COUNTING LOCAL SYSTEMS WITH WILD MONODROMY
YUVAL Z. FLICKER

ABSTRACT. Let X; be a smooth projective absolutely irreducible curve over F, of genus
g, SP, S¥ and St disjoint reduced divisors consisting of NP > 2, N¥ > 0, N{ > 0 closed
points of Xy, Sy = SP U S U St; suppressing the index 1 indicates an extension of scalars
from F, to an algebraic closure IF of IF, replacing it by m indicates an extension of scalars to
F,m(C F). We count the number of equivalence classes of Q,-smooth sheaves of rank n > 2
on X — 8, fixed by the Frobenius, with principal unipotent monodromy at each s € SP,
monodromy with a fixed Artin conductor c¢s > n at each s € S*, and conductor 1 < c¢; < n
at each s € S*. We use the Galois-Automorphic dictionary to reduce the count to that of
automorphic representations on GL(n); the inner-forms correspondence to reduce further
to a question on division algebras where the trace formula simplifies — thus the assumption
that N is > 2 (and even, or n odd) amounts to using a trace formula reminiscent of the
“simple” one; and new pseudo-coefficients for generic irreducible admissible representations
with a fixed conductor, of independent interest. If there is s € S7, with ¢; > n, the elliptic
regular terms in the trace formula are 0, in contrast to the tame case considered at [DF13].
En hors-d’ceuvre, we also compute the number when n = 1 by elementary means. This
suggests how to reduce the exceptional case S{' empty and ¢, < n for all v, to [DF13].
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1. INTRODUCTION

Consider a smooth projective geometrically irreducible curve X; of genus g over a finite
field F, . Let F; = k(X;) denote its field of rational functions, |X;| its set of closed points,
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that we identify with the set of places of F}. Let F be an algebraic closure of F,; it is the
union, thus @m Fym, of the degree m extensions Fym of F, in F. Put F,,, = F;®p, F,m for the
field of rational functions on X,, = X| ®p, Fym. Then F; ®p, F is the field k(X) of rational
functions on X = X; ®p, F, the base change of X; to F. If F|" is the maximal unramified
extension of F} in a fixed algebraic closure F; of Fy containing F, then Gal(F\/F}) is
an extension of Gal(k(X)/k(X;)) ~ Gal(F/F,) ~ Z by m(X,0) ~ Gal(F\"/k(X)), the
fundamental group based at the geometric point o : SpecF — X.

Fix a finite set C of rational positive integers ¢ > 0. Let SP, S¥! be disjoint reduced
effective divisors on X7, thus disjoint finite subsets of | X;|. Choose a surjection ¢ : S** — C
onto C, u(s) = ¢s € C. Put S§ = {s € S}'; ¢; = ¢} for the fiber of ¢+ at ¢, SI* = UespnSK,
St = Ui<c<,S§. Then Sy = Sy U Si. Put Sy = SP U St Write S, for S} ®p, Fym and S*
for S} ®r, F, where * is ¢, w, t, wt, D, etc. Write N, = |S} | for the cardinality of S},, and
N* = |S*| for that of S*. The superscripts w and ¢ in S* and S* hint (only) at “wild” and
“tame”.

Fix a prime ¢ not dividing q. The pullback by the Frobenius endomorphism Fr of X
defines a permutation Fr* of the set of isomorphism classes of rank n irreducible Q,-smooth
sheaves on X — S. These are the “local systems” of the title, see [DF13, section 1.1] for
elaboration. It maps to itself the subset E,(X — S, 5P S%t C, 1) of those classes for which
the local monodromy at each s € S? is principal unipotent (thus with a single Jordan block),
such that the Artin conductor at each s € S is ¢4, ¢s > n, where ¢s depends only on the
Fr*-orbit of s, and such that the Artin conductor at each s € Stis ¢s, 1 < ¢ < n.

Let T = Ty(Xy, SP, S¥t, C, 1,n,m) = Ty(Xy,SP,S¥, St n,m, (cs; s € SP LU SE)) be the
number of fixed points of Fr*™ acting on this subset. We omit m from the notation of T
if m = 1, and usually also the fixed X;, n. We compute T' assuming n > 2 is odd or NP
is even (thus (=)' =D = 1) and NP > 2, N* + N! > 1, 50 ¢, > n for all s € S¥ and
1 <c¢s <nforall s € St The case of n > 2, odd NlD > 2, should be reducible to that
as in [F2], using the trace formula, on working with a division algebra D whose localization
D, stays a division algebra for all s € SP — {w} for some place w € SP, D is split outside
SP — {w}, and using a pseudo-coefficient of a Steinberg representation up to an F,-twist at
w, inspired by [DF13, section 5|, which uses masses of categories techniques.

As in [DF13] we use the Galois-automorphic dictionary to reduce the computation of T
to counting automorphic representations of GL(n), and the assumption NP > 2 to transfer
the computation to the multiplicative group of a division algebra, where the trace formula
in this compact quotient case is simpler, reminiscent of the “simple trace formula”, and so
easier to use, as in [F17]. In fact [DF13] and [F17] correspond to the case Ni* = 0 = Ni.

Our main technical result, the computation of the number of the automorphic representa-
tions of a?\ GL(n,A), A = Ap,, up to twisting by a character of the quotient Z of GL(n, A)
via degodet, unramified outside S;, Steinberg up to an unramified twist at SP, of fixed
conductor ¢, > n at S and 1 < ¢, < n at St (the sum of N{* = |S¥| and N} = |Si| is
> 0), stated as Theorem 5.1, is independent of the Galois-automorphic translation. So are
the rank one and pseudo-coefficients results. Here a is a fixed idele of degree 1.

The new idea is to use a novel “generic pseudo-coefficient” that detects generic admissible
local representations with a given conductor. It detects also components of non-generic
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representations that occur in the discrete-series non-cuspidal spectrum for GL(n), such as
the one-dimensional representations. Since N’ > 2, by our choice of test functions at v € SP
these discrete-series non-cuspidal representations do not appear in the trace formula that we
consider, except for one-dimensional representations.

Our result looks rather different than that of [DF13] when N > 0 so there is a place v
with conductor ¢(m,) > n, as the use of the generic pseudo-coefficient kills all elliptic orbital
integrals. Only the contribution from the identity element remains in the geometric side of
the trace formula, as in Kottwitz” reduction of the computation of the Tamagawa number of
a reductive group over a number field to that of its quasisplit inner form, a case reduced by
King Lai to Langlands’ computation in the split case. However, when 1 < ¢, < n for all v,
the number we compute reduces to that computed in [DF13], where S{** = S LI St is empty.

As noted above, we deal here only with the case where NP is even or n > 2 is odd. The
case NP > 3 is odd should reduce to this case as in [F2] or [DF13, section 5]. Put g, = q4°&(*),

The zeta function of X} over F is (X1, t) = [], det(1—t-Frob; H/(X))D"™"" = #ﬁt)ﬂﬁ)'
Here hy (1) = 3 gc;cp, ait’ = det(1 —t - Frob; H'(X)) = [[,(1 — at), a; € Z, is a polynomial
of degree 2g over Z satisfying the functional equation hy(1/qt) = ¢ 9t *hy(t), or agy—; =
¢*"‘a;, where g = genus(X;). The Picard number of X; over F, is hy = hy(1). Note that
ap = h;(0) = det(1; H'(X)) is 1. The complex absolute values of the 2¢g algebraic numbers
a are ¢'/2. These o can be labeled so that Qgpi =04 = qa; . Assume (¢,q) = 1.

Theorem 1.1. If NP > 2, NP > 150 S¥ = {s;cs >n} #0, St = {s;1 < ¢, < n},
and m = 1, the number T;(X,,SP,S¥:n, C, 1) is hl[ - times [ [ .cc HSGSC = HSES}”LIS{ I,
where

SESD (QS 1)
H hl i _ 1) )
1<j<n q
Is = [s(csv(.Is) I8 Zogk<cs(_1)k(2)qg(cs )<qg - 1) + <_ )Cs( S) ZfS S S where 1 S Cs S n;

I, = I(cs, qs) is qg(csfnfl)(q? — 1) when s € S, where ¢, > n.

w gt D acgt Cs n S olse] n STl
d(n) =0(n,Sy,S7; C, 1) for (—1)7=c H (c) = (—1)%ccli H <C) ‘

seswt s

It is zero if ¢cs > n, namely Sy # (). When N = 0, thus S{° is empty, Ni > 1, thus all
cs # 0 are < n, the number Tg(X SP Sw Stin, Cu) is

hl]D HI —8(n) | +hi(6(n) — d(n — 1)) + 6(n)(—1)NT=D(SP).

sest

We are assuming that NP > 2 is even, or n > 2 is odd, so the factor (—1)M (=1 i 1.
By T'(SP) we mean the T'(X1, Sy, n) of [DF13, Theorem 2.3] (with S; replaced by our SP),
or T of [F17, Theorem 1.1] with N equal our N’ = |SP|. This is the case where our S and
St are empty. It is an integral multiple of h; ([DF13, Theorem 6.18]). I” is an integer as
=|SP|is > 2. I,/(¢" — 1) is an integer for s € S*, where ¢, > n, and N > 1.
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If n =1then I, = ¢ *(qs — 1)*if ¢, 2 2, I, = ¢, —2 and 3¢ = [S] if ¢, = 1,
as in Theorem 2.1 below. Theorem 2.1 computes the number of characters of A*/aZF*
with specified ramification ¢; > 1, s € S;. The form Theorem 2.1 takes suggests the form
Theorem 1.1 has in the exceptional case of ¢; < n for all S;. We give three (short) proofs of
Theorem 2.1: computing the cardinality of the characters y with conductor ¢(xs) < ¢s and
using the inclusion-exclusion principle to count those with ¢(xs) = ¢s, analogous approach
based on the trace formula for GL(1), and the trace formula at test functions embodying
this principle locally. The third approach is here developed for all n > 2 using the trace
formula.

The variation with m is discussed in section 7. In particular, our very explicit formula, as
in [DF13, Corollary 6.8], implies

Corollary 1.2. When (X1, SP)/F, is replaced by (X, SE)/Fym, the factor I7, as a func-
tion of m € Z>y, has the form Y, nyy;* where ny, € Z and each 7y, is a q- Weil number, the
product of a root of unity and a monomial in q and the eigenvalues of the action of Frob on

H'(X).

A new approach of Deligne to show this property of the tame factor I” is in section 7.

In the case of tame ramification an analogous claim is discussed in [F'1] in rank two, and by
Hongjie Yu [Yu] in general rank, relating the number of points on a coarse moduli space of
certain Higgs bundles with a truncated trace formula, using a suitable pseudo coefficient in
the tame case. We believe this technique applies in our wild case with our pseudo coefficient,
and hope to use it in a subsequent work to remove the restriction | N?| > 2, and show that
Corollary 1.2 applies to T, of the Theorem, not only its tame part I7.

Corollary 1.3. The number T, computed in the theorem is independent of the prime (.

It depends on q, on X; (via hy), on S¥, S, SP, q, = q%, c,, but not on the relative
position of SP, S¥, St in Xy, that is, if SP, S, St are replaced by §1D, A{”, §f with
(gs,cs; s € ST) = (gs,¢5; 8 € g’f), x =w, t, D, the result does not change.

As a function of ¢ — oo, the leading term of h;(¢’) in ¢ is ¢*%*9, of hy = hy(1) is ¢. So
Corollary 1.4. The leading term in ¢ — oo of T s q to the power
n(n—1
(g—1)n® + %wﬂ +n) s, 1SP] =) deg(s),

ceC sGSlD
Zcec C|SC| = ZCEC CZSGSf deg<5) = ZSES?MS’{ deg(s)cs,

Indeed, (g — 1)n? is g plus
D (@i+0g-2)—-n= > Z+g-1)-1=(@-Dn -1)-1
1<j<n 1<j<n

The case considered here, where the conductor might be large, includes the case where
there are o, with positive Swan conductor, or depth — representation theoretically, so we use
the word wild. The tame case requires other techniques, see [F24], [FO23], [F1].
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In [F24] we compute the cardinality of a similar set of equivalence classes, invariant under
the Frobenius action, of Q,-smooth sheaves with fixed tame monodromy of principal series
(PS) or discrete series (DS) type, under compatibility and general position assumptions,
introduced by Deligne [D15]. Here we only put constraints on the monodromy, such as to
have conductor c,. In [F24] we expect a dominant term ¢?, where d is half the dimension of
a related complex space of moduli, which is complex symplectic. It is not so here. In [FOQ?)]
we permit in addition one point of principal unipotent monodromy. Both [F24], [FO23] are
in rank two and use the explicit trace formula as in [F15]. In [F1] we use the much simpler,
compact quotient trace formula to study the case where in addition to PS and DS types
tame ramification, at least at two points there is principal unipotent monodromy. This most
likely can be done in any rank, using the anisotropic trace formula, as here.

Ezxample 1.1. To appreciate the general results here we examine now a special case that can
be compared with geometric, direct computations. Thus we consider here the projective line
X =P! over F,, the set S = {0, 1, co} of three rational points on X, thus ¢, = ¢ for s € S,
and an irreducible two (n = 2) dimensional ¢-adic representation o of the fundamental group
m (X — S, 0). Denote by o, the restriction of ¢ to the decomposition group Ds.

In the notation of Theorem 1.1, suppose S = {0, 1}, S* =0, S* = {0}, ¢s = 1 at s = o0,
n=2 Thenhy =1, Ip =11, =3, (?-1)—2=¢*-3,02) = (-1 (}) = -2,

[Lies: Is = 0(2) = ¢ —1,0(1) = -1, 6(2) — (1) = —1, T(SP) = 0. Hence Theorem 1.1

qfl

implies that T' = —11is 0, so there are no irreducible rank 2 local systems with principal

unipotent monodromy (twisted, that is: multiplied by a quadratic character «) at 0, 1, and
Artin conductor ¢y, = 1 at s = 00, as is explained geometrically below.

If however ¢, = 2 (SP? = {0, 1}, S* = 0, S* = {oo}, n = 2) then again h; = 1,
Ip =1, and I is ¢*(¢* — 1) (term of k = 0), plus —2(¢?> — 1) (term of k = 1), plus 1,
thus Io = (* = 2)(¢> = 1)+ 1; §(2) = 1, 6(1) = 0; I« — 6(2) = (¢*> — 2)(¢> — 1), so that

T = Mleequalsq — 1.

If ¢y is ¢ > n, then I, = ¢"™ D(g" — )" I /(" — 1) = ¢"“ " D(g" —1)” and so
when n =2 (T(SP) =0) we have T =q*3(g? - 1)% So T = (¢*> — 1)? when co, = 3.

Note that for all s € |X| — S, o4 is unramified: the inertia subgroup I, acts trivially
on the space V of o, i.e., V = V% where V!s abbreviates V?s). In this case the Artin
conductor a(c,) = dim(V/V’) + Sw(o,) is zero. If a(os) = 1 then dim V% = 1, and o, may
(1) have unipotent monodromy, or be (2) semisimple regular: a direct sum of two distinct
tame characters (15, €25), thus of OX/(1+ w;0;), of principle series PS type (the Frobenius
does not permute them), and one of them, say es5, be 1, to have conductor 1. The case
where o is discrete series DS type: (n,,7,), s a character of Oy /(1 + @,Og,), that the
Frobenius permutes, has conductor 2.

Now a general question is to find rigid cases, where local monodromy determines global
monodromy.

For example, there is no irreducible rank 2 local system on X = P! — S, S = {0, 1, oo}
where the three points are of degree one, with Artin conductor ¢, equals 1 at 0, 1, co. A
geometric way to see this is as follows. This is a tame case, so it suffices to check over C,
where — as we are in rank 2 — this follows from the theory of hypergeometric functions. At
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each s = 0, 1, co we have two eigenvalues a, 3, one of which, say S, is 1 as dim Vs is 1.
As Hse{o,Loo} det, = 1, we have agaias = 1, a reducible case.

Our way to see this uses our counting: By [DF13, Corollary 6.19(ii), p. 968, 1. 3], and [F17,
p. 142, 1. 13-14], there are no irreducible two-dimensional representations o of m (X — S, 0)
with nontrivial unipotent monodromy at each s € S, o : SpecF, — X — S a geometric point.
[In fact, these references show that when n =2, X =P!'so g =0, S C | X| is a set of closed
points s with degrees ds > 1 whose sum is 2 or 3, |S| > 2, thus the degrees (ds, s € S) are
(1,1), (1,2) or (1,1,1), there are no such o. By [F15, Theorem 3.1], there are no irreducible
two-dimensional representations o of (X, 0), X = P!, thus S = ). By [F15, Theorem 4.1],
there are no irreducible two-dimensional representations o of m (X — S,0), X = P!, with
unipotent monodromy at S = {s}, if s is a closed point of degree d < 3, but there are g such
o when d = 4. This reproves [DF13, Proposition 7.1].]

Thus there are no cuspidal automorphic representations of aZ\ GL(2, A) with special com-
ponents at all s € S, unramified elsewhere; A is the ring of adeles of the function field
F =Fk(X) (F,(t) in our case of X =P*'), a is a fixed idele of degree 1.

According to [F24, Example 2, p. 780, l. 10], the number of o with o5 = £15 @ eas,
s € {0, 1, oo}, €15 # €95, is 1, but none if ey is 1.

If 0. is principal unipotent, and oy, o, are determined by &1, # &a,, thus |SP| = 1,
ISV = 2 in the notation of [FO23], then X (q) = (¢ + 1)?, X(—=1) = 0, X(1) = 4 in the
notation of [FO23, Theorm 2.1], so s; + s5 + s4 there is

(q+1)2 4 g+1—2
— = =1.
(¢+1(qg—1) 2(¢-1) q¢-1
As hy = 1, there is a unique two dimensional irreducible representation of 7 (P* — {0, 1, 00})
with local components oy, o1, but none for which €93 =1 and €, €11 = 1.

As in the second paragraph in this Example, there are no irreducible o with [S?| = 2 and

Coo = 1 at a third place oo € P — SP.

Let us return to the case of the third paragraph in this example. That is, let us count
geometrically the Gal(F /F,)-invariant isomorphism classes of irreducible ¢-adic rank two local
systems on X = P! — 5, S = {0, 1, oo}, over the algebraic closure F of F,, with principal
unipotent local monodromy (twisted by a quadratic character ay) at s € SP = {0, 1}, and
Artin conductor two at co. There are two cases.

Tame cases: At oo the local representation is (“regular”:) the sum of two distinct charac-
ters ., ! (as the central character is 1) of Z(1) (as it is “tame”). Thus a? # 1.

Or the local representation is «-(principal unipotent), where the square of « is one.

And we have the condition of stability of {a, a~'} under z — 2.

When ¢ is odd, a = o, a # 1 and not of order two on Fy, up to a a~ !, gives
w = ‘15—3 pairs {a, a™1}; plus one a-(principal unipotent) (o # 1 = o? on 2(1); a#1
as there are no local systems with principal unipotent monodromy at three places by [DF13,
Corollary 6.19(ii), p. 968, (. 3]).

When o # o4 then o = a™!, so a4t = 1, a # 1, not of order two, up to a ~ a~! = a4,
we have % = (1;_1 possibilities, giving a total of ¢ — 1 local representations.

When ¢ is even a similar computation gives q;22 +4=q-1
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Wild cases: 0 equals 1 plus a wild one dimensional character, with Swan conductor
Sw(0s) = 1. These latter are characters of F,, nontrivial. This gives ¢ — 1 possible local
data at co. For ¢ prime, the ¢ — 1 local data at oo are conjugate under Gal(Q,/Qy), hence
must give the same contribution. Expecting this to hold for all ¢, it is to be expected from
our count of ¢> — 1 (for co, = 2), that it is ¢* =1 = (¢ — 1) + (¢ — 1)g (the first ¢ — 1 is
for the tame case, the second ¢ — 1 is the expected number of wild cases, each coming with
multiplicity q).

In the case of the 4th paragraph in this Example: ¢ = cc = 3 > n = 2, Deligne checked
that our result: 7' = (¢> — 1)?, is the same as what follows from his geometric expectations.

To drop the requirement that the central character is 1, we now consider SL(2), rather
than GL(2), and note that there is a cuspidal automorphic representations of SL(2, A) with
special components at all s € S, unramified elsewhere, namely irreducible two-dimensional
representations o of 7(X — S,0) into the Langlands dual group *SL(2) = PGL(2,C) of
SL(2), with nontrivial unipotent monodromy at each s € S; or of GL(2, A), with a component
special tensored with ¢, o det, €, a character of order two of F .

This is suggested by the existence of three nontrivial unipotent matrices: Ag, A;, As in
SL(2, C) whose product is —I. We take them to fix different lines, spanned by the columns
lo=(})and &1 = (9). Wefix Ag = (}}), A1 = (L9). Then A, = —(4p4;)"' = (‘c1 712720).
Now A is unipotent iff ¢ = —2. For this ¢, A fixes the line spanned by (o, = (1).

The same calculation shows there are no three nontrivial unipotent matrices: Aj, Al,
A’ in SL(2,C), fixing different lines, whose product is I. This is compatible with [DF13,
Corollary 6.19(ii), p. 968, 1. 3|, and [F17, p. 142, 1. 13-14], mentioned above.

We get a rank two local system on P! — S with nontrivial unipotent monodromy at 0 and
1, and monodromy with a single Jordan block and eigenvalue —1 at oc.

This local system can be obtained from the universal Tate module of the Legendre family
of elliptic curves on P* — {0, 1, oo} defined by y? = z(z — 1)(z — ), A € P! — {0, 1, oo}.

Question 1.5. (1) Obtain the computation using the mass of categories technique of [DF13,
section 4], rather than using the trace formula as in [F17].

(2) In the case n = 2 use the explicit trace formula of [F14] to compute T, especially with
NP equals 0 and 1, as in [F15].

(3) Extend the results to the case of n > 2, odd NP > 2, as in [F2] using the trace formula,
or [DF13, section 5] using masses of categories techniques, on working with a division algebra
D whose localization D stays a division algebra for all s € SP —{w} for some place w € SP,
D is split outside SP — {w}, and using a pseudo-coefficient of a Steinberg representation up
to an [Fy-twist at w.

(4) Compute the trace at the generic pseudo-coefficient of the discrete series non generic
(Speh) representations.

(5) Extend Corollary 1.2 to establish geometricity of the cardinality Ty of Theorem 1.1, not
only its tame part IP, also without assuming |[NP| > 2, on using the coarse moduli space
used by Hongjie Yu [Yu] in the analogous tame case but using instead our pseudo coefficient
in the wild case.
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In the representation theoretic sections 2, 4, 5, we consider only m = 1, so erase the
subscript 1 from X7, S, etc.

The proof of the theorem is based on translating Galois to automorphic representations.
The translation preserves local conductors, thus if ¢ — 7, then Artin(o,) = ¢(m,). Here
Artin(o,) is the Artin conductor of the Galois representation o,. The conductor of the
generic irreducible admissible representation m, of GL(n, F,) is denoted by c¢(m,). It is
defined by [JPS81], see also [J12], [M13], and section 4 below. It is an integer > 0, = 0 iff 7,
is unramified. Here we used the representation theoretic notation v instead of the geometric
s, for a place in S}" U S%. There are related notions as follows.

The restriction o, of the Galois representation o to the decomposition group at the place
v € [X] is called unramified if its restriction to the inertia subgroup I, (= m1(X(,,7) in the
notation of [D15, section 2]) acts trivially. It is tamely ramified if its restriction to the wild
ramification subgroup — the maximal pro-p subgroup — P, of I, is_ trivial. Otherwise o, is
called wild. The quotient of I, by P, is Z(1), by which we mean Z* (1)(k) = @Mm(k), m
ranges over the positive integers prime to p, i, (k) indicated the group of mth roots of 1 in
the algebraic closed field %, and £ is taken to be the algebraic closure F of I,. Then Z(l)
is ~ lim ., projective limit with respect to the norm maps between the finite fields Fyn.
The Galois representation o is wild at v if the Swan conductor of o, is positive. The Swan
conductor Sw(o,) of a Galois representation o, measures the wildness of o,. It is an integer
> 0. It is related to the Artin conductor by Artin(c,) = dim(V/V 7)) + Sw(o,), where V
is the space of o, I, is the inertia subgroup, and V?*U*) the subspace fixed by the inertia
subgroup. The Artin conductor is additive, see, e.g., [GR10, p. 436, 1. 3].

The depth, d(m,), of an irreducible admissible representation 7, of GL(n, F,), defined by
A. Moy and G. Prasad [MP94], [MP96], is defined as follows. In this paragraph (only)
let G be the group of F,-points of a connected reductive algebraic group defined over F,.
Let B = B(G) be the Bruhat-Tits building attached to G. For any point = € B let G,
be the parahoric subgroup of G associated to x. Moy and Prasad defined a decreasing
filtration {G,,} of G, indexed by the non-negative real number r (see [MP96, section 3]).
Put G, ,+ = Us>rGy 5. The depth d(m,) of an irreducible admissible representation (m,, V')
of G is the smallest non-negative number r such that the space V% + is nontrivial for
some x € B. According to [MP96, Theorem 5.2], if m, is a subquotient of the induced
IS (7 X - -+ X Tpy) from myp, X - -+ X T, on the Levi factor M (F,) of a parabolic P(F,), then
d(my) = d(m1y X+ -+ X Tgy).

When 7, is cuspidal, o, is irreducible, ¢(m,) = Artin(o,), and Sw(o,) = Artin(o,) — n is
c(my) —n = nd(m,) > 0. When E,/F, is an unramified field extension of degree n, and o, is
induced, from a character not fixed by Gal(F,/F,) on the Weil group W(E,/E,) = E), to
the relative Weil group W (E,/F,) (an extension of Gal(E,/F,) = Z/n by W(E,/E,)), then
0, is tame irreducible, with Swan conductor 0.

When 7, is essentially square integrable (e.s.i.), the Galois representation, or the Q-
smooth sheaf, o,, associated with 7, by the local Langlands correspondence, is indecompos-
able. Conversely, an indecomposable o, corresponds to an e.s.i. m,. In this case it is known
(see Lansky and Raghuram [LRO03]) that Sw(o,) = nd(m,), and d(m,) = max(@, 0).
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When 7, is generic it is induced I(my, X - -+ X 7y, ) (parabolically, normalized induction)
from e.s.i. mj,, and it corresponds to oy, @ - - - @ oy, Where the o, are indecomposable, of
dimension n; if the 7;, are representations of GL(n;, F;,). Then

c(my) = c(I(m1y X -+ X Thy)) = Artin(oy, @ -+ O 0pp) = Z Artin(o;,) = Z c(mjy).

1<j<k 1<5<k
The 3rd = is the additivity of the Artin conductor.

2. RANK ONE APPETIZER

Let us consider first the case of n = 1, thus GL(1) = G,,. It is a good indicator for the
general case n > 2. Thus we wish to count the number of characters of AX/aZF X with
specified conductors c,. As above, F' is the function field of a smooth projective absolutely
irreducible curve X over F,, A the ring of adeles of F', A* the group of ideles, a is an idele
of degree 1, and O =[], OF where O is the group of units in the ring of integers O, of
the completion F, of F' at the place v of F', or closed point of X in |X|. We shall say the
character x, is unramified if its value on O} is 1, and that it has conductor ¢, = ¢(x,) > 0
if it is ramified and ¢, > 1 is the smallest integer such that x, is 1 on 1 + w{*O, where w,
is a generator of the maximal ideal m, in O,. Noting that F'* N a”O} equals [, denoting

the cardinality |(Pic® X)(F,)| of the Picard group by hy, using the exact sequence
1= F = OFf = A*/F*a” — (Pic’ X)(F,) — 1,

we see that the volume |[AX/a?F*| is hy|O]|/(q — 1), or the cardinality |A*/a”Of F*|is h;.
Hence the number of nowhere ramified characters of A* /aZF* is h;.

Theorem 2.1. Let S be a nonempty reduced divisor on the curve X over F,, namely a finite
subset of the set | X| of closed points of X/F,, or places of F. Fix positive integers c,, v € S.
Put I, =q¢* *(q,—1)*ifveS*={vesS;c,>1}, I, =q,—2 ifveS' ={veS;c =1}
The number of characters of A*/aZF>* unramified outside S with conductor c,, v € S, is

q}i—ll ves Lo if SY is not empty. It is q’i—ll[Hves I, — (=) + (=1)1¥lhy when S is empty.

When S is empty we saw above that the number of everywhere unramified characters of
AX/a”F* is hy = |A*/a®F*O|. The denominator ¢ — 1 appears only when S # (.
The local factors I, here are the same as in Theorem 1.1 at n = 1.

Proof. Consider first the number of characters with ramification (= conductor) < ¢, at each
v € S. This number is equal to the cardinality of the group

A" JTox - T +me)< - F~.
véS veES
Here (14+m&)* is OX if ¢, = 0. This is an extension of Pic’(X)(F,) = AX/aZ‘HvaX\ Oy F*,
of cardinality hy, by (J],cq Oy /(1+mg)*)/FX; here F¢ acts freely when S # (). This shows
there are q}i—ll [1,cs 95 (go — 1) characters with conductor < ¢, for all v € S when S is not

empty (there are h; characters if S is empty).
To find the number of characters with exact conductor ¢, at v € S we use the inclusion-
exclusion principle to remove the characters where for some v the conductor is < ¢, — 1,
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then add back those removed twice, etc. Thus we take the alternating sum of the number
of characters, some conductors < ¢,, some < ¢, — 1, where each of these numbers is given
by the same formula, with some ¢, replaced by ¢, — 1, except when all the ¢, are 1, and all
are replaced by ¢, — 1, in which case the number of unramified characters is hy, and not the
mass hy /(¢ —1).

This is why the case “at least one ¢, is > 27 is simpler: we get q}i—ll times

DML @ e = 1 [T (0(e0 = 2)g5 (g0 = 1) + (e, = 1)),

TCS veS-T veT

(here 6(Y') is 1 if Y holds, 0 if not) which is the product (*):
[I,esl(factor for ¢,) - (factor for ¢, — 1, = 1 if ¢, = 1)]. Each factor in this product is I,,
S g — 1) — g0 2(g — 1) = g0 (g — 1) if ey > 2, g, — 2 if ¢ = 1.

When ¢, =1 for all v € S, the term in the sum over T corresponding to 7' = S is h; and
not hy/(q — 1) as appears in the product (*). Removing it from this product, and adding it
back, we get the formula of the theorem.

Let us obtain the theorem using the trace formula 7 trx(f) = [G(A)/a”G(F)| 3, f(v)

for G = GL(1). The sum on the left is over the characters y of G(A)/a’G(F) = A* /aZF*,
that on the right over v € a?F*, and the test function is smooth and compactly supported.

We take f = Quejx|fo with f, = f) = fv , the characteristic function of O for all v ¢ S,

and for v € S we take f, = {ev) , the characteristic function char(1+m¢) of 1 +m¢, divided
by the volume of 1 + mf, so fv is ¢» g, — 1) =0 /(1 +m)| times char(1 + m¢). The
volume in front of the rlght side is the quotient of hy = |[A* /a” F* O} | by q—1, the cardinality
of F} = Of Nna”F*, since the sequence 1 — F* — Of — AX/aZFX — AX/aZFXOX — 1is
exact. Recall that ¢(x,) is the conductor of a character X, the smallest integer ¢ > 0 such
that x, is 1 on (1+m$)*, = O when ¢ = 0. Then tr y,( Y is 1if e(xy) < ¢, 0 otherwise.

For our f, the left 51de of the trace formula is then the number of x with ¢(x,) < ¢, for
all v € S. The sum > f(7) on the right is ¢ — 1 if S is empty, then the right side is hy. It
is f(e) = [1,(g (g — 1)d(c, > 1) +d(c, = 0)) if S is non-empty, as then 3~ f(7) reduces
to v = e. To count the x with ¢(x,) = ¢, for all v € S we subtract the number of x with
c(xy) < ¢ for v € § — {w}, and ¢(x,) < ¢, — 1 for v = vy9. We add back the number
A(S,T) of x with ¢(xy) < ¢, forve S—T,and ¢(x,) < ¢, —lforveT, T CS,|T|=2.
Continuing we obtain >, ¢(—1)71A(S,T), except that when all ¢, = 1, A(S,S) is h; and

not '“ . When at least one ¢, is > 2 we get —L times
> IT e e 1) H(é(cv > 2)g5 (g, — 1) + d(e, = 1),
TCS veS-T veT

= [l esl(factor for ¢,) - (factor for ¢, — 1, = 1if ¢, = 1)]= [],cq Lo- However when ¢, = 1
for all v € S we get 4 [[[,cqlo — (=1 + (=1)1¥In,.

And here is another variant gf the proof, based on the trace formula. We use the test
function f(cv;vES) — fS,O . HUGS fzgcv)7 where fS,O — vas fg, 501}) — fqgcv) _ f&Cv—l)‘ Here f'LEC)
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X

is the constant measure supported on (1 + @wfO,)* of volume 1, namely the characteristic

function of this set divided by its Volume The value of the convolution operator XE,J' )( féc))
is 1if j <e¢,and 01if j > c. Hencex (fv féc_l)) islif j=c,and 0if j # c.

We are to count the number of characters x of A*/F *a” with conductors c(x,) equal 0
ifvgSande, ifveS. Thisis ) X( flevs “ES)) X ranges over the characters of A /aZF*.

By the trace formula for GL(1), this is ;% times } . FleviveS) (4) If there is ¢, > 2, the

sum reduces to v = 1. Indeed F* N Supp f (¢2;v€S) is the identity element if there is ¢, > 1.
The value fl)(e) = fl«)(e) — f@D(e) is g (1 — ¢;") — g " (1 — ;") = ¢ (1 — ;") if
¢, >1,and ¢,(1 —q;') —1=¢q, —2ifc, = 1.

But if ¢, = 1 for all v € S, the sum over v € F reduces only to Fy = F* N Oy. So

we express the test function f(=i¢9 when ¢, = 1 for all v € S, |S| > 1, as the sum of
¢1 = f50 ([T es( D Oy — (—1)I81), for which the sum over v € F* on the right side
of the trace formula reduces to v = e, and ¢ = (—1)!%f° for which that sum ranges over
. So applying the trace formula separately for ¢, and ¢, we get that > x(f C“’UGS)) =

Zx X(01) + 32 x(92) is 5 [[Ts((q0 — 1) = 1) = (1)1 + 7y (—1)%], as asserted. O
The third variant of the proof is that generalized to the higher rank case.

3. TRANSLATIONS

Assume [SP| > 2 and S¥ U S* is not empty. As in [DF13, 1.11], from the Galois-
automorphic correspondence we have
(i) There is a bijective correspondence between
(A1) isomorphism classes of rank n irreducible Q,-smooth sheaves on X — S, fixed by the
Frobenius, with principal unipotent monodromy at each s € SP, such that the Artin con-
ductor of the representation Vi of the Weil group W (X, — S1,0) at each s; € S’ is ¢5, > 1,
and c¢,, < n at each s; € St, and
(B1) classes modulo F -twisting (see [DF13, 1.10]) of cuspidal (irreducible) automorphic
representations m of GL(n, A) over Q,, unramified outside S;, such that for all s; € SP the
representation m, is of the form St ® x o det for an unramified character x : Fy, — @; , for
all s; € S} the representation 7, has conductor ¢;, > n, and ¢s, <n for all s; € S?.

(ii) The F,-twists of any 7 as in (B1) are all distinct.

Note that under the local Langlands correspondence e-factors are matching, hence the
Artin conductor of an n-dimensional irreducible Galois representation o, is equal to the
conductor of the corresponding generic cuspidal admissible representation m, = m,(0,) of
GL(n, F,), as defined by [JPS81, Théoreme, section 5], see section 4 below.

Let D be a division algebra over Fy of rank n, unramified (split) outside SP and such that
for each s; € SP the completion Dy, is a division algebra over F} 4. Such a division algebra
exists iff NP = |SP| > 2 is even, or n is odd. In fact if |SP| is even, take D to be defined
by equal number of invariants + and —+ at the s; € SP, and 0 at at all s; € ]Xﬂ —SP.If

= |SP| > 3 is odd, and n is odd, at three places in SP the invariants are W? "2—;1, %,
the others in SP are in pairs £ and —1, and 0 at all s; € |X;| — SP. If NP = |SP| > 3 is
odd, as explained in [F2] or [DF13, section 5], one may choose a place w in SP, consider the



12 YUVAL Z. FLICKER

division algebra attached in this paragraph to SP — {w}, and use at w a pseudo-coefficient
of the Steinberg representation up to F,-twists to reduce the case of an odd NP = |SP| >3
to that of even |SP — {w}| > 2.

Denote by D* the algebraic group over F} such that for any commutative Fj-algebra R
the group D*(R) of R-points of D* is the multiplicative group (D ®r R)* of D ®p R. The
group of Fi-points of D* is the multiplicative group of D.

The reduced norm defines a homomorphism denoted det of algebraic groups from D* to
the multiplicative group G,,; F,-twists of automorphic representations of D*(A) are defined

as for GL(n): if x : Z — Q, is a character of the ring Z of rational integers, it defines a

character y odegodet : D*(A) — @Z of D*(A), and a twist 7y = 7™ ® x of a representation
(we mean by this an irreducible one) 7 of D*(A) or GL(n,A). As in [DF13, 1.13], we shall
use the well-known

Fact. Suppose n > 2. There is a bijective correspondence, compatible with F -twists,
between:

(A2) cuspidal automorphic representations 7 of GL(n,A) whose local components at each
s1 € SP are of the form St ® y o det where y is an unramified character F{%, — Q,, and
(B2) automorphic representations 7’ of D*(A) of dim > 1 whose local components at each
s1 € SP is one-dimensional of the form x o det for x an unramified character of F7, .

The representation 7 occurs with multiplicity one in the cuspidal spectrum of GL(n, A),
and 7" in that of D*(A), so we need not distinguish between 7 (or 7') and its equivalence
class. If 7 corresponds to 7', at each s; € S we have DY ~ GL(n, F,) and m,, ~ 7, .

The number of classes (Al) or (B1) is then equal to the number of classes modulo F,-
twisting of automorphic representations 7’ of D*(A) of dimension > 1 with local components
x o det, x unramified character of Flfsl, at each s; € SP; with local components at each
s; € S¥ of the fixed conductor ¢,, > n; at each s; € St of the conductor ¢,, < n; and
unramified outside S;. For such 7/, the F,-twists 7'y are all distinct.

So the number T'(X;,SP,S¥, St n; (csy;81 € SP LU SEH)) we wish to compute is also the
number, up to F,-twists, of the automorphic representations m of D*(A) such that (i) 7 is
unramified outside Si; (ii) for v in SP the local component 7, is of the form x o det for
an unramified character of F; (iii) the component 7, (v € S}’) has the chosen conductor
¢, > n; (iv) the component m, (v € St) has the conductor ¢, < n; (v) dimm > 1.

Note that as we intend to use next the trace formula on D*(A), we switched from the
arithmetic-geometric notation s; for closed points of X; to that of places v on Fj.

From now on we shall denote F} by F, until we study the variation to F,,.

We shall count these representations up to F,-twists. Let a € A* be an idele of F
of positive degree deg(a) > 0. View A* as the center of D*(A). Then deg(det(a)) =

deg(a™) = ndeg(a). If x is a character of the quotient Z of D*(A) 9 A% 9% Z then the
central character wy, of my is wry(a) = wq(a)x(ndeg(a)) at a, so any 7 has an F,-twist
7" with w(a) = 1. The «’ is not unique, we may twist it by a character of Z/n deg(a).
Hence T'(X,, SP, S¥, St n; (cy,; 81 € SP1LISY)) is the number of automorphic representations
of D*(A) satisfying (i)-(v) as well as (vi) wr(a) = 1, taken modulo F,-twists by a character

of Z/ndeg(a). These twists are distinct. Hence T'(X1, SP, S¥, St n; (csy;81 € S U SY)) is
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1/ndeg(a) times the number of automorphic representations of D*(A) satisfying (i)-(vi).
We may and will take a with degree 1.

4. PSEUDO-COEFFICIENTS

This section is used in the following sections but it is also of independent interest.
Let F' be a local non-Archimedean field with ring O of integers and generator w of the
maximal ideal m. Put ¢ = |O/m| for the residual cardinality.

Definition 4.1. The standard maximal compact subgroup K = G(O) of G = G(F), G =
GL(n), n > 2, has an open subgroup K., the c-conductor group, consisting of the g € K with
bottom row (0,...,0,1) mod @w¢, thus it is (way, ..., @1, 1 +wa,), a; € O, 1 < j <n.
Here c is a positive integer. We also put Ky = K.

Lemma 4.1. We have [K : K,] = ¢©“™V"(¢" — 1), 0 < c € Z.

Proof. Put R, = O/w*O. The group GL(n, R,) acts on the column space R" by g-e = g~ te
(multiplication by transpose-inverse of g). The group K. is the inverse image under G(Q) —
G(R.) of the (“mirabolic”) subgroup of GL(n, R,) fixing the last element e,, in the standard
basis of the space R!. The orbit of e,, consists of the e in R? of the form e € R — (wR,)" =
Span{ei,...,e,} — Span{we, ..., we,}. The index is ¢°* — ¢l = ¢(=HD7(¢" —1). When
n =1and ¢ > 1 the cardinality of (O/(1+@°0))* = R.—wR.is ¢“— ¢+ =¢(¢g—1). O

Let (m, V) be an irreducible admissible representation of G over an algebraically closed
field of characteristic zero, e.g. C (or Q,). If C is an open subgroup of K put V¢ for the
space of C-fixed vectors in V.

To a generic 7, and an additive @Z -valued character 1) # 1 of F', there are associated an
L-factor L(s,m) = P.(¢*)"!, P, € Clz], Pr(0) = 1, and an e-factor (s, ,v) = e.(q~%, 1),
ex(,) = ~yat, v € C*, u € Z. Suppose the exponent of 1 is 0, namely the maximal ideal
on which ¢ is 1 is O. Then u = p(7) depends only on 7, and u(w) > 0.

Definition 4.2. Jacquet, Piatetski-Shapiro, Shalika [JPS81, Théoreme, section 5], see also
[J12], [M13], show that for each generic irreducible admissible 7 there is an integer ¢ > 0 such
that VX £ 0. The least such c is named the conductor c(r) of . It satisfies dim Vi =1,
It is equal to u(m). A generic 7 is unramified precisely when ¢(m) = 0. A nonzero vector in
VKKC(”) is called a newform of .

Reeder [R91, Theorem 1] showed that dim Ve is (C_C(;r)j”_l) if ¢ > ¢(m), 0 if not.

Write 7¢) for a generic 7 if the conductor of 7 is ¢(m). Fix a Haar measure on G.
Let f(© denote the characteristic function of K. divided by the volume |K.| of K.. Since
[Ko: K] =q"“V(g" — 1) if ¢ > 1, we have |K | ™! = ¢"(¢"V(¢" — 1)| Ko| "

The convolution operator 7(f(?)) projects the space V, of 7 to V.Xe. Hence trm(f(?)) is
(C_c(”)+"_l) if ¢ > c(nm), it is 0 if ¢ < ¢(m) (so it is (C_C(”H"—l) for all ¢, as (}) = 0if k& > n).

n—1 n—1

Theorem 4.2. The function

o) _ (o 1y " () — £(0) _ T\ fe—k)
=9+ >, (-1 ( )ff—f D (1)’“(k>f ‘

c— i
max(0,c—n)<j<c J 0<k<min(c,n)
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satisfies trm¢(f©) =1 and tr 7/ (f9) = 0 for j # c.
Thus ﬁc) is a generic pseudo-coefficient of the generic m with conductor c.

Proof. Define ]7(0) = fl + ZO§j<c a; fU) = £ + ZO<j§c ac_;f©9). Then by definition
of the f9 we have trrd(f@) = 0 for j > ¢, and trae(f@) = 1. For k (0 < k < ¢) we
then have trwe=*(f(9) = (*#* 1) + > o<j<k Qe—j (*77t=1). We want to find a; (0 < j < ¢)

n—1 n—1
such that trm*(f(©) = 0 for all k (0 < k < ¢). These are given by a; = (—1)77 (ij),
max(0, ¢ — n) < j < ¢ (otherwise a; = 0), namely a._; = (—1) (?) (0 < j < min(c,n)),

otherwise a.—; = 0. Here (7]‘) = % is 0 if 5 > n. For a fixed ¢ we obtain ¢

linear equations, for k = 1,...,¢, in the ¢ unknowns ag, aq,...,a.—1, that can be solved
inductively, in fact giving a unipotent matrix. For example, when ¢ = 3 we have: [k = 1:
(n:) +ay=0s0ay=—n|, [k=2 (Zﬂ) +a2(nf1) +a; =0s0a, =n(n—1)/2], [k =3:

(") + a2 (1) +ar(,") + a0 =00 ag = —n(n — 1)(n —2)/6 (= 0 if n = 2)]. Namely the
theorem follows from the well known identity:

Lemma. For all £ (0 < k < ¢) we have

SRETGI AR

0<j<min(k,n)

Proof. Note that the sum can be written as ranging over j > 0 or 0 < 5 < n. Write ¢ for
k+n—1, note that t > n. The number of subsets of {1,2,...,t} of size n—1 that contain all
numbers {1,...,n} is 0. Counting this set by the inclusion-exclusion principle we get: take
all (nfl) subsets of size n — 1. Then for each m € {1,2,...,n} subtract the (;:11) subsets
that do not include m. Then add back the doubly subtracted subsets. Then subtract the
triply subtracted subsets, etc.

Another proof is based on induction on n > 1 and t > n, using Pascal’s (Z) = (";1) + (Zj)
The induction hypothesis asserts the identity holds for n = N — 1 and allt > N — 1. It
clearly implies that the identity holds for all ¢ > N when n = N — 1. But we still need to

show it holds for all ¢t > N when n = N. O

Corollary 4.3. Let x be a character of F*. Denote by the same letter the one dimen-
sional representation x : g — x(detg) of G = G(F). If x|O* # 1 then the convolution

operator x(f9) is 0. If x|O* = 1 then trx(f9) = 1, and hence tr x(f9) = x(f9) =
ZOSkSmin(c,n)<_1)k(2)' This is zero if ¢ > n; it is Zogkgc(—l)k(@ = (—l)c("zl) if ¢ < n.

The last equality follows from Pascal’s identity (Z) = (";1) + (Zj) and telescoping.

It extends to ¢ > n as (Z) signifies 0 when k£ > n.
Proposition 4.4. The value of ) (e) = ZOSkSmin(c,n)(_l)k(;gL)|Kc_k|71 — when ¢ >n — is
n n(C—KkK— n n(c—n— n n
5 () ) = - 2
0<k<n

divided by |Ko|. If ¢ < n the value is > g p (—1)" (1) "V (g" — 1) + (=1)°(7), divided
by | Kol. )
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The sum over ¢, 0 < ¢ < n, of the last expression, is (¢" — 1)", divided by |Ko|.
We often normalize the measure on G, by |K,| = vol(K,) = 1, to simplify notation.

Ezxample 4.1. Compatibitity check: Suppose x us an unramified character of F'*, thus of
F*/O* and n = 2. Then trSt®@ y(fV) = 1, but tr I(xv!, yv'; f&) = 0 for all t € R where
v(z) = |z|, z € F*, since c(I(xv!, xv™")) = 2¢(x) = 0 # 1. When ¢ = } or —1 the induced
tr I(xv', xv~*) has composition series consisting of the Steinberg St twisted by x, and y odet.
Hence x(f)) = —1 as asserted by the corollary (= (=1)¢(".") where c =1 <2 =n).

Suppose now F' is a global field of positive characteristic, that is, the field of rational
functions on a smooth projective irreducible curve X over a finite field & = [F, of ¢ elements.
Denote by A its ring of adeles, A its group of ideles, and a a fixed idele of degree 1. Then a
character x of AX/F*a” defines a one dimensional representation g — y(det g) of G(A), also
denoted by x. When n is a prime then all discrete spectrum automorphic representations
in L?(a®G(F)\G(A)) that are not (cuspidal and) generic are one dimensional, of the form
X : g — x(detg). In fact we are working with an inner form G of GL(n) anisotropic at
the places of the set S, and force in the next section the components of 7 on G(A) to be
one dimensional at the places of S”. This corresponds to Steinberg (or one-dimensional)
components of the corresponding automorphic representation of GL(n,A). Hence there
are no other discrete spectrum automorphic representations contributing to our formula
other than cuspidal and one-dimensional, i.e., no automorphic representations with Speh
components occur in our setting. As usual O = Oy is [[ ¢y O, A = {a € A%; |a| = 1}.

Corollary 4.5. Suppose S is a finite set of closed points on X, or places of F. Consider
the test function f(5€%) = Hses fs(o) o £ where fs(o) 18 the characteristic function of

the maximal compact K, divided by the volume |K,| of K. Then the trace tr X(f(cﬁses)) is
zero unless x|OF is 1 and ¢ <n for all s € S, in which case it is (—1)>ses [[ o ("1).

Cs

The number of x on AX/aZF* O} ~ A°/F*O; ~ Pic’(X)(F,) is the Picard number h;.

5. TRACE FORMULA

Theorem 1.1 is translated in section 3 to a statement purely about automorphic represen-
tations, which mentions no arithmetic-geometric terms such as Q,-smooth sheaves. Let us
first state it, then prove it using the trace formula.

Let X be a smooth projective absolutely irreducible curve of genus g over the finite field
F,, F = k(X) its function field, A its ring of adeles, A* its group of ideles, F an algebraic
closure of F,, S” a set of places of F' of cardinality NP > 2, S¥ a set of places of F' of
cardinality N* > 0, S* a set of places of F' of cardinality N* > 0, n > 2 an integer. Fix
integers ¢, > n for each v € S, ¢, < n for each v € S*. Assume S, S and S* are disjoint
and put S = SP U S¥ U St Denote by D a division algebra of rank n over F such that
D, = D ®p F, is a division algebra at each v € SP, and the matrix algebra M(n x n, F})
for all places v of F outside SP. Fix a € A* of degree 1. Put ¢, = ¢, Suppose n > 2,
NP >2 NP is even or n > 2 is odd. Then Theorem 1.1 is equivalent to:
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Theorem 5.1. Denote by T* = T4 X, SP Sv St n (c,; v € S*USY)) the cardinality of
the set of equivalence classes under twisting by a character of Z/n composed with deg o det :
D*(A) — Z, of the automorphic representations w of D*(A) satisfying (i) 7 is unramified
outside S; (ii) for v in SP the local component m, is of the form x odet for x an unramified
character of F.*; (iii) the component m, (v € S™) has the fized conductor ¢, (> n); (iv)
the component m, (v € S*) has the fixed conductor ¢,, 1 < ¢, < n; (v) dimm > 1; (vi) the
value wy(a) at a of the central character w, of w is 1. When N* > 1, fized ¢, > n for all
veESY 1< c, <n foralve S, the number T (X, SP S St:n, (c,; s € SY1LISY)) is

hi 1P
q—1

veswist Lo, where

17— T ey L@ 2

| 2
\Zien (¢ = 1)

I, = I,(c,) is zogk@v(—1)k(2)q3(6“_k_1)(q£‘ — 1)+ (=1 (Z) if v e St wherel < c, < ny;

I, = I,(c,) is qﬁ(c“’_n_l)(qu — 1) when v € SY, where ¢, > n.

6(n) = d(n, S”,S% {c,; v € SULSTY) for (—1)%west e H (n)
vestugn N
It is zero if ¢, > n, namely S* # (. When N¥ = 0, thus S is empty, N* > 1, thus all
c, # 0 are < n, the number T® (X, SP SV, St n, (c,; s € S¥ U SY)) is

I 1 (H I, — 5(n)> + hy(6(n) —d(n —1)) + 5(n)(_1)ND(n*1)T(SD).

The factor (—1)¥”=1 is 1 by our assumption in this paper that N? > 2 is even or n > 2
is odd. The factor T'(SP) is an integral multiple of h; ([DF13, Theorem 6.18]). For brevity,
if n and the ¢, are understood, we denote

T2 X, 8P, 8%, St n, (cy; s € S U SY))

by T(SP,S*, SY). By T(SP) we mean the T'(X;,S;,n) of [DF13, Theorem 2.3] (with S
replaced by our SP), or T of [F17, Theorem 1.1] with N equal our NP = |SP|. This is the
case where our S% and S* are empty.

If n = 1 then S? is empty, I, = ¢>2(q, — 1)? ifc, > 2, I, = q, — 2 if ¢, = 1, and
Y vest Co = |S*]; as in Theorem 2.1.

The purpose of this section and the next is to prove the theorem. We use the trace formula
for the compact quotient case of D*(A), reminiscent of the “simple trace formula”, and the
pseudo-coefficients of section 4. Again, we expect the case where N is odd and > 3 to
reduce to the case (n > 2 is odd or N is even) as in [DF13, section 5], or rather using the
trace formula as here, and a pseudo-coefficient of a Steinberg component at a fixed place of
D, as in [F2].

In sections 5 and 6 we denote T°" by T to simplify notation.

The trace formula is an expression for the sum ) _tr«(f dy) of traces of the convolution
operators 7(f dy) over all irreducible constituents 7 in L?(a?G(F)\G(A)), G = D*. Here we
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choose a Haar measure dy = ®,dy, on G(A), and let f = ®,f, be a test function on G(A).
Thus f, € C=(G,) for each v € | X| and f, is fO, the characteristic function of K, = G(O,)
divided by vol(K,), for almost all v € | X|. So fdy is a smooth compactly supported measure
on G(A). The convolution operator (r(f dy)¢)(xz) = fG(A) f(y)o(xzy)dy on the G(A)-module
L = L*(a’G(F)\G(A)) (G(A) acts by right shifts: (r(g)¢)(h) = ¢(hg), ¢ € L?, g, h € G(A))
is of finite rank, hence has trace > _trm(f dy) as above, since L decomposes as the direct
sum of the irreducibles 7. The sum ) _ is finite for a given f.

We choose f, to be f0 for all v € |X| — S. Then 7,(f,) (we suppress dy from the
notation) is a projection on the space 7%+ of K,-fixed vectors in ,, a space of dimension 1
if 7, is unramified (has a non-zero K,-fixed vector), 0 otherwise. Thus tr,(f,) is 1 if 7, is
unramified, 0 if not. At v € SP we similarly choose f, to be f, the characteristic function of
the multiplicative group K, = D, of a maximal order D, in the division algebra D, divided
by its volume |K,|. Then trm,(f,) is 1 if 7, is one-dimensional, of the form y, o det for x,
a(n unramified) character of F* /Oy, or 0 if not. At the places v € S** = S¥11S* we choose

f» to be the generic pseudo-coefficients ﬁﬂcv), of conductor ¢, > 1, as defined in Theorem

4.2. They have the property that tr Wy(ﬂc”)) is 1 if m, is a generic admissible irreducible
representation of GL(n, F},) of conductor c¢,, it is 0 if such 7, has conductor ¢(m,) # c,.

If 7, is one-dimensional x, o det, tr wv(ﬁﬂcv)) is 0 if x,|O) # 1, and if x,|O) = 1 it is
> ockemintenm (—DF (), which is 0 if ¢, > n; it is Yoo (“1F()) = (=) ("}) if ¢ <,
by Corollary 4.3.

The 7 that appear non-trivially in the sum ) _tr7(f) correspond to discrete series au-
tomorphic representations of GL(n, A), trivial on aZ, that are cuspidal, or one-dimensional,
since SP # (. The components 7, (v € S¥ U S*) of the m that correspond to cuspidal
representations of GL(n, A) are generic for all v ¢ SP, and then tr Wv(ﬂc”)) is 1if ¢(m,) is ¢,
and 0 if not. The components 7, (v € S* LU S") of the 7 that correspond to one-dimensional

automorphic representations are one-dimensional of the form y, o det, hence tr Wv(ﬂc”)) is 0
if xo|OF # 1, and if xo|O)F = 1 it is Yot cringenm (=D (1), 50 0 if ¢, > n, (=1)= (1) if
Cy < M.

Here we used the assumption that S” # (), that implies that the automorphic rep-
resentations of D*(A) that are not one-dimensional correspond to representations 7’ of
GL(n,A) with Steinberg components at all v € S, due to our choice of test functions at
v € SP, hence the 7' are cuspidal. In other words, discrete series automorphic represen-
tations that are non-tempered at all places outside S, namely constituents of the induced
Iw™s pv™s p,...,v= "2 p), v(z) = |detz|, p a cuspidal representation of GL(n/m,A),
m < n, with “Speh” components, contribute zero to our formula. Square integrable compo-
nents such as “generalized Steinberg” may occur at the places of S* LI S¥ if they have the
right conductor.

So > _trw(f) for our f is the number nT, T = T'(n,SP, S5, S"), of irreducible repre-
sentations of G(A) in L*(a?G(F)\G(A)), G = D*, corresponding to cuspidal irreducible
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representations of GL(n, A) unramified outside S; St ® x,, o det at each v € SP with unram-
ified x,; of conductor ¢, > 0 at each v € S* U S*; plus

nhd(n—1),  6(n—1) = ()T [ (” - 1>.

c
vESWST v

Note that the product here is 0 unless ¢, < n for all v € S* U S, in particular if |S™| > 0.

Indeed, there are mh; one-dimensional automorphic representations of D*(A) satisfy-
ing (i)-(iv), (vi) (but not (v) as here the dimension is 1). This is because the maps
det : D*(A) — A, D* — F*, Of, — O are onto. The representations under consider-
ation may then be identified With the unramified characters x of A* such that yx(a™) = 1.
But the group F*\AX/T], O - a"Z is an extension of Z/n by Pic”(X;)(F,), of cardinality
hy, as required. In conclusion we have

Summary. The trace formula has the form
1
T(n; S, 5", S") 4+ hi6(n — 1) = — x geometric side.
n

d(n — 1), defined in the theorem, is 0 if S* is non-empty or there is a v in S* with ¢, = n.

Since we work with the anisotropic group G = GP that ramifies at the places S¥ and is
anisotropic there, all elements « in G(F') are elliptic, namely central or not contained in any
proper F-rational parabolic subgroup (that G' does not have). Hence the only terms in the
geometric side of the trace formula are the orbital integrals of the elliptic elements.

We show in Proposition 6.3 below that the orbital integrals of non-central v € G(F) and
central non-identity elements are zero for any test function with support in G(O) and a
component fqgj) , j > 1. This reduces the computation of the geometric side of the trace
formula for our global function f(© = flesves™) — (®v€5wtﬁgc”)) ® 50, where 50 =
RQugsut f, to the value at the identity, provided ¢, > n for some v € 5.

In the remaining case, where 1 < ¢, < n for all S** (= S* as S¥ is empty), we note that

ﬁgcv _ C”)-i- Z C'u ]( n_j>f15j)+<_1)cv (:)féo)

0<j<cy v

So we need to remove §(n) f°, f* = Quexfy, from our test function £ in order to use
Proposition 6.3, and compute the trace formula separately for f°. The latter is done in
[DF13, Theorem 2.3] and [F17, Theorem 1.1, 5.1].

Schematically, we are interested in the sum ), tr 7(f©) over the set Ly of infinite
dimensional automorphic representations 7 of G(A)/a%Z. We add the sum over the set of
one-dimensional 7, that is equal to 0 (n—1)nhy, to get the sum over all automorphic 7. Then
express the test function f© as the sum of ¢ = f© — §(n)f° and §(n)f°. To 3. _trm(¢)
we apply the trace formula to get |G(A)/a’G(F)|¢(e). The trace formula for f° is far more
complicated. Fortunately it is worked out in [DF13], and with alternative exposition in
[F17]. So we can just quote that result: n(hy + (=1)N"=DT(SP)); nhy is the number of
one-dimensional automorphic representations. Note again: d(n) is 0 unless ¢, < n for all v.
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Again, we are to compute (sums over ™ C L)

e 6(n)
—Ztrw )) Ztrw f0)+TZtr7r(f0).
The ﬁrst sum on the rlght is E times the geometric side of the trace formula, at f(c) —d(n) fY,
minus + times Y x(f — d(n) ), which is nhy(= |A*/F*a"*O|) times §(n — 1) — d(n),
since Xs(fscs )= (—=1)% (" ") and &(n — 1) is the product of these factors over s € S™. The

Cs

sum L 3" trw(f0) is (=1)N" (=T (SP) by [DF13, Theorem 2.3].
6. GEOMETRIC SIDE

The convolution operator (r(f dy)¢ = ) ¢(zy)dy is of finite rank, for any test
function f, smooth of compact support hence has trace The integral can be written as

-1 dy.
/aZ.G(F)\G(A) S )| ey

veal-G(F)

Hence the trace is equal to the integral of the kernel over the diagonal, thus to

/ Z f ryz~ )| d.
G(A)/aZ-G(F)

As our G = D* is anisotropic modulo center, the elements of G(F') are either central, thus
are v € aZ - Z(F) where Z(F) ~ F* is the center of G(F), or elliptic non-central, which
generate a field extension F(y) of F of degree d > 1 dividing n. The centralizer Z,(F') of
v in G(F) is the multiplicative group of a central division algebra over F() of degree m
with md = n. When 7 is regular, thus d = n, this division algebra is F(v) itself, and the
centralizer in D* is an F-torus T'(F') ~ F(v)*. We consider 7 only up to conjugacy, denoted
~, in G(F). Then we have

Proposition 6.1. The geometric side of the trace formula takes the form

vol(D*(A)/a” - D) - Tda.
D WD) 3 T P [

NEF*-a’ ~eaZ(G(F)—

We use this with the test function f = ®U€Swtfvcv ®Q f50 — §(n)f°, that is supported
in G(O). It is a linear combination of f/ = f5"° @ @,cgut [ with j, > 0 at least for
one v. The sum over v in F* - a” is discussed in [F17, Proposition 5.1]. But note that in
the displayed expression on p. 151, line 6, the exponent “-1” of “£(D))” is missing (the
expression in Proposition 5.1 is correct). If f(y) # 0 then the scalar 7 lies both in O and
in F*a”, thus in Fx. In our case the components f, of f" at least at one v € S* U St are
supported on K,. C K,, and this implies that f(y) # 0 happens only when v = e, the
identity in G(F'). The value of f(e) is then 1/vol(D)), as in [F17, Proposition 5.1], times

| T (n)f°(e). Here I, = ﬁgcv)(e) is
I, = IU(C’U) = qg(cv_n_l)(qg - 1)n+1/|Kv|
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if v € 8%, thus ¢, > n, and if v € S?, thus 1 < ¢, < n, it is

L=nie) = 3 () Jae -0+ ()

0<k<cy

divided by |K,|. We often normalize the measure by |K,| = 1, to simplify the notation.
The value of 1/ vol(D}) is vol(GL(n, O4)) " [],cq0 (DY) as computed in [F17, Proposition
5.1]. The volume vol(D*(A)/a%D>) before the sum is vol(D$/D°) - vol(A* /F*a™?), where
DY is the kernel of the reduced norm D*(A) — A*. The second factor here is n times
vol(A*/F*a%) = hyvol(Of)/(q — 1) ([F17, p. 151, 1. -11]). Also vol(GL(n,O,))/ vol O
equals vol SL(n, Oy) for the choice of measures explained in [F17].

The Tamagawa volume voly SL(n, Oa) is [],<;.,, C(X,¢’) " as computed in [F17, p. 152].

Altogether the terms of the scalars in the geometric side of the trace formula add up to

q 1<j<n veSP vESWLSt

where §(D) = &(dy, my, ) = (H1§j<n(q5 - 1)>/H1§j<mv<qgvj — 1) if D} = GL(m,, D,))
and D/ is a division algebra central of rank d, = n/m, over F,, by [F17, Proposition 6.1].
In our case, as in [F17], m, = 1, d, = n, for all v € SP. Also ((X,t) =hy(t)/(1—t)(1 — qt).
In summary:

Proposition 6.2. Divided by n, the identity contribution to the geometric side of the trace

formula is hy, times I — 6(n), where I =[], cguyge Lo, times

1 h() Leso(@ -1 17 5 1p m@) eso(@l — 1)
q—llgnm R T R | B i 1

This is " (I = 5(n)).

1<j<n

Our analysis of the non-scalar terms in the geometric part of the trace formula is based
on [F17, section 7]. The non-scalar elements are elliptic since D is a division algebra. The
contribution from these elements is the sum over the conjugacy classes in D* of elements
v €al-(D* — F*), of fDX(A)/ZV(F)aZ f(zyz~1)dx. The centralizer Z,(F') of a v in D* is the
multiplicative group of a division algebra Dy p,, central over F,,, = F(v) of degree d = n/m,
where F'(7) is a field extension of F' of degree m dividing n. Fix a subfield Fy» in D.

Proposition 6.3. Ify € aZ- (D> — F) then f(xyxz~™') =0 for f = RDpegto f1) R Rpgstw f-

Proof. As shown in [F17, Lemma 7.1}, if f = ®,f,, f, supported on the maximal compact
subgroup K, for all v € |X|, and f(xyx~!) # 0 for some z € G(A), then the characteristic
polynomial of v has coefficients in F,, so a conjugate of -y, denoted again by v, lies in F» —IF,
and Fy(y) = Fgm, m|n, and L = F(v) is F ®p, Fgm. Our f = ®,f, is a product over v of
fo=fOforallv e |X|—StUSY, and f, = £ for all v € St U S¥, where ¢, > 1 for
all v € S™. For such v the support of f, = fﬁc”) is contained in K,. C K,, ¢, > 0.
Then f{)(zyz~) # 0 implies that an eigenvalue of 7 lies in 1 + @< O,, ¢, > 0, so it is
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pro-unipotent. On the other hand + is of finite order, dividing ¢™ — 1, m/|n, as v lies in F .
Hence v = e, the identity, contradicting its being elliptic non-scalar.

This establishes theorem 5.1, hence also theorem 1.1.

7. POWERS OF FROBENIUS

When the formula of Theorem 1.1 is applied to (X,,, SE. S“*) we obtain the number
T(Xpm, SPS¥ n, C, 1 : S¥ — C) of fixed points of Fr*™ acting on the set FE,(X —
S, 8P 5wt C)). When (X, Si) over F, is replaced by (X,,, S,) over F,m, ¢ is replaced
by ¢™, the cardinality N; of S} becomes N/, the Fr*-orbits s € S split to Fr* ™-orbits,
and the degrees deg(s) change too (to the number of geometric points in the Fr* ™-orbits in
s @p, Fgm). But we do not have the divisor (n/S1) of n that occurs in [DF13], as in our case
of a nonempty S** there is no contribution from the nonscalar elliptic elements to the trace
formula that we consider, except of course in the case ¢, < n for all v, and the term T'(SP)
of [DF13, Theorem 2.3|, that is geometrized in [DF13, section 6].

Let us rewrite the formula of Theorem 1.1 to better follow these changes. As in [DF13, sec-
tion 6.2], denote by (a) the multiset of the eignevalues of Frob acting on H'(X), counted with
their multiplicities. It has 2g elements. The polynomial hy(t) = det[I — Frob-t; H'(X)] €
Zlt] is the product over a € (a) of (1—at), and h,,(¢™) = [[,(1—a™¢™). Denote by (b;) the
set of deg(s) roots of unity. Let BY denote the multiset sum Usesp (bs) of the (bs), s € SP,
and by B the multiset BP minus twice {1}. Recall we assume SP consists of NP > 2

elements, and each (bs) contains 1 once. Put B2D’(a) for the sum of BY and (a). Define B¢
and B¢ = B¢ — {1} using S¢ instead of SP. Then BP is the multiset of the eigenvalues
of the action of Frob on Q5”, as SP is the disjoint union of the fibers of the projection
SP — SP; the fiber at s € SP has deg(s) elements, permuted cyclically by the Frobenius.
B2 consists of 2g + NP — 2 clements.

The factor I? is as appears in [DF13, p. 960, 1. 6] with m = 1: the product over 1 < j <n
of (—1)57 times

1=) 2 JJ—ag)- I] ] 0 —ne) =[] -5

ag(a) s€SP ne(bs) BeBY

Considering ¢ and the 8 € BY as indeterminates @ and Xy, ..., Xy np_9, We see we
have a polynomial over Z, and conclude as in [DF13, Corollary 6.8], Corollary 1.2: When
(X1, SP)/F, is replaced by (X, SE)/Fym, the factor IP, as a function of m € Zsy, has the
form Y, nyyt where ny, € Z and each vy, is the product of a root of unity and a monomial in
q and the eigenvalues of the action of Frob on H'(X). Assuming the ~; are distinct and the
ny nonzero, the expression is unique, and we may name the ~; the eigenvalues occurring with
nonzero multiplicity, and the n; the multiplicity of v,. As explained in [DF13, Corollary 6.9]
the same result holds for h; =[], (1 — a), and hence for the product hiIP.

The factor (—1)'51[)‘ is given by the trace of the Frobenius on the smooth sheaf £/(S”) of
[DF13, midpage 970].
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Here is an alternative approach — of Deligne — to see that the tame factor I” has the
behavior described in Corollary 1.2, when F, changes to Fym. Consider the group G =
GSp(2g,C) x Sym,g, where GSp is the group of symplectic similitudes and Symg is the
symmetric group on |S| letters, where we now put S for S” = SP ®g, F, and S; for SP. If
there is a representation R of G' and a conjugacy class v € G with I” = tr(vy; R) then the
required behavior holds for I?, as passing from F, to F,m replaces v by v™. We take the
component of v in GSp(2g, Q) to be defined by the eigenvalues (a): a1, ..., . Qgi1, ..., Qg
Qg+ = q/a@;. Put H : GSp(2g) — GL(2g) for the natural embedding, (1) : G — GSp(2¢g) —
Gm, 7 + ¢, and H(j) for the tensor product of H and (j) = (1)®*/. Note that tensor
products, sum, differences of virtual representations are virtual representations. Then

hi(¢) =uly Y (F)'ANHQG] =[] 1 -ad).

0<i<2g a€(a)

Also we want to represent [] ¢ (1—¢%)-(1—¢)~2, |S1| > 2, where twisting by (j) would
replace ¢ by ¢/. Note that s € S; defines a set of ds = deg(s) embeddings k(s) = F,, =
[F acesy < I over F, < [, that are permuted cyclically by the Frobenius. Thus S defines
an element o = [] g (ds) in the symmetric group Symy on N = |S| =} s d (recall N
denotes NP here) letters, (d,) denoting a cycle of length d,. We assume |S;| > 2, thus o is
not a cycle of order N. We are then looking for a virtual representation R of G,, x Symy
with tr[(q, 0); R] = [],cq,(1—¢%)-(1—¢)* for all o = ], g, (ds) € Symy, o not an N-cycle.

Denote by Perm the permutation representation of Sym, on the N-dimensional C-space
spanned by the basis e,..., ey, and by Perm(1) its tensor product with the natural one-
dimensional representation (1) : G, — End C. Then

det[] — (¢, 0); Perm(1)] = det[ — qo; Perm| = H det[I — q(ds); C*]

s€EST

=1:[(1—q =11 II -<o

S€S1 {¢;(ta=1}

Here o € Symy is not an N-cycle. Also replacing ¢ by 1 we obtain 0.

Next write Perm = 1 @ Perm, 1 the trivial representation, on e; + --- + ey. Then
det[I — (g,0); 1(=1)] = 1 — ¢, and det[I — (¢,0); Perm(~1)] = [],c5,(1 = ¢*) - (1 = ¢)7"
for any o € Symy that is not an N-cycle. This is Y ,c;cn_,(—1) tr[(q, 0); A{(Perm(1))], a
polynomial in g of degree N — 1. o

The term in I” that we wish to represent is [[, g (1 —¢%)- (1 —¢)~2, when |Si| > 2, thus
0 =[] eq,(ds) € Symy is not an N-cycle. It is a polynomial in ¢ of degree N — 2, equal to
> oeren—_s @(0)g". The following implies Corollary 1.2.

Proposition 7.1. For each k, 1 < k < N — 2, there exists a virtual character xj of Symy
that agrees with ay on Symy —{N-cycles}.

This does not determine y; as the values on N-cycles are missing.
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Proof. We start with
-9 ' J[a-¢")= > (1) tr[o; A'(Perm)] - ¢’
seS1 0<i<N—1

that holds for all o € Sym,. Now in the power series field C((t)) we have (1—¢)~' = 7. ¢,

Q-9 JJa=a*) =D > (=1)trlo; A'(Perm)] - ¢’

€51 J>0  0<i<N-1
= Zq Z 1)" tro; A'(Perm)]
k>0 0<i<k

for all o € Symy, not an N-cycle. The left side is a polynomial of degree N — 2, so we
conclude that ax (o) = Y-, (—=1)" tr[o; A'(Perm)] for all k, 1 <k < N —2, as claimed. [

Moreover, for k > N — 2, the virtual character xx : o = > ;< (—=1)" tr[o; A’(Perm)] is 0

at all o € Sym, —{N-cycles}. As Perm is of dimension N — 1, x; = xny_1 forall k > N — 1.
Consider x = xny-1. Expanding in C((q)):

1—q) " (1=¢M)/1—q)=> ¢d(1l+q+-+¢""

>0
= > Fh+D)+> N-gF= > (k+Dd"+ DY N,
0<k<N-1 k>N 0<k<N-2 k>N-—-2

we get the values of x(o) also at 0 = N-cycle. In summary:
X(0) = > ocicn_1(=1) trfo; AY(Perm)] is N if o € Symy is an N-cycle, 0 if not.
There are (N — 1)! N-cycles, hence

o 3 oty = Ty

oE€Sym

(6 x) =

in agreement with: A‘(Perm), 0 <7 < N, are irreducible representations of Sym .
For every irreducible character n of Symy,

M0 =37 3 womie) = Eo DTy eyete) = (v -eyele)

" o€Symy
Hence with n = A’(Perm) we have

tr[N -cycle; A'(Perm)] = (A'Perm, x = > (=1)' A (Perm)) = (—1)’,

0<i<N—1

thus the A’(Perm) are the only irreducible representations of Sym, whose character does
not vanish on the N-cycles: if there is an irreducible i with n(N -cycle) # 0, then (1, x) # 0,
so that n = AY(Perm) for some 7, 0 <7 < N — 1.
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Now consider the factor —(1 — ¢")~! Hsesf I, for ¢ > n. It is the product over s € S§ of

[T I] @ =nam ] = ng™)
(b2)

n€(bs) n

where the last product is over (by) for all s except one where it is over (bs) — {1}, multiplied
by (—=1)"*! (or (=1)™ if (b,) — {1}). The product over s € S¢ is then

_ (_1)(n+1)|Sf|71q(cfnfl)|BC| . H (1 _ ﬁqn)n . H (1 - Bqn)

BeBe BeBS
Then [T, s¢ I, for ¢ > n is given by the same formula but with last product over B¢, not

B§ = B° — {1}, and the sign is (—1)*VI5il Clearly we obtain a polynomial in ¢ over Z,
depending only on |B¢|, and a power of £¢&,(S).
The factors Iy = I4(c, qs) when ¢; = ¢ < n are

- () [T TI0 =)+ (1),

0<k<c (bs)

Although (b,) consists of deg(s) = [5|, 5 = s ®p, F, elements, I do not see a way to express
this, or the result when there is ¢ < n, in terms of N¢ = |B¢| and ¢ alone, also when n = 1.
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