ · 3, 2φ · 5.

Proof. If S1, representing S3, S2φ, S2φ (resp.) where S is of order p′q (= 3 · 5, 2φ · 3, 2φ · 5),
is not central, Proposition 2.14 applies, as S2 = Sq is not central since its order is not φ. �

3. Finite subgroups of SL(2,C): geometric proof

We now turn to the well-known geometric proof, that consists of two steps. The first, in
subsection 3.2, is to determine the finite subgroups of SO(3) as the groups of motions of the
Platonic solids. The second, in subsection 3.1, is to reduce the question of determination of
the finite subgroups of SL(2,C) to that of SO(3). Denote the transpose of g by tg.

3.1. Reduction to study of motions of Platonic bodies. To determine the finite sub-
groups of SL(n,C) note that

Lemma 3.1. A finite subgroups G of SL(n,C) is conjugate to a subgroup of

SU(n) = {g ∈ SL(n,C); tgg = I} = {g ∈ SL(n,C); 〈gu, gv〉 = 〈u, v〉∀u, v ∈ Cn},
where 〈u, v〉 = tuv.

Proof. Indeed, given a nondegenerate Hermitian form (·, ·) : Cn×Cn → C (thus it is C-linear

in the first variable, (v, u) = (u, v) and (u, u) ≥ 0 ∀u ∈ Cn, (u, u) = 0 iff u = 0), e.g.: 〈u, v〉,
obtain a G-invariant one 〈u, v〉G = 1

|G|
∑

g∈G(gu, gv), as G is finite. Using the Gram-Schmidt

process we get a basis for Cn that is orthonormal with respect to 〈·, ·〉G. Hence any two such
Hermitian forms are equivalent, and we may assume 〈u, v〉G is our 〈u, v〉, so G is conjugate
(by the change of basis matrix) to a subgroup of SU(n). �
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Lemma 3.2. The group Spin(3) = SU(2) =
{(

a b
−b a

)
; aa+ bb = 1

}
is a two-fold covering

group of the group SO(3) = {g ∈ SL(3,R); tgg = I} of rotations of R3 fixing the origin.

Proof. Let us show this explicitly. Starting with g =
(
a b
−b a

)
, we define g′ ∈ SO(3) as follows.

Put p =
√
aa = |a|, q =

√
bb = |b|, α = a/p, β = b/q – assuming a 6= 0 6= b.

Then αα = 1 = ββ, p2 + q2 = 1. Put γ =
√
αβ, δ =

√
α/β.

Hence γγ = 1 = δδ, and g = g1g2g3 where g1 =
(
γ 0
0 γ

)
, g2 = (

p q
−q p ), g3 =

(
δ 0
0 δ

)
in U(2).

Also write

γ = cosu− i sinu, δ = cosw − i sinw, p = cos v, q = sin v

for real u, v, w in [0, 2π). Let us introduce the new variables

X = x1x1 − x2x2, Y = x1x2 + x2x1, Z = i(x1x2 + x2x1).

Under the action g : ( x1x2 ) 7→ g ( x1x2 ), g1 maps x1 to γx1, x2 to γx2, x1 to γx1, x2 to γx2, hence
X to itself, Y to cos(2u)Y − sin(2u)Z, and Z to sin(2u)Y + cos(2u)Z. We then obtain

g′1 =

1 0 0
0 cos(2u) − sin(2u)
0 sin(2u) cos(2u)


acting by t(X, Y, Z) 7→ g′1

t(X, Y, Z). Similarly

g′2 =

 cos(2v) sin(2v) 0
− sin(2v) cos(2v) 0

0 0 1

 , g′3 =

1 0 0
0 cos(2w) − sin(2w)
0 sin(2w) cos(2w)

 .

Thus in the coordinates X, Y , Z the image of each of g1, g2, g3 becomes a real rotation
about the X-, Z-, X-axis, that fixes the origin, namely elements in the group SO(3) of real
rotations of R3 fixing the origin. So we defined a homomorphism: g 7→ g′, SU(2) → SO(3).
It is surjective as the image contains rotations about each of the 3 axis. Denote by G′ the
image of G. The map G � G′ is 2-to-1 if −I ∈ G (note that −I is the unique element of
SL(2,C) of order 2). It is 1-1 if not, as the only g with g′ = I are g = ±I. So G′ is isomorphic
with G/G ∩ Z, the image of G in the projective group, and PSU(2) ' SO(3). Being the
universal simply connected covering group of SO(3), SU(2) is also named Spin(3). �

Here is another standard proof that

Lemma 3.3. The group SU(2) surjects on SO(3) with kernel {±I}.

Proof. This proof uses the algebra H of quaternions. It is the 4-dimensional real space
H = {a1 + a2i+ a3j + a4k; a1, a2, a3, a4 ∈ R} with non-commutative multiplication defined
R-linearly from the rules i2 = j2 = k2 = −1 and ijk = −1. Thus C = {a1 + a2i} ↪→ H, and
conjugation: q = a1 − a2i − a3j − a4k if q = a1 + a2i + a3j + a4k extends that of C, and
defines a norm ‖q‖ =

√
qq =

√
a21 + a22 + a23 + a24. Note that p · q = q · p. A quaternion is

called real if a2 = a3 = a4 = 0, purely imaginary if a1 = 0, and it is invertible precisely when
‖q‖ 6= 0, where q−1 = q/‖q‖2. As a vector space, H = R4 can be written as the direct sum
of the real ReH = {q ∈ H; q = q} ' R and purely imaginary ImH = {q ∈ H; q = −q} ' R3

quaternions.
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The group U = {q ∈ H; qq = 1} of quaternionic units is the 3-sphere S3 = {(a1, a2, a3, a4)
∈ R4; a21 + a22 + a23 + a24 = 1}. If a = a1 + ia2, b = a3 + ia4, then aa+ bb = a21 + a22 + a23 + a24
and

(
a b
−b a

)
7→ a+ bj 7→ (a1, a2, a3, a4) defines an isomorphism SU(2)

'−→ U
'−→ S3.

The group U acts on R3 = ImH via Inn(u)z = uzu−1, u ∈ U , z ∈ ImH. We claim that
Inn : U → SO(3) is surjective with kernel {±I}. Clearly Inn(u) maps ImH to itself (it is
the identity on ReH), fixes 0 ∈ ImH, preserves the length of z, hence it lies in SO(3), the
group of rotations of R3 = ImH fixing the origin. Clearly Inn is a homomorphism.

Writing u = cos θ + (sin θ)I ∈ U ⊂ H, 0 ≤ θ ≤ π, we claim that Inn(u) is the rotation of
ImH = R3 with angle 2θ about the axis defined by I. This is clear if u ∈ ReH (sin θ = 0,
θ = 0 or π, 2θ = 0 or 2π), so we assume u /∈ ReH, and then θ and I ∈ ImH are uniquely
determined by u. Write c = cos θ, s = sin θ, so I ∈ U as c2+s2 = 1 = uu = (c+sI)(c−sI) =
c2 − s2I2 implies I2 = −1. Choose J ∈ ImH (J = −J) such that I is an eigenvector of
Inn(J) with eigenvalue −1, thus JIJ−1 = −I, normalized by J ∈ U (thus JJ = 1, or
J2 = −1). Put K = IJ . It is in ImH ∩ U , so {1, I, J, K} makes a standard (IJK = −1,
I2 = J2 = K2 = −1) basis of H. Now Inn(u) fixes I:

Inn(u)I = uIu = (c+ sI)I(c− sI) = c2I − csI2 + scI2 − s2I3 = I

and is the rotation of the plane spanned by J , K with angle 2θ as (sin(2θ) = 2cs, cos(2θ) =
c2 − s2):

Inn(u)J = (c2 − s2)J + 2csK, Inn(u)K = −2csJ + (c2 − s2)K.
This implies the surjectivity of SU(2) → SO(3) and also that Inn(u) 6= I if 0 < θ < π,
thus Inn(u) = I iff u = ±I ∈ ReH ∩ U , so the kernel is {±I}, and the map implies an

isomorphism PSU(2)
'−→ SO(3). �

Remark 3.1. Yet another standard proof is obtained on placing the unit sphere S2 in R3 on
the projective complex plane P1(C) = P(R2) with the south pole S of S2 at the origin 0 of C,
considering the stereopgraphic projection sending a point u on the sphere to the intersection
z with C of the line uN it makes with the north pole N of S2, thus the group SO(3) of
symmetries – rotations – of S2 is identified with the group PSU(2) of conformal (preserving
angles) transformations of P1(C). As −I is the unique element of order 2 in SL(2,C), we
obtain a surjective group homomorphism π : SU(2)� SO(3) with kernel {±I}.

We conclude that if G is a finite subgroup of SU(2), either G is of odd order, then −I /∈ G
and G∩ kerπ = {I} so π|G is an embedding of G into SO(3) (we shall soon see it is cyclic),
or 2||G|, then −I ∈ G as −I is the unique element of order 2 in SL(2,C), then ker π ⊂ G
and G = π−1(π(G)).

3.2. Study of motions of Platonic bodies. A rotation g′ ∈ SO(3) of the unit sphere
S2 = {(x1, x2, x3) ∈ R3;

∑
i x

2
i = 1} in R3 has an axis of rotation, that intersects the sphere

at two antipodes: P1, P
′
1 = −P1. The set of images {P1, P2, . . . , Pk} of P1 under all elements

of a finite group G′ of rotations of S2, that is a finite subgroup of SO(3), is the set of vertices
of a regular polyhedron, or the set of vertices of a polygon in a plane, or there is a single
axis of rotation, or G′ acts trivially, in which case k = 1. The distribution of these vertices
around any one of them is the same as the distribution around any other.
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Definition 3.1. An axis L = P1P
′
1 of rotation of G′ has potency (sometimes the overused

word index appears in this context) m ∈ Z>0 if the angles of the rotations in G′ around L
are the multiples of 2π/m.

The group G′ maps the axis P1P
′
1 to axis P2P

′
2, . . . , all of potency m.

Let us connect P1 with each P2, . . . , Pk by great circles on the sphere. The distance
between two vertices is the length of the shortest arc connecting them. Let D denote the
smallest distance between P1 and any of the points. The corresponding arc is moved by
rotations with angles 2π/m to m arcs, preserving the distance. So we get m arcs of length
D based at P1. We claim:

Lemma 3.4. There are at most 5 arcs of length D starting at P1 if k ≥ 3.

Proof. Indeed, if k = 1, G′ is trivial, there are infinitely many great circles of length D = 2π.
If k = 2 the two points are antipodes and there are infinitely many great circles, of length
D = π. The corresponding group of rotations is not finite. If there are finitely many and at
least m ≥ 2 arcs, our claim is that m ≤ 5. Indeed, if m ≥ 6, as the arcs are equispaced, at
least two arcs, say Cs, Ct, would make an angle β ≤ 2π/6 = π/3 at P1 (thus cos β ≥ 1

2
). Let

Ps, Pt be the points other than P1 at the end of the arcs Cs, Ct. The arc connecting Ps and
Pt – whose length we denote by Dst – makes a spherical triangle with Cs, Ct, whose vertices
are P1, Ps, Pt. By spherical geometry and trigonometry, we have

cosDst = cos2D + sin2D cos β ≥ x2 +
1

2
y2 > x = cosD, y = sinD.

Since Dst ≤ π/2 this implies Dst < D, contradiction, as the arcs exiting Ps have the same
lengths as those stemming from P1. �

Consider the case where there are no axes of potency > 2. Thus m = 2. Let L be an axis
of potency 2. Obtain the vertices P1, . . . , Pk by G′. There are at least two arcs of length D
exiting each vertex, say P1, making angle π with each other. Together they make a single
arc C – that – when extended around the sphere – has on it P1, and some other vertices:
P2, . . . , P`, equally distributed over the entire circle. At least P1 and −P1 lie on this great
circle. If ` > 2 then ` ≥ 4, and the composition of two rotations (of angle π each: one around
P1, the second around a vertex on C next to P1) is equivalent to a rotation about an axis
perpendicular to the plane of C of angle 4π/`. But each axis is of potency 2, so rotation
at angle π, or 2π, so 4π/` = π or 2π, and ` = 4 or ` = 2. We obtain 3 axes of potency 2,
perpendicular to each other.

If m > 2 then there are m arcs of length D exiting from P1, each making an angle of 2π/m
with its adjacent arcs. The same holds for each of the vertices P2, . . . , Pk, so the sphere is
partitioned by arcs of length D, meeting at the vertices P1, . . . , Pk, all connected via these
arcs, into finitely many equal regular polygons. Hence the P1, . . . , Pk make the vertices of
a regular polyhedron inscribed in S2.

Recall that by SU(2) � SO(3), each g ∈ G, acting on column vectors t(x1, x2), maps to
a rotation g′ ∈ G′, acting on column vectors t(X, Y, Z), fixing the origin of S2. Any regular
polyhedron whose group of symmetries is G′ would then be placed in a position relative to
the axes of coordinates X, Y , Z.

We proceed to describe the finite subgroups of SU(2).
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The simplest case is where there is a single axis L of rotation, say the X-axis, of potency
m ≥ 1. Then g′2 = I3, thus sin(2v) = 0, cos(2v) = 1, so 2v = 0 and v = 0, and g2 = I2.

Then g = g1g2g3 = g1g3 = diag(γδ, γδ), with γ =
√
αβ, δ =

√
α/β, so g = ± diag(α, α−1).

As the potency of L is m, we have g′m = I3, thus 2(u − w)m = 0, hence (u − w)m = 0, so
gm = I2. Hence (±α)m = 1. Then G′ = {h′mk; 0 ≤ k < m} where h′m = diag(1, ( cm −smsm cm ))
and cm = cos(2π/m), sm = sin(2π/m), and G = {hkm; 0 ≤ k < m} where hm = diag(ζm, ζ

−1
m )

and ζm = cm + ism is a primitive mth root of 1. In summary, in this case we get

(Cm) The cyclic group Cm. If G′ has a single axis L of potency m, then G is the (reducible)
cyclic group Cm generated by hm = diag(ζm, ζ

−1
m ), ζm a primitive mth root of 1.

In the next – second – case, there is an axis L of potency m ≥ 2, and m axes, say L1,
. . . , Lm of potency 2, lying in the plane perpendicular to L through the origin. We choose
coordinates so that L is the X-axis, and L1 is the Z-axis. The rotations about the X-axis
are the h′m

k of the cyclic case, so we get the cyclic group {hkm; 0 ≤ k < m} as a subgroup
of this G. The rotation, of order 2, about the Z-axis, is g′ = diag(−1,−1, 1). To lift it
to G we write g′ as g′1g

′
2g
′
3, and then v = π/2 and 2(u − w) = 0 (since g′1g

′
3 = I3). Put

d′3 = diag(−1,−1, 1) (its order is 2) and w3 = ( 0 1
−1 0 ) (its order is 4), the 3 refers to Z. Hence

g = g1g2g3 =
(
γ 0
0 γ

)
( cos v sin v
− sin v cos v )

(
δ 0
0 δ

)
=
(
γ 0
0 γ

)
w3

(
δ 0
0 δ

)
=
(

0 γδ
−γδ 0

)
= w3,

as γδ = (cosu− i sinu)(cosw + i sinw) = cos(2(u− w)) + i sin(2(u− w)) = 1.
Each of the potency-2 axes L1, . . . , Lm makes an angle 2π/m with its adjacent axis, so

each obtained from the previous one by applying (or multiplying with) the rotation h′m, so
all of these rotations are h′m

kd3 (0 ≤ k < m) in G′, lifting to hkmw3 in G. In summary, in
this case we get:
(BD4m) Binary dihedral group BD4m. If G′ has an axis L of potency m, and m axis of
potency 2, then G is the (imprimitive) group of order 2mφ, generated by h2m and w3, or
abstractly by h, w, subject to the relations hm = w2, w2 = −I, so w4 = I, whw−1 = h−1.
To realize this group in U ⊂ H, as quaternions, put h = cos(π/m) + i sin(π/m) and w = j.

It is classical that there are 5 regular or Platonic solids in S2. Of these the hexahedron
(cube) with (vertices, edges, faces) = (v, e, f) = (8, 12, 6) is dual to the octahedron(v, e, f) =
(6, 12, 8), so they have the same set of axes of rotation (in fact these two bodies are dual
to each other, duality is defined by placing the other body with its vertices at the centers
of the faces of the first body), as do the dodecahedron ((v, e, f) = (20, 30, 12)) and icosahe-
dron ((v, e, f) = (12, 30, 20)). So there are 3 cases to consider: tetrahedron (self-dual, with
(v, e, f) =) (4,6,4); octahedron (6,12,8); icosahedron (12,30,20).

(BT24) In the case of the tetrahedron (pyramid with 4 equilateral triangles for faces, self-
dual) there are 4 vertices, hence 4 axes of rotation of potency 3 (passing through the vertex,
the origin, and the center of the opposite face), and 3 axes of potency 2, each passing through
the midpoints of a pair of opposite edges. The latter 3 axes are perpendicular to each other,
and may and will be taken as the X-, Y -, Z-axes. The rotations around them in angle π are
given by d1 = diag(1,−1,−1), d2 = diag(−1, 1,−1), d3 = diag(−1,−1, 1), and d2 = d1d3,
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namely the π-rotation about the Y -axis is the composition of the π-rotations about the X-
and Z-axes. We saw during the discussion of the binary dihedral case that the π-rotation d3
about the Z-axis corresponds to w3 = ( 0 1

−1 0 ) in G ⊂ SU(2), and similarly d1, d2 correspond
to w1 = diag(i,−i) (here u = 3π/2 and v = 0 = w), w2 = w1w3 = ( 0 i

i 0 ). We obtain from
these di the dihedral group D4 = Z/2 × Z/2 in G′ and from the wi the binary dihedral
group BD8 in G. Denoting the vertices of the tetrahedron by P1, . . . , P4, these 3 rotations
correspond to the permutations (12)(34), (13)(24), (14)(23), where instead of Pj we wrote
simply j. The 4 rotations of order 3 correspond to the permutations (123), (124), (134),
(234). So the group of rotations of the tetrahedron is the alternating group A4, of order
12. Composing the permutations of order 2 with (123) we obtain the 3 other 3-cycles. The
3-rotation (123) permutes the rotations of order 2. In A4, conjugating by (123) permutes
cyclically the set of the 3 permutations of order 2, so matrix multiplication shows (123) can
be represented by

t =
1

2

(
1 + i −1 + i
1 + i 1− i

)
=

1√
2

(
ζ8 ζ38
ζ8 ζ78

)
; tw1 = w2t, tw2 = w1w2t, tw1w2 = w1t.

Thus G is generated by (BD8), that is, by w1 = ( i 0
0 −i ) and t (note that tw1t

−1 = w2,
t2w−11 t−2 = w3). Matrix multiplication shows that they satisfy the relations w2

1 = w2
3 =

(w1w3)
2 = t3 = −I and w1tw3 = t and (w1t)

3 = (w3t)
3 = I. This is the binary tetrahedral

group, of order 3 · 4φ, whose quotient by the center {±I} is A4. We embed it in the
quaternions U ⊂ H by I → 1, w1 → i, w3 → j, w1w3 → k, as BT24 = 〈i, 1

2
(1 + i− j + k)〉.

(BO48) Next we consider the inverse image G ⊂ SU(2) of the group G′ ⊂ SO(3) of rotations
of the octahedron, which is made of two pyramids glued at their (square) bases, each with 4
triangular faces. The group G′ contains the rotations of the tetrahedron. To see this, denote
by P1, . . . , P4 the pairs of opposite faces of the octahedron. Denote the axes through opposite
vertices by L1, L2, L3. Rotations around Li, at angle π, define the rotations (12)(34),
(13)(24), (14)(23), where instead of Pj we wrote simply j. Denote the axes through the
midpoints of opposite faces by L4, L5, L6, L7. These 4 axes are of potency 3, and they define
the permutations (123), (124), (134), (234) at angles 2π/3 (and their inverses). In fact, the
axes L1, L2, L3 are of potency 4, and the 4-cycles (abcd), where {a, b, c, d} = {1, 2, 3, 4},
are obtained by rotating with angle π/2 about these axes. It suffices to describe one such
rotation, as the others are compositions with the even permutations of order 2 listed above.
The corresponding linear transformation, say w4, has order 4, and has to satisfy w2

4 = w1.
Thus G is generated by BT24 and w4 = diag(ζ8, ζ

−1
8 ), ζ8 = (1 + i)/

√
2, namely by w4 and

t. They satisfy w2
4 = w1, t

3 = I = w4
4 (= w2

3 = (w2
4w3)

2, and (w2
4t)

3 = I = (w3t)
3). This is

the binary octahedral group BO48, of order 48. Its quotient by the center {±I} is S4. To
embed it in U ⊂ H we replace the generator i of BT24 by the image (1 + i)/

√
2 of w4, to get

BO48 = 〈(1 + i)/
√

2, 1
2
(1 + i− j + k)〉.

(BI120) Next we consider the inverse image G ⊂ SU(2) of the group G′ ⊂ SO(3) of rotations
of the icosahedron, which has 12 vertices, 30 edges, 20 faces. The group G′ has 3 types
of axes of rotations: there are 10 axes L1, . . . , L10 of rotations of potency 3 obtained by
connecting the midpoints of opposite faces; 6 axes L11, . . . , L16 of rotations of potency 5
passing through opposite vertices; there are 15 axes L17, . . . , L31 of rotation of potency 2
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defined by midpoints of opposite edges. Counting twice each axis L1, . . . , L10 we form 5 sets
of 4 axes with the property that in each set the axes are the same as the axes of potency 3 in
the rotation group of the tetrahedron, so we get 5 regular tetrahedrons, each corresponding
to a subgroup of order 12. No rotation can transform any of the five tetrahedrons into itself,
i.e., rotations about any axis L11, . . . , L31 moves any of the tetrahedrons into one of the other
4. Hence the group of rotations of the icosahedron can be studied in terms of its 5 subgroups
that correspond to the groups of order 12 of rotations of the 5 tetrahedrons. Namely G′ can
be written as a permutation group on 5 letters. The rotations of potency 3 are represented
by 3-cycles. The group of rotations of the tetrahedron is A4, so the group G′ of rotations of
the icosahedron is A5, of order 60, a group generated by the images (123) of t and (12)(34)
of w1 of BT24 = 2A4, and by (12)(45), whose lift in 2A5 = BO120 will be denoted by θ, to be
determined by the relations θ2 = I or −I, (w1θ)

3 = I or −I, and (tθ)2 = I or −I. Since −I
is the unique element of order 2 in SL(2,C), in fact we must have θ2 = −I and (tθ)2 = −I,
and replacing θ by −θ if necessary we have (w1θ)

3 = I. Such θ is given by(
i/2 β − iγ

−β − iγ −i/2

)
, β =

1−
√

5

4
, γ =

1 +
√

5

4
.

The order of 2A5 is 120. Its quotient by {±I2} is the alternating group A5, the smallest
simple nonabelian group. Using the usual map (I → 1, w1 → i, w3 → j), we embed 2A5 in
U ⊂ H as 〈i, 1

2
(1 + i− j + k), 1

2
i+ βj − γk〉. In particular, 2A5 lies in SL(2,Q(i,

√
5)).

Another, more complicated, description, can be found in the literature, using the generator
(12345) instead of (12)(45), in addition to (12)(34) and (123). This leads to presentation
using ζm5 = cos 2πm

5
+ i sin 2πm

5
. Algebraically the 4 nontrivial 5th roots of 1 are the zeroes

of Φ5(x) = x4 + x3 + x2 + x + 1. Dividing the right side by x2 and putting u = x + x−1

we obtain u2 + u − 1. Computing its roots, then of x2 − ux + 1, we see that the ζm5 are
a
√
5−1
4

+ i b
4

√
10 + 2a

√
5, a, b ∈ {±1}.

4. Automorphy of Galois representations

4.1. Automorphy of Galois representations of tetrahedral type. Let F be a number
field. Let ρ : W (K/F ) → GL(n,C) be an n-dimensional semisimple representation of the
Weil group W (K/F ) of a finite Galois extension K of F . The rigidity (“strong multiplicity
one”) theorem asserts that there is at most one generic automorphic unitary representation π
of GL(n,C) if almost all components πv are specified. We wish to know whether there exists
an automorphic generic representation π = π(ρ) of GL(n,A), A = AF the ring of adèles of
F , whose component πv at almost every place v of F , where ρv = ρ|W (Kv/Fv) is unramified,
is the unramified representation π(ρv) determined by the Satake transform. Namely t(πv) =
ρv(Frv), where t(πv) denotes the Satake parameter of the unramified representation πv of
GL(n, Fv) (this is a conjugacy class in GL(n,C), or an unordered n-tuple of nonzero complex
numbers, the “Hecke eigenvalues” of πv), and ρv(Frv) is the image of the Frobenius Frv at v
(again a conjugacy class in GL(n,C)).

By the theory ([AC89]) of base change for GL(n), if E/F is a cyclic extension, then the
E/F -base change πE = BCE/F (π) of π = π(ρ) is π(ρE) where ρE = ρ|W (K/E).

If ρ is irreducible then π(ρ) has to be cuspidal, if it exists.
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Suppose ρ is irreducible. Suppose the image of the idèle class group CK = A×K/K× of
K consists of scalars, so the composition of ρ with the projection GL(n,C) → PGL(n,C)
gives a representation ρ′ : Gal(K/F ) → PGL(n,C) with finite image (recall: 1 → CK →
W (K/F )→ Gal(K/F )→ 1 is exact).

Consider the case n = 2. The existence of π(ρ) is known when Im ρ′ is reducible or
dihedral. In the latter case we say ρ is of dihedral type. The remaining cases are when Im ρ′

is the alternating group A4 in 4 letters – then we say ρ is of tetrahedral type, or ρ is of
octahedral type (Im ρ′ is the symmetric group S4 in 4 letters), or ρ is of icosahedral type
(Im ρ′ = A5). The cases of A4 and S4 can be studied via their maximal normal subgroups.
The alternating group A5 is simple, so we have nothing to say in this case. Examples of
icosahedral type representations for F = Q that have entire L-series are given in [B78].
Recent study of icosahedral type totally odd representations for totally real base fields can
be found in [PS, Théorème 0.3], where previous work in this direction is surveyed.

Theorem 4.1. If F is a number field, and Im[ρ′ : Gal(K/F )→ PGL(2,C)] is A4, then π(ρ)
exists as a cuspidal representation of GL(2,AF ). Hence the L-function L(s, ρ) is entire.

Proof. The 2-Sylow subgroup V4 = Z/2 × Z/2, a Klein vierergruppe, is normal in A4. The
quotient A4/(Z/2 × Z/2) is A3 = Z/3. Let E be a cubic Galois extension of F in K with
ρ′(W (K/E)) = Z/2 × Z/2 in PGL(2,C). The restriction ρE of ρ to W (K/E) is then of
dihedral type (the image of W (K/E) in PGL(2,C) is the dihedral group of 4 elements), so
Π = π(ρE) exists as an automorphic representation of GL(2,AE). Let u be a representative
of τ( 6= 1) ∈ Gal(E/F ) in W (K/F ), define ρτE(w) = ρE(uwu−1) (w ∈ W (K/E)). Then Πτ

is π(ρτE), and Πτ ' Π since ρτE = ρ(u) ◦ ρE ◦ ρ(u)−1 is equivalent to ρE. By the theory
of base change, Π is then a lifting of an automorphic representation π of GL(2,AF ). Put
ωρ = det ρ. Then ωρ and the central character ωπ of π restrict to the same character of
NE/F (A×E/E×) = F×NE/FA×E/F×. Hence there is a character ω of A×F/F×NE/FA×E with
ωρ = ω2ωπ, so ωρ = ωπω. Replace π by πω to have ωρ = ωπ. This defines π uniquely, and π
base change lifts to π(ρE). We claim that the automorphic π is π(ρ).

Consider the symmetric square homomorphism

Sym2 : GL(2,C)→ PGL(2,C)
∼−→ SO(3,C) ↪→ SL(3,C) ↪→ GL(3,C).

The composition σ = Sym2 ◦ρ : W (K/F ) → GL(3,C) factorizes via Gal(K/F ), so we
write σ : Gal(K/F ) → GL(3,C). This is a 3-dimensional representation of A4 (as Im ρ′ in
PGL(2,C) is A4). Its restriction to Gal(K/E) factorizes via the abelian group Z/2 × Z/2,

which means that there is a character σE of W (K/F ) such that σ = Ind
W (K/F )
W (K/E) σE is the

3-dimensional representation of W (K/F ) induced from the character σE of the index 3
subgroup W (K/E).

By base change for GL(3) ([AC89]) there exists an automorphic (monomial) representation

π1 = π(Ind
W (K/F )
W (K/E) σE) = π(σ) = π(Sym2 ρ)

of GL(3,AF ). Given π, we define a representation π2 = Sym2(π) locally at all places as in
[F06]. It is automorphic if π is automorphic, by the theory of the symmetric square lifting
[F06], but we do not yet know that π is automorphic. We claim that π1 and π2 are equivalent.
This would imply that π2 is automorphic and equivalent to its dual. By [F06] it is therefore
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the symmetric square lifting of an automorphic π. So our π, that base changed to Π and its
central character coincides with det ρ, is automorphic, i.e., π(ρ) exists, and is equal to π.

To show that π1 and π2 are equivalent we now consider their local components, πiv, indexed
by the places v of F .

If v splits in E, i.e., Ev = E ⊗F Fv is F 3
v , then t(πv) = ρv(Frv) and Sym2(ρv(Frv)) =

Sym2(t(πv)).
If v stays prime, i.e., Ev/Fv is a cubic field extension, then by definition of πv via Πv,

we have t(πv)
3 = ρv(Frv)

3, equality of conjugacy classes in GL(2,C). We need to show that
t(πv) = ρv(Frv), also when Ev is a field.

By definition of π, det t(πv) = det ρv(Frv). Put ρv(Frv) = (a, b)∼. The subscript ∼ indi-
cates conjugacy class (in this case in GL(2,C)) with eigenvalues a, b. Then t(πv) = (ζa, ζ2b)∼,
for some ζ ∈ C× with ζ3 = 1. Applying Sym2 we get Sym2(ρv(Frv)) = (a/b, 1, b/a)∼,
Sym2(t(πv)) = (ζ−1a/b, 1, ζb/a)∼. Equality of these two means, if ζ 6= 1, that a/b = ζb/a,
thus a2 = ζb2, thus (ζa)2 = b2. If a = ζ2b then t(πv) = (b, a)∼ is ρv(Frv). If a = −ζ2b then
Sym2(ρv(Frv)) = (a/b, 1, b/a)∼ = (−ζ2, 1,−ζ) has order 6. But there is no element of order
6 in A4. Hence t(πv) = ρv(Frv) also for v of F that stays prime in E (and ρv is unramified),
which implies that π(ρ) exists as an automorphic representation, as Sym2 π is the automor-

phic π(Ind
W (K/F )
W (K/E) σE), so π is automorphic, and equal to π(ρ) at almost all places, hence at

all places v. �

4.2. Automorphy of Galois representations of octahedral type. Let K/F be a Galois
extension of number fields and ρ : W (K/F ) → GL(2,C) a two-dimensional representation
of the Weil group. We may assume that it is neither reducible nor dihedral, cases we can
consider as known. Denote its composition with the projection to PGL(2,C) by ρ′. It
factorizes via Gal(K/F ) → PGL(2,C), denoted again by ρ′. Suppose now the image Im ρ′,
that is finite, is the symmetric group S4 in 4 letters. Let E be the quadratic extension of
F in K with ρ′(W (K/E)) = A4 E S4. The restriction ρE = ρ|W (K/E) has image A4 in
PSU(2) ' SO(3). Hence there exists a cuspidal automorphic representation Π = π(ρE) of
GL(2,AE). Fix a representative u ∈ W (K/F ) of τ 6= 1 in Gal(E/F ). Define ρτE(w) =
ρE(uwu−1) = ρE(u)ρE(w)ρE(u)−1, w ∈ W (K/E). Then Πτ = π(ρτE) is equivalent to Π, so
Π is a E/F -base change lift of an automorphic π of GL(2,AF ), as well as of πω, where ω is

the isomorphism A×F/F×NE/FA×E
∼−→ {±1}. We wish to show that π or πω is π(ρ).

When ρ is of octahedral type, that is, the image of ρ′ in PGL(2,C) is S4, to prove the
existence of π(ρ) we follow [T81] who noted that the method of subsection 4.1 extends once
one uses the result of [JPS81] from the theory of Whittaker functions on GL(n), prepared
especially for this purpose. It deals with any cubic field extension J/F , in contrast with the
theory of base change [L80], [AC89], based on comparison of trace formulae, that deals only
with Galois cyclic extensions of prime degree.

Theorem 4.2. Let J/F be a cubic field extension, not necessarily normal. For each auto-
morphic cuspidal representation π of GL(2,AF ) there exists an automorphic representation
πJ = BCJ/F (π) of GL(2,AJ) such that for almost all places v of F , and for each place

w of J over v, if πv = π(σv) then πJ,w = π(Res
W (Fv)
W (Jw) σv). Here σv is a two-dimensional

representation of the local Weil group W (Fv), and Res
W (Fv)
W (Jw) σv is its restriction to W (Jw).
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Let E/F be the quadratic subextension of K/F fixed by all elements of the subgroup
of Gal(K/F ) mapped to A4, the unique subgroup of S4 of index 2. Choose a 2-Sylow
subgroup S of S4. Let J/F be the cubic extension fixed by all elements of the subgroup
of Gal(K/F ) mapping to S. We obtain a tower of fields: F ⊂ J ⊂ JE ⊂ N , where JE
signifies the compositum of J and E, Gal(N/F ) = S4, Gal(N/E) = A4, Gal(N/J) = S,
Gal(N/JE) = V4, and Gal(JE/F ) = S3. As above, for any subextension L/F of K/F we
write ρL for the restriction of ρ to Gal(L/F ).

In subsection 4.1 we show that π(ρE) exists, as the image of Gal(K/E) is A4. There are
two cuspidal representations π1 and π2 of GL(2,AF ) with BCE/F (πi) = π(ρE). They are

related by π1 = π2ω, where ω : A×F/F×NE/FA×E
∼−→ {±1}. The restriction πJ is monomial,

hence π(ρJ) exists.

Lemma 4.3. There exists a unique i ∈ {1, 2} with BCJ/F (πi) = π(ρJ).

Proof. By the last theorem, BCJ/F (π1) and BCJ/F (π2) exist. By transitivity of base change,
BCJE/J(BCJ/F (πi)) = π(ρJE) for i = 1, 2. In particular BCJ/F (π2) = BCJ/F (π1)ωJE/J .
We claim that the representations BCJ/F (π1) and BCJ/F (π2) are distinct. Indeed, if not,
BCJ/F (π1) = BCJ/F (π1)ωJE/J . Hence π(ρJE) would not be cuspidal. But ρJE is irreducible,
so the claim follows. Now by the theory of base change, BCJ/F (π1) and BCJ/F (π2) are the
only two automorphic representations of GL(2,AJ) that base change (from J to its quadratic
extension JE) to π(ρJE). But π(ρJ) also has this property, so it equals BCJ/F (πi) for a single
i ∈ {1, 2}. �

Denote by π the automorphic representation πi of the last lemma. It satisfies BCJ/F (π) =
π(ρJ), and BCE/F (π) = π(ρE).

Theorem 4.4. Suppose ρ : W (K/Q) → GL(2,C) is a two-dimensional representation of
the Weil group of K/Q, and Im ρ′ = ρ′(W (K/Q)) = S4 ⊂ PSL(2,C). Then π(ρ) exists as a
cuspidal representation of GL(2,AF ), and so L(s, ρ) = L(s, π(ρ)) is entire.

Proof. The proof is similar to that of the previous subsection. At each place v of F where
ρv is unramified, ρv defines a semisimple conjugacy class diag(av, bv) in GL(2,C). At each
place v of F such that πv is an unramified principal series representation, πv defines a
semisimple conjugacy class diag(a′v, b

′
v). Consider v where both ρv and πv are unramified.

From BCE/F (π) = π(ρE) we deduce that diag(a′v, b
′
v) is conjugate to diag(av ε, bv ε) with

ε2 = 1. So we need to show that diag(av, bv) and diag(av ε, bv ε) are conjugate. Suppose
ε = −1.

Let w be a place of J dividing v of F . Put d(w) = [Jw : Fv]. As BCJ/F (π) = π(ρJ),

the matrices diag(a
d(w)
v , b

d(w)
v ) and diag((av ε)

d(w), (bv ε)
d(w)) are conjugate. If d(w) = 1, the

desired conjugacy follows. If d(w) = 3, then either a3v = a3v ε, or a3v = b3v ε. In the first case
ε = 1 and we are done. In the second, av = bvη ε with η3 = 1. If η = 1, then diag(av, bv) is
conjugate to diag(av ε, bv ε), as desired. If η 6= 1 then diag(av, bv) = diag(bvη ε, bv) gives an
element of order 6 in the image of ρ in PGL(2,C). But there is no element of order 6 in S4,
so η = 1 after all.

In conclusion, diag(av, bv) is conjugate to diag(av ε, bv ε) for almost all places v of F . Hence
π is π(ρ), as asserted. �
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The representations ρ of icosahedral type, with image A5 in PGL(2,C), cannot be handled
by base change methods, since A5 is simple, has no nontrivial normal subgroup. Examples
of icosahedral type representations for F = Q that have entire L-series are given in [B78].
Recent study of icosahedral type totally odd representations for totally real base fields can
be found in [PS, Théorème 0.3], where previous work in this direction is surveyed.

4.3. Automorphy of a 3-dimensional Galois representation? The finite subgroups of
PGL(3,C) that are neither reducible (contained in a proper Levi subgroup) nor imprimitive
(monomial), nor simple, are listed as 1′), 2′), 3′) in [F3, end of section 3] – corresponding
to types (E), (F), (G) of [F3, section 2]. They are V : C4, V : Q, V : SL(2, 3), where
the notation means that V is a normal subgroup and the group after : is its complement
(a subgroup with trivial intersection with V ). Here C4 is a cyclic group ' Z/4, Q the
quaternion group of order 8, V = Z/3× Z/3 (= A/Z where Z is the center of SL(3,C) and
A is a nonabelian subgroup of order 27 = 33 in SL(3,C), generated by a = diag(1, ω, ω2) and

b =
(

0 1 0
0 0 1
1 0 0

)
; the commutator of a and b generates Z = 〈ωI3〉, ω is a primitive 3rd root of

1 in C, I3 the identity in SL(3,C). We consider here only the group V : C4. Thus consider
a number field F , a Galois extension K of F , a continuous 3-dimensional representation
ρ : W (K/F ) → GL(3,C) of the Weil group W (K/F ), and construct the representation
π(ρ) = ⊗vπ(ρv) at almost all places by ρv(Frv)∼ = t(πv)∼. Then our question is whether
there exists an automorphic representation π – necessarily unique – that is isomorphic (at
almost all v) to π(ρ), if Im ρ′ = ρ′(W (K/F )) is V : C4 in PGL(3,C), where ρ′ is the
composition of ρ with the projection GL(3,C)� PGL(3,C). We construct here π.

Let E denote the cyclic of order 4 field extension of F defined by the normal subgroup V of
V : C4, thus ρ′(W (K/E)) = V . Note that V = Z/3× Z/3 ↪→ PGL(3,C) via (x, y) 7→ axby.
The restriction ρE of ρ to W (K/E) is then of monomial type (the image of W (K/E) in
PGL(3,C) is a monomial group of 32 elements), so πE = π(ρE) exists as an automorphic
representation of GL(3,AE). Let u be a representative of a generator τ of Gal(E/F ) = C4 =
Z/4 in W (K/F ), define ρτE(w) = ρE(uwu−1) (w ∈ W (K/E)). Then πτE is π(ρτE), and πτE '
πE since ρτE = ρ(u)◦ρE ◦ρ(u)−1 is equivalent to ρE. By the theory of base change, πE is then
a lifting of an automorphic representation π of GL(3,AF ). Put ωρ = det ρ. Then ωρ and the
central character ωπ of π restrict to the same character of NE/F (A×E/E×) = F×NE/FA×E/F×.
Hence there is a character ε of A×F/F×NE/FA×E = C4 with ωρ = ε3 ωπ, so ωρ = ωπ ε. Replace
π by π ε to have ωρ = ωπ. This defines π uniquely, and π base change lifts to π(ρE). If
an automorphic representation (equivalent almost everywhere to) π(ρ) exists, it must be π,
since each of π(ρ) and π E/F -base change to the same automorphic πE, and their central
characters are the same. The following then is natural.

Conjecture 4.5. The automorphic π is π(ρ).

Namely we conjecture that t(πv)∼ is ρv(Frv)∼ for almost all v. We know this for places v
that split in E/F . We only know that the 4th powers are equal when v stays prime in E. To
show this in the analogous 2-dimensional situation of GL(2,C), additional information was
used: the existence of the symmetric square lifting in the tetrahedral case, or the non-Galois
cubic base change result in the octahedral case. None are available in our 3-dimensional
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case, but we hope stating the conjecture would stimulate supporting work. Once proven,
from Chebotarev density theorem it would follow that πv is πv(ρv) for all v.
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Paris 292 (1981), 567-579.
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[L80] R. P. Langlands, Base change for GL(2). Annals of Math. Study 96 (1980).
[LW12] G. J. Leuschke, R. Wiegand, Cohen-Macaulay Representations. AMS, 2012.
[LS98] M. W. Liebeck, G. M. Seitz, On the subgroup structure of classical groups. Invent. Math. 134 (1998),
427-453.

[MBD16] G. A. Miller, H. F. Blichfeldt, L. E. Dickson, Theory and Applications of Finite Groups. Dover,
New-York, 1916.

[PS] Vincent Pilloni et Benoı̂t Stroh, Superconvergence, ramification et modularité. Astérisque 382 (2016),
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